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PREFACE. 



Iq the following paper an attempt has been laaiie to give a sufficiently comprehensive account 
of the theory of projections to answer the requirements of the ordinary student of that subject. 
The literature of projections is very large, and its history presents the names of many of the most 
eminent mathematicians that have lived between the time of Ptolemy and the present day. In 
the great mass of papers, memoirs, &c., which have been written upon projections there is much 
that is of the highest value and much that, though interesting, is trifling and unimportant. Thus 
many projections have been devised for map construction which are merely elegant geometrical 
trifles. Although in what follows the author has taken up every method of projection with which 
he is acquainted, he has not thought it necessary in the cases referred to to do more than mention 
them and give references to the papers or books in which they may be found fully treated. 

As the different conditions which projections for particular i)urpo8es have to satisfy are so 
wholly unlike, it is necessary, of course, to have a different method of treatment for the various 
cases. Thus no general theory underlying the whole subject of projections can be given. Perhaps 
the only division of the subject — omitting the simple case of perspective projection — that has ever 
been fully treated is that of projection by similarity of infinitely small areas. This is a most im- 
portant case, the general theory of which, for the representation of imy surface ui>on any other, 
has been given by Gauss. The mathematical difflculties in the way of such a treatment of equiva- 
lent projections and projections by development seem'to be insurmountable, but certainly offer a 
most attractive field for mathematical research. The author has attempted to add a little to what 
is already known on these subjects, but feels that what he has done is of little consequence unless, 
indeed, it should tempt some abler mathematician to take up the subject and develop it as it 
deserves. A few of the solutions of simple problems in the paper, it is believed by the author, 
are new and simpler than any he was able to find in the writings of others. The solution of the 
problem of the projection of an ellipsoid of three unequal axes upon a sphere by Gauss's method 
is also believed to be new. With these few exceptions there is no claim to originality in what 
follows; the attempt having simply been made to present in as simple and natural a form as possi- 
ble what others have done. The two treatises on projections fl^jm which much aid has been 
obtained are those by Littrow and Germain. Littrow's Chorographie, which appeared in Vienna 
in 1833, was at that time a most valuable work, but is at the present day too limited in its scope 
to be of very much use to the student. Unquestionably the most important treatise on the subject 
at this time is Germain's "Traite des prelections," which contains an aceonnt of almost every projec- 
tion that hae ever been- invented. The author is under much obligation to this work, both for 
references to original sources and for solutions of particular problems. In cases where processes or 
diagrams are taken from this work that are by the author supposed to have been original with M. 
Germain, special mention of them is made in the text; when, however, Germain has drawn from 
earlier sources no mention is made of his book, but as far as possible references to the original 
papers are given. The opening brief chapter on conic sections has been taken in great part from 
Salmon's Conic Sections. The object of that chapter is only to give in a simple manner some of the 
more important and elementary properties of the curves of the second order, so thai convenient 
reference could be made in the subsequent part of the paper to the various formulas connected 
with these curves, and also simple means given for constructing them. At the request of Super- 
intendent Oarlile P. Patterson the paper has been divided into two parts. The first part contains 
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the mathematical theory of projections, while the second part contains merely such a sufficient 
account of the variona projections as will enable the draughtsman to construct them. The prin- 
cipal papers from which excerpts have heen made are the following: 

Lagrange : " Bur la construction des cartes g^ographiques." Nouveaux Meniolres de I'Acade- 
mie de Berlin, 1779. 

Gauss: "AUgemeine Auilosung der Aufgabe, die Theile einer gegebenen Elache auf eiuer 
andern gegebeneu Flfiche so abzubilden, dass die Abbildimg dem Abgebildeten in den kleinsten 
Theilen ahnhch wird." Gesammelte Werke. Gottingen edition. 

D'Avezac: "Coup d'ceil historique sur la projection des cartes geograpbiques." Soci6t(5 de 
geographie de Paris, 1863. 

Tchebyehef: "Sur la construction des cartes gi5ographiqnes." Academy of Sciences of St. 
Petersburg, 1853. 

Collignon: Journal de I'Ecole poly technique, 41« eahier. 

MoUweide: Zach's Monatliche Correspondenz, 1805. 

James and Clarke: " On projections for maps applying to a very largo extent of the earth's 
surface." Philosophical Magazine, 1865. 

Airy: "Explanation of a projection by Balance of Errors applying to a very large extent of 
the earth's surface," &c. Philosophical Magazine, 1861. 

Tissot: "Trouver le meUIeur mode de projection pourchaque contr^e p&rticulifere." Comptes- 
Eendus, 1860. 

An immense list of papers bearing on the subject of projections might be given, but it hardly 
seems necessary. The above list includes all from which anything of importance has been taken. 
When minor papers are quoted rel'erence is always made to them in the same place. Special 
reference may be made to a paper by Mr. O. A. Sehotfc, Assistant United States Coast and Geodetic 
Survey. This paper is a resume in very compact form of most that is of importance in the sub- 
ject of projections together with a comparison of the principal methods of prQjectiou in use at the 
present day. This pai>er forms Appendix Ko. 15 iu the annual report of the Coast and Geodetic 
Survey for 1880. In conclusion, the aiithor may eay that although he has endeavored to give full 
credit to previous writers on the subject, still it is possible that some reference has been omitted, 
This should, however, be taken as an unintentional oversight, or due to the fact that the author 
has not been able to trace back to its original source the solution of process in question, and not 
in any case to a desire to withhold from any other author his full measure of credit. 

THOMAS CEAIG. 

Coast and Geouetio Sukvby Opfioe, 

August 19, 1880. 
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Tlie history of any science is a history of very gradual evolution; so slow at times is the 
course of this evolution that often the thread of tradition seems to be broken, and we are left to 
grope in the darkness of historical uncertainty for the path by wliich we are to be eondncted to 
the full daylight, which always, sooner or later, meets the patient inquirer after truth. 

The origin of a science is usually to be sought for not in any systematic treatise, but in the 
investigation and solution of some particular problem. This is especially the case in the ordinary 
history of the great improvements in any department of mathematical science. Some problem, 
mathematical or physical, is proposed, which is found to be insoluble by known methods. This 
condition of insolubility may arise from one of two causes : Either there exists no machinery pow- 
erful enough to effect the required reduction, or the worlimen ai'C not sufficiently expert to employ 
their tools in the performance of an entirely new piece of work. The problem proposed is, how- 
ever, finally solved, and in its solution some new principle, or new application of old principles, is 
necessarily introduced. K a principle is brought to light it is soon found that in its application 
it is not of necessity limited to the particular question which occasioned its discovery, and it is 
then stated in an abstract form and applied to problems of gradually increasing generality- 
Other principles, similar in their nature, are added, and the original principle itself receives 
such modifications and extensions as are from time to time deemed necessary. The same is true 
of the new application of old principles; the application is at first thought to be merely confined 
to a particular problem, but it is soon recognized that this problem is but one, and generally a very 
simple one, out of a large class, to which the same processes of investigation and solution are 
applicable. The result in both of these cases is the same. A time comes when these several prob- 
lems, solutions, and principles are grouped together and found to produce an entirely now and 
consistent method; a nomenclature and uniform system of notation is adopted, and the principles 
of the new method become entitled to rank as a distinct science, 

In examining the laws which regulate the progress of the human mind in the discovery of 
truth, the most important points of evidence and data are derived ii^om sciences which have been 
at their first promulgation the most incomplete, and have owed their subsequent advancement to 
the successive labors of several, rather than to the unaided efforts of a single mind. It very sel- 
dom happens that an individual discoverer gives us the results of his labors in the same form in 
which they originally presented themselves to his own mind. Still more rarely are the successive 
steps by which the original investigator conducts the mind of his reader to the perception of new 
iruth identical with those which he himself took in first arriving at it. The early history of any 
science which has-been slow in developing shows us how tedious and inelegant first methods gen- 
erally are, and also shows how natural it is for the investigator to replace his rough-hewn highway 
when steadily, and without stopping t« admire the beauty of the surrounding landscape, he has 
driven over all obstacles, by a beautiful avenue which by easy and natural stages conduet-s to the 
desired goal and aifords glunpses here and there along its course of immense possibilities in, as 
yet, unexplored regions. Hence it is easy to see the historical importance of those sciences whose 
principles have been given to the public, not in a complete and systematic form, but gradually, 
and by methods more or less tedious and imperfect. B"o science can furnish a better example of 
this than the science of geography, and in particular that department of it which is the subject of 
the following paper — the Theory of Projections. 

The name: projection itself has a history, and it would be emious to trace the development 
which has occurred in its applications. Borrowed by geographers from gi'ometers, it has come 
gradually to signify any method of representation of the surface of the earth upon a plane. In 
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all rigor tbc iise of the term projection ought to be confined to representations obtained directly- 
according to the laws of perspective; but it has been extended to take into account representations 
by development and by other and purely conventional methods. Its mathematical significance 
is even more extended, as there it is not confined in its application to tlie representation of the 
sphere, or spheroid, upon a plane, but of any curve or surface upon any other. 

The sphere being non-developable, the exact representation of its surface, or even a portion 
of its aur&iee, upon a plane, is impossible. Certain conditions can, however, be falfillerl in any 
projection which will render it sufficiently exact for any particular purpose. The areas may be 
preserved, *. e., all areas on the sphere may be reduced in the same proportion, in which case we 
have an equivalent projection; or the angles may be preserved, in which case we have an ortho- 
morphic projection. The exigencies of any particular nse for which the projection is designed 
give rise to an immense number of other conditions corresponding to which projections have from 
time to time been invented. It frequently happens that a projection having been constructed to 
satisfy one impressed condition, is also found to satisfy a number of others; for instance, the ste- 
reographic projection at the same time represents the parallels of latitude in their true form, and 
preserves the angles between the meridians themselves and between these and the parallels ; thus 
this projection, which was originally constructed as a perspective projection, also fulfills the con- 
dition of being orthomorphic. The history of projection has been, in consequence of the impossi- 
bility of producing a perfect solution of the problem, peculiarly a Iiistory ijf the solution of more 
or less independent problems. 

A method of projection which will answer for a country whose extent in latitude is small will 
not at all answer for another country of great length in a north and south direction ; a projection 
which serves admirably for the representation of the polar regions is not at all applicable for coun- 
tries near the eqiiator; a projection which is the most convenient for the purposes of the navigator 
is of little or no value to the geodesist; and so throughout the entu-e range of the subject particular 
conditions have constantly to be satisfied, and special rather than general problems to be solved. 

It is not, however, the intention in this introductory sketch to give a historical account of the 
subject, as it would be neither appropriate nor necessary. The complete historical account by M. 
D'Avezac, in the " Bulletin de la Soci^t^ de Geographic," of Paris, for 1863, leaves absolutely 
nothing to be said on the subject. 

The reader will, however, find in the references to § VII (see Coast and Geodetic Survey Keport 
for 1880, Appendix No. 15) a valuable bibliography of the subject. This section* was written by 
Mr, Charles A. Schott, assistant, United States Coast and Geodetic Survey, with the express object 
of giving an account of the method of polyeonic projection employed in constructing the charts and 
maps of the Survey. It subserves, however, a double purpose, as it contains a succinct and val- 
uable r6sum6 of much that precedes, with full references to the original sources from which inform- 
ation had to be compiled, and also gives a scientific account of the polyeonic projection and a 
comparison of this, illustrated by examples, with a number of other projections most frequently 
met with. It is accompanied by six plates and a chart. 

We have already spoken of the orthomorphic ivnd equivalent projections, and we may mention 
in connection with these other general methods and the order in which they are treated In the 
following pages. This order is not altogether the most scientific, but seems to be better designed 
for the gradual introduction of the reader to the difficulties of the subject than any other. Divid- 
ing the general topic into the following heads: 
I. Orthomorphic Projection, 
II, Equivalent Projection, 
III. Zenithal Projection, 
lY. Projection by Development, 
the arrangement has been as follows : 

5 I. Aft«r a brief introductory account of the principal properties of the conic sections the sub- 
ject of perspective projection is taken up. Strictly speaking this should fall under the head of 
zenithal projection, that is, projections which can bo regarded as the geometrical representations 

" The paper is uot reproduced here, but tlio reader is referred to Coiiafi and Gcodetio SurTtiy Report for 1880, 
Appendix No. 15, 
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of the sphere upon the plEiue of the liorizoii of any place. The theory of perspective projections is, 
however, fer se quite self-containetl, and is withal the most natural aud simple method of repre- 
Bentation, so it was thought desirable to open with that method rather than a more general and 
philosophical, but, at the same time, more difficult method. Sections II and III treat of the differ- 
ent methods of orthomorphic projection; § IV. treats of projections by development; § V gives 
an account of zenithal projections, § YI of equivalent projections, and § VII has already been 
referred to (and for which see the report of 18S0, Appendix H^o. 15) as containing Mr. Schott's 
account of the polyconic projection and its comparison with several other methods. These sec- 
tions can for the most part be read by any one possessing a fair acquaintance with the methods of 
ordinary analytic geometry and the elements of the differential and integral calculus. The next 
three sections are extremely general in their nature, and win require a rather more extensive 
mathematical knowledge. They were designed t« connect the particular problem of the plane rep- 
resentation of a sphere with the mnch more comprehensive methods of representation of one sur- 
tace upon another which have engaged the attention of the most briUiant mathematicians. Keep- 
ing in mind, however, that the book is designed for the use of students, the author has only stepped 
across the threshold which leads to the purely transcendental portion of the subject, and has only 
given just enough to awaken in the mind of the reader, who has a real interest in the general 
theory, a desire to go himself to the original memoirs for fuller information. A brief section is 
given on the spheroidal form of the earth. On this subject very little was either required or de- 
sirable; it was not necessary to say much, because the student interested in this subject would 
naturally seeli for information in a treatise on geodesy rathei than in one on projections; it was 
not desirable to discuss it very fully, because present existing theories, both as to the figure aud 
size of the earth, seem to be in a transition state. 

The United States Coast and Geodetic Survey will undoubtedly soon be able to produce a 
mnch better value of the eltipticity than has yet been given. In view of that fact, and also of the 
fact that the greatest possible change that may take i>lace in the present assigned value of the 
ellipticity will produce differences in the tables which would be almost inappreciable, it has not 
been deemed necessary to make any new tables even in the place of old ones, which have been 
computed on the supposition of an ellipticity as small as g-^, 

It is readily seen that the general theory of projections touches npon a great number of other 
subjects in such a way as to make it a little difficult to decide what is and what is not necessary 
to incorporate in a treatise having this for its title. Even confining oneself to papers and books 
entitled "projections, &c.," it is not easy to sift out only that which is of primary importance to 
the beginner from the immense mass of work — good and bad — that has been done upon this sub- 
ject. 

Few departments of mathematics contain more eminent names among those of their founders. 

Prom the time of Ptolemy until the present day the most profound mathematicians have de- 
voted time and attention to this subject. The large majority of investigators have, however, had 
in view the attaining of some particular end, and have devised ingenious, but in most cases, rather 
forced methods of arriving at the desired result. Others, such as Lambert, Lagrange, Euler, Ganss, 
and Littrow, have treated the question from a more general theoretical point of view; but even in 
these cases, as only particular divisions of the subject were taken up, the results, as constituting 
general theories of projection , were very incomplete. The name of Lambert occurs most frequently 
in the history of this branch of geography, and it is an unquestionable fact that he has done more 
for the advancement of the subject in the way of inventing ingenious and useful methods tlian all 
of those who either preceded or have followed him. The greatest credit is, however, due to those 
princes of the realm of mathematics who, like EiUer, Lagrange, aud Gauss have done so much for 
the advancement of the theory. Lagrange proposes and resolves the problem of "the i-epresenta- 
tion of a sphere upon a plane in such a way that the smallest parts of the projection shall he sim- 
ilar to the corresponding elements of the sphere, and in which the meridians and parallel? shall be 
represented upon the map by circles." Gauss solves a far more general problem in a manner so 
perfect that it leaves it impossible to add a word to his general theory of orthomorphic projection. 
Lambert, Bonne, Mercator, Mollweide, Collignou, Airy, and James are but a few of those who have 
produced a marked progress in the theory of projections. 
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In concluding this brief introductory note, the author can do no better than again to refer the 
reader, desirona of ftiller historical information, to D'Avezac's very valuable memoir, and to men- 
tion tbe following most important treatises and memoirs whicli, having appeared either within the 
present or towards the close of the last century, are comparatively easy of access: 

TEEATI8ES ON PBOJBCTIOHS. 

Chorographie oder Anleitnng, aller Arten von Land- See- and Himmels-Karteu. Littrow. 
Vienna, 1833. 

Traits des projections des cartes g^ographiques. Germain. Paris, 1865. 
Lehrbnch der Karten-Projection. Gretschol. Weimar, 1873. 



Gauss. Algemeine AuHosnng der Aufgabe, die Theile eiaer Flache so abzubllden, &b. Schu- 
macher's Astronomischen Abhandlnngen, Altoua, 1825. Also in the Gottingon edition of Gauss's 
works. 
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A TREATISE ON PROJECTIONS. 

MATHEMATICAL THEORY OF PROJECTIONS. 

§1. 
PEBSPECTIVE PEOJEOnOX 

A surface in perspective projectioQ has tlie same appeixrauce as that which it would present to 
the eye of an observer situated at any determinate point of space. The right line drawn from the 
eye of the observer to the center, in the case of a central surface, is normal to the plane of projection 
which may intersect this line at any point of its length. The projection of any point of the surface 
under consideration is then the point of intersection with this plane of the line joining the given 
point to the eye. We will now confine ourselves to the surface of the sphere. Imagine any line 
drawn on the surface and every point of the line joined to the eye by a straight line ; the aggregate 
of lines will form the surface of a cone, and the intersection of this cone with the plane wiil be the 
projection of the curve drawn upon the sphere. If the cone so formed is of the nth order its inter- 
section with the sphere will be of the 2)ith order and with the plane will be of the nth order, so that 
in general tJie degree of the curve is lowered by projection. If the cone is a circular cone, its inter- 
section with the sphere will in general be a sphero-conic and will be projected in a conic section, as 
the iutersection of a cone of the second degree with a plane is a curve of the second degree or a 
conic section. 

We will in general only be concerned with the projections of circles of the sphere, and they will 
be projected in conic sections ; so before proceeding further with the subject it will bfi convenient to 
give a brief statement of the more important properties of these curves as deduced by a study of 
their equations. 

The general equation of the second degree in two variables is the equation of a conic section. 
This equation in its most general form may be written 






relations between the 



coefficients are suffleient to determine a curve of the second degree ; tor, though the general equa- 
tion contains six constants, the nature of the curve depends not on the absolute magnitude of these 
but on their mutual ratios, since if we multiply or divide the equation by any constant it remains 
unaltered. We may, therefore, divide the equation by the quantity 0, making the absolute term 
equal to 1, and there will remain but iive constants to be determ'ned. 

Transformation to new co-ordinate axes frequently has the effect of simplifying very much the 
equations with which we are dealing ; and it will be useful here to find what the general equation 
becomes on being transformed to a new set of axes, assuming, for a first transformation, that tlie 
new axes are paraUel to the old. 

For this purpose mahe x=x+a,', y=y+)/' ; a/, y' being the co-ordinates of the new origin. We 
will find that the coeflcients of a^, .-»;/, and p" remain as before, A, 2 H, and B; that 



the new G- is G'=^Ai'+Hi/'+G- 
the new F is F'=Ha:'+B/+F 
the new constant term is C'i=A'a;"+3 B.x'!i'+By'^-{-2 Gix'+2 Fy'+C 
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2 TKEATISE ON PTiOJECTIOXS. 

Suppose that we again tradsform the original equation, this time, however, to polar co-ordinates, 
by making x=p cos 0, y=p sin ; the equation so transformed is 

(A cos^ 0+2 H COS i> sin fl+B sin' 0) />'+3 (O co3 C+F sin 0) /^-|-C=0 

Write this for a moment as 

a being of course = A, cos' /'4-2 H sin eos 0+B sitf C, i&c. The roots of tliis erinafion nre 

P r 

that is, the straight line p drawn from the origin meets the conic in two different points. 

Suppose herethat 0=0; then for one i-ooL we have -=0 or ,0=00; that is, if the coefflcient of 

P*=0 the line drawn from the origin meets the cnrve in two points, one of which lies at infinity 
The coefBcieut of ,0' is, liowever, 

A cos' 0+2 H sin 6 cos tf+B sin' 
This equated to zero gives 

A+2 H tan O+'B tan^ C=0 

a quadratic in tan 0, and cons qaently we have that there can be drawn through the origin two 
real, coincideut, or imaginary lines, which will meet the curve at an infinite distance; each of which 
lines also meets the curve at one finite point determined by 

2/. (G cos fl+F sin i')+C=0 

We will now seek the test which will tell ns what class of locus is represented hy a given equation 
of the second degree ; or wc wish to ascertain the form of the curve, whether it is limited in any 
way or extends to infinity in any direction. Of course if the curve' be limited in every direction, no 
ratlins vector can be drawn which will meet it at infinity. For an infinite value of the radius vector 
we must have 

A+2 H tan 0+B tan' /;=0 

If H^— AB<f), the roots of this equation will be imaginary, or no real value oi cm be found which 
will ma lie 

A cos' f+2 H sin cos 0+B sin' (?=0 

The curve in this ease is limited in every direction, and is an Ellipse. 
If H^— AB>0, there are two real roots to the equation 

A+2 H tan w+D tan'' 0=i) 

consequently two real values of C, corresponding to wiiich two lines can be drawn fioni the oiigin 
meeting the. curve at inftuity. This curve is the fiyperbola. 

If H^— A1J=:0, the roots of the quadratic are equal and- consequently the two straight lines 
which can be drawn to meet the curve at infinity will coincide. The curve in this case is theParabola. 

If in a quadratic «('+3 ^x+y=^i) the coefficient ^ vanishes, 1he roots are equal with contrary 
signs. Thus then if in the transformed equation 

G-cos C+F sin C^O 

(ho two values found for p will be equal and opposite in sign. The points answering to the eqnal 
and opposite values oi p are equidistantfrom the origin and on opposite sides of if, and so we have 
that the chord represented by G3;+Fii/=0 is bisected at the origin. If weliad G^O and F=0, then 
wliatever be the vahie of we should always have 

Gcos 0+F sin 0=0 
or all chords drawr. through (he origin would he bisected. 
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TBEiiTJSE ON PKOJECTiONS. 3 

Kow, by transformation to suitable axes, we can in general cause the coefficients of ^ and y to 
vanish. Thus equating to zero the coefficients of x and p obtained by a transformation to n new 
origin, we And that the co-ordinates of this new origin must fnlflll the conditions 

A3/+Uy'+ii=0 H.'c'+Bi/'+F^O 

i]i oi'der that all chords drawn through that point may be then bisected. The point thus determined 
is called the center of Ihe curve. As these equations for determining the center are linear there 
can esist only one center to any conic section. The co-ordinates of the center are found to be 

,_BG-HF ^_AF-HG 

^ ~ R^-AB ■' ~"n=-AB 

For H*— AB=0 the center lies at infinity, which is the case of the parabola, and this curve is in 
consequence called a noa-central curve. Obvionsly the centers of the ellipse and hyperbola lie at a 
finite distance. 

We have seen that a chord through the origin is bisected if G cos 0+F sin (!=0. Now trans 
forming the origin to ajiy point, it appears that a parallel chord will be bisected at the new origin ii 

G' cos fl+F' sin 0=0 
or if 

(Aic'+il/+G) cos 0+(mx'+By'+F) sin fl=0 

This, therefore, is a relation whioh must be satisfied by ttio co-ordinates of the new origin if it be 
the middle point of a chord making with the axis of ic the angle 0. Hence the locus of the middle 
points of parallel chords is 

(Air+H</+G) cosfl+(Hic4-Bi/+F) siu 6=0 

This line bisecting a system of parallel chords is called a diameter, and we see that it passes 
through the intersection of 

Aa;+ni/+G=0 Bx+liy+V^O 

Therefore every diameter passes through the center of the curve. 

If two diameters of a conic be sueh that one of them bisects ail chords parallel to the other, then, 
conmrsely, the second will hiaect all chords parallel to the first. 

The equation of a diameter which bisects chorda mailing an angle with the axis of x is 

Ax'+Hj/+G+(Ha:+B?/+F) tan C=0 

Calling 0' the angle, which this line makes with x, we have 

„, A+n tan 
tan 0'= — Ti^-ft-r — T 
H-f B tan 8 
whence 

B tan I) tau W'+H (tan C+tan 0') 4-A=0 

And the symmetry of the equation shows ihat the chords making an angle B' are also bisected by 
the diameter making an angle with x. 

Diameters so related that each bisects all chords parallel to the other are called conjugate 
diameters. 

The general equation of the second degree in two variables is now, when transformed to tiie 
center, 

A*^+2 Ha,'i/+B/-|-C'=:0 

where C is readily found to be equal to 

ABC+3 FGH-AF=-BG^-CQ« 



Hosted by 



Google 



4 TREATISE ON" PliO.TECTIONS. 

If thp Ditmerator of tbis fraction equals 0, the equation would become 

the equation of a pair of right lines ; the condition, then, that the general equation shoulil repre- 
sent a pair of right lines ia 

ABC +2 PGH- AF2-BG^-OH^=0 
or, in tleterminaut form, 

H, B, fJ='» 

I G, F, 0, j 

The augles that two coBJugate diameters make with the axis of x are connected by the rela- 
tion — 

B tan tan w'+H (tan (?+tan 0')-|~A=0 

If the diameters are at right augles, 

Hence — 

H tan^ C4-(A-E) tan 0-H=0 

a quadratic equation for the determination of 0, Transforming back to rectangular co-ordinates, 
tills is — 

Ha^— (A— B) xy—'Ky'^—H 

the wcU-known equation of two real lines at right angles to each other. These rectanguln.r diam- 
eters are calletl the axes of the curve. 
We have seen that when 

A cos^ 0-\-2 n sin II cos (>+B sin* 0=0_ 

the radius vector meets the curve at iufluity, and also iu one other point determined by 

__ _ C 

''"^ G cos fl+F sin 

But if the origin be the center, we have G=0 and F=0; hence this distance will also become 
inflnite. Hence two lines can be drawn from the center and meeting the curve in two cowarfent 
points at infinity ; these lines are called the asymptotes of the curve and are real in the case of the 
hyperbola and imaginary in the case of the ellipse. The equation of the axes was found to be 

H3;2_(A-B)3.')/— Hi/^=0 

This is the equation of a pair of lines bisecting the angle between the lines 

Aa:H2Ha;j/+B2/^=0 

Therefore, the axes of the curve bisect the angle between the asymptotes. 

The preceding results might all have been obtained bya simple transformation of co-ordinates. 
Suppose that, our original axes being rectangular, we turn the system round through an angle w, 
i. e., make 

x=x cos iii~y sin u, y=-v sin m+y cos <« 

the new eoet&ciont of x^ will now be 

A'=A cos'' iu+2 n cos lu sin (u-fB sin'' o, 
also H'=B sin m cos m-|-H (cos^ at— sin' tu)— A sin w cos <^ 

B'=A sin^ lu— 2 H sin m cos lo+B cos* m 
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TREATISE ON PEOJECTIOKS. 5 

By putting H'=0 we get the same equation as before for determming tau 0., and in facttliis gives us 

for the tangeut of tl»^ angle made with the given axes by either axis of the curve. Add together 
A'+B' and we have — 

A'+B'=A+B 
Again, write 

2 A'-A+B+2 H sin 2 i»4-(A-E) cos 2 «. 

2B' = A+B-2H8in2u-(A-B)cos2<« 

hence 4 A'B'=(A4-E)«-[2 H sin 2 «-+(A-B) cos 2 mf 

but 4 Il''=[2Heos3(J-(A-B) eiii2e]' 

therefore 4 (A'B'-H'^)=4 (AB-H^) 

or A'B'-H™=AB-H^ 

When, therefore, we transpose an equation of the second degree from one set of rectangular 
axes to another, the quantities A+B and AB— H* remain unaltered. 

When, therefore, we want the equation transformed to the axes, we have the new H=0, and 

A+B=A'+B' AB~n^=A'E' 

From these we can form a quadratic equation to And A' and B'. 
We have now for the equation referred to the center and axes 

AV+By+C'=0. 

Let the intercepts made by the ellipse {or hyperbola) on the axes be ffl on a; and h on y. Then 



and the equation becomes 
and for the liyperbola 



as the equation of the hyperbola only diflers from the ellipse (in this ease of transformation to the 
axes) in the sign of the coefaeient of y^. 

For the polar equation of the ellipse write 



and the equation simply becomes 
or, by making 



e being the eccentricity of the e 



tt'b^ 






=6*, (e<l) 
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TREATISE ON TOOJECTIONS, 
lu like manner we tind for the polar ceiuatioii of tbe liypctboia, the center being the pole, 



Making 






,^ ¥ 

'' ~^C08^A— 1 

In the case of the ellipse the points on the major axis at the distance ■,/a?~b'=m from the 
center are called the fod. In tlie case of the hyperbola tbese are at the distance ^Ja'-\-l>^ from tUe 
center. 

In the polar equation of the ellipse we see that the least value the denominator &^+(«*— fi^jsin^i 
cm have is when ^=0; therefore the greatest value of p is when l—iS and is equal to a. Similarly, 

we find that the least value of /i is for l= ~ and this value is equal to h. These two lines are the 

axis major and the axis mlwor of the curve. It is also clear that the smaller X is, the larger p will be ; 
hence, the nearer any diameter is to the axis major the greater it will be. If J=J, or A= —A, we 
will find the same value of p ; hence two diameters which mate equal angles with the axis will be 
equal. The figure of the, elUpse is clearly that given in the figure 




E and F' denoting the positions of the foci. 

If we solve the equation of the ellipse for y we get 



Now, if we describe a coucentrie circle with radius a, its equation will 1: 
Hence, we have the following eonstrnction : 






Describe a circle with radins a and take on each ordinate LP' a length LP, such that j^p-,=-- j 
then will P be a point of the ellipse. A similar construction holds for the miuor axis, only in that 
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TBEATISE OB" PROJEOTIOI^B. 



case tlic ratio of the ordinate of the ellipse to tliat of the circle equals -r. The coustrnction is tirrived 
at simply as follows : 




Describe concentric circles with radii a and Ij respectively. Draw any radius CB of the large 
circle and iroin the point Q, where it cuts the small circle, draw QP parallel to the axis of ic; the 
point of intersection of this line with the line EN, drawn perpendicular to the axis of x, gives us P, 
a point of the ellipse. Similarly, any number of points can be obtained and the ellipse drawn 
through them. Or, again, suppose that we have any line AB constant in length, which moves so that 
the point B shall always lie on the axis of x and A on the tixis of y. 



^•^^. 



Now, assume way point P, either between A and B or on the prolongation of the hiie AB, such 
that AP=a and BPssfi; then the locus of P is an ellipse ; for calling x and y the co-ordinates of P, 

we have 



Tangent. 
The equation of the chord joining any two points x'y' and x"'j" on the curve is 



(x~i^)-{x~x" ) (y-y') (y'~y") _x' f _ . 

{ x'+w") x {y'+y")ij_x'x" y'y" 
a= " "^ " ?)» ~ a^ ^ &* 



which, \vhen x'y' and x"y" approach indefinitely near to each other, becomes 
XX' yy' 

the equation of the tangent to the ellipse. For the hyperbola the corresponding equation Is 
XX' yy'_. 
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8 TlitiATISE 0:X PHOJECTIONS. 

The in'wi-cept of the t-angent oo the axis of x ia=^ 

The SM6(aM(/erct is the distauce from the. foot of the ordinate at the point of taugency to the 
point of interse^ition of the tangent and the a^is of x. Therefore, subtangent is='^^-^— 

The quantity -;y, being independent of (», gives a simple means of drawing a tangent to the 

e]lii)se. If we describe a circle of radius a, and at that point of the circle which has x' for abscissa 
dmw a tangent, it will intersect the axis of x at tlie same point as the tangent to the ellipse, so that 
joining the point thus graphically found with point x'y' of the ellipse, we will have, the tangent to 
this curve. 

Forming the equation of tlie perpendicular to the line '^'^-+''^ =1 at the point x'y', we have 

or 

a/ y' 
the equation of the normal to the ellipse. 

The intercept of the normal on tlie axis of x equals 

or 
We can thus draw a noruial to an ellipse, for given, the intercept of the norma! on the axis of x wo 
can find x', the abscissa of the point through which the normal is drawn. 

The sniinormal is the portion intercepted on the axis between the aorraal aud the ordim>te, 
and equals 

ic — ^ie'= jic'. 

Foci. 
The square of the distance from any point x'l/' of the ellipse to the focus is equal to 

since by definition the co-ordinates of the foeus are x=c, i/=0. ' But 
x''^+l/'-'^x''V-,{a'-x") = lP+e''x'' 



Llence the distance which we may call W equals 



Hence ■ 

FP=«-c.(.'' 

We reject the negative value ex'— a, as we are only conceraed with the absolute magnitude of FP 
and not its direction. Similarly, for the distance from the other focus (— c, 0) wo find 

F'P=a4-fte' 
Hence 

FP+r'P^2H 

or for a fundamental property of the ellipse we have tha smn of tlw distances from any point of the 
ellipse to the focus is constant and equal to the major axis of the ellipse. 
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TREATISE OM" PltOJliOTlONS. 9 

It is not (liUiciilt to show (bat for the hyperbola 

FP-F'P^12 a 

or m the hyperbola the difference of the distances from the fool to (my point of the curve is equal to the 
major aaJs. 

By help of these theorems the ellipse or hyperbola can be deseribed mechanically. 

If the extremities of a thread be fastened at two flxed points F and F', it is plain that a pencil 
moved al out so as to keep the thread always stretched will describe an ellipse whose major axis is 
the leiigtU of the thread. In order to describe a hyperbola, let a ruler be fastened at one extremity 




F, and ca.pable of moving round it, then if a thread, fastened to a fixcft point F' and also to a flxed 
point on the ruler E, be kept stretched by a ring at P, as the ruler is moved round the point P will 
describe a hyperbola; for, since tJie sum of F'P and PE is constant, the dififereuce of PP and F'P 
will be constaut. 

Directrix. 

The directrix is a line perpendicular to the axis major at a distance from the center =!-"■-. The 

distance of the directrix from any point of the curve is 

'^--!ti'= ^ fa - £*■') =^ la-ex') 
c c • ' e^ ' 

Hence we have another fundamental projierty of these curves which would enable us to construct 
the curve, viz, that the distance of any point on the curve from the focus is to its distance from the 
directrix as eis to 1. 

The length of the focal radius vector we have found to equal a—ex'; but x' (being measured 
from the center) equals p cos A+e. Hence 

/)=a — e p cos l—ee 
or, solving for p and replacing c by its value ae 



a (l-e^) J>' 



l+ecosA al+ecosA 

The double ordinate at the focus is called i'he paramieter or Latvs-Iieetum ; its half is found, by 
making^=g, to be= -=(( {1— e^). Denoting the parameter by^ the equation may be written 



' 31+ecosA 
The properties that we have discussed so far have been common to both the ellipse and hyperbola, 
but the hyperbola by virtue of its real asymptotes possesses properties which (be ellipse does not 
possess. We saw that in the general case the equation of the asymptotes was obtained by placing 
the highest powers of the variaWes=0, the center being the origin. Thus we have for the equa- 
tion of the asymptotes to the hyperbola 

2 T P 
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a' and b' being any pair of conjugate diameters, Hetice the asymptotes are parallel to the diagonals 
of any parallelogram whose sides are any pair of conjugate diameters. 



Wo have already seen that when the equation of the second degree repri'seiita a parabola, ve 
must have 

Tliis ia clearly only the condition that the first three teniiK of the geufeial equation should constitute 
a perfect square, or that the equation might be written 

(ax+liyY+2 i^x+2 Fi/+C=0 

Transformation of axes will greatly simplify this equation. Suppose that we talce for new axes the 
line ax+l^y and the perpendicular on it (ix—ay. Now in the equation of the curve we know that 
oii'+^i/ and 2 G^+3 Fj/+e are respectively proportional to the lengths of jjerpendicidars let fal5 
from the point ocy to the lines 

ax-\-liy=H 'J, Ga^+3 F)/+<J=0 • 

nonce the equation of the curve asserts that the square of the perpendicular from any point of 
the curve ou the tirst of these lines is proportional to the perpendicular from the same point on the 
second line. Now, since the new co-ordinates x' and y' are to denote the lengths of perpendiculars 
from any jwiut on the new axes, we have 



Make a^-f ,5^=^^; and we have 



Making these substitutions in the equation of the curve, it becomes 

Or by simply turning the axes through a certain angle we have reduced the equation to the form 

By+2G'a;+2F'i/+C'=« 

Again, ehange to jiarallel axes through a new origin x'y' ; the equation now L-ticouicri 

BY+2 G'a;+2 (BY+F');'+B'i/"-f2 GV-j-2 F'j,' + C'=0 

As the coeflicient of x has remained unchanged, we evidently cannot make it vanish by this kind 
of transformation. But we can determine x'y' so that the coeflicient of y and the absolute term 
shall vanish. Take for the co-ordinates of the new origin 

F'=_E'q^ F' 

2 G'B' ■' B' 

theJi the equation reduces to 

2 2G' 

or simiily 
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r^ = <// + ;5j^' 
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TBEATISE ON PBOJECTIONS. 11 

when we have 

' («'"+«•"" 

The (iuantity p is, in the assumed case of rectangular co-ordinates, called the principal param- 
eter of the curve. Since every value of .v gives two equal and opposite values for y, the curve must 
be symmetrical with respect to the axis of x. None of the curve can lie on the negative side of the 
origin, since a negative value of a? will give imaginary values of i/. The ligure of the curve is that 
here represented. 




The equation of the chord joining any two points on the curve is 

{y-v'){ii-y")=y^-p^ 

or 

{ll'+y")}/=pa;-\-y'y" 

Malte y'=ij" and write y'^^px' and the equation of the tangent to the parabola is 

3 y'y=p (sc+x') 

For the intercept on the axis of x we have x= —x' ; that is, the distance from the foot of the 
ordinate of contact to ihe point of interaection of the tangent with the axis of the curve is bisected 
at the vertex, or, simply, the subtangent is bisected at the vertex. 

Normal. 

The erfuatioii of the uormal is 

p(y~!/')+2y'{x-x')=0 
Its intercept on the axis is 

x=x'+^p 

The subnormal being defined as before by the relation 

Subnor. =»■—*■' 

we have for the parabola that the subnormal is constant and equals ^p or ^ parameter. 

Focus. 

The focus of the parabola is a point situated on the axis of the curve and at a distance from 
the vertex equal to one-fourth of the principal parameter. Calling m this distance, we have for the 
sqare of the distance of any point of the curve from the focus 

(x'—m^)-'f-y'^=x'^—2 rnx'+m^+i mx'=[x'-\-mY 

Ueuee the distance of any point froiathe focus equals x'+m. 

The directrix of the parabola is a straight line perpendicular to the axis and at a distance of 
vertex outside of the curve equal to m; hence the distance of any point on the curve from the directrix 
must equal x'+m. We have, then, as a fundamental property of the parabola, that the distance ofatiy 
point of the curve from the focus is equal to its distance from the directrix. 
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12 TEEATISK ON PEOJEOTIONS. 

The equation of the ellipse is satisfied by mailing x=a sin )f, y=b cos ;^, ■when x is the comple- 
ment of the angle P'liL (Pig, B), or is the complement of the eccentric anomaly. We have from 
these values of x and y 

dx—a cos x<^-/ (ly= —b sin ndj^ 

and for the element of arc 

ds= yfdx'-\-dy^= Va^ cos* j^ +^^ sin^ x *^y.~ V(t''—{(i'~^) sin^ x ^t 

.Taking the eccentricity of the ellipse - — - — as the modulus of an elliptic integral, we have at once 
for the length of the entire ellipse, 

*=4«J' ^~r^¥^^jy_=iaj^^ /i{kx)dx 



E,7f denoting the complete elliptic integral of the second kind. If the eccentricity is small or the 
ellipse is nearly a circle, the function E,fc has for value (Cayley's Elliptic Functions, page 46) 

^'^-2^ s^ a^¥ a^n^re^''" — 5^. 4^7r.TT^[2 i)^ '" ) 

The area of the ellipse is well known to be 7:ah. It can be obtained readily by integrating 
I / dxdy, the limits of x and y being taken from the eqnatioQ 

For the hyperbola 

write x=a sec o, y=b tan u, where o ia the eccentric anomaly 

dx=a sec o tan udo dp=a sec^ i/du 

and thence 

, do ,^ „ . , 

Here take 



the reciprocal of the eccentricity ; then h' the complementary modulus eciuals ~j~ -^t-,a 
Assume an angle p. such that tan u=¥n. Then 



a 

'~ cos li '' 




COS^'/iA^i 


i=b1c' tan /x 




^b¥d^ 




ds= 


Wdf^ 
"cos'^A/i 



Y differentiation of Ap tan /^ we find 
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and conversely integrating from zero we lind 



J eosV^ 



= A!itan/i+h'^F;^+Efi 



Substituting tliis in the expression for s, and remembering that bk—a- 




where s denotes the length of an arc of the hyperbola meas- 
ured from the vertex. 

The incongruity of explaining the elementary principles 
of Conic Sections and assnming a knowle<lge of the more 
difStult one of Elliptic Functions will perhaps strike all 
readers ; bnt the object of the explanation in the fonner 
case was not eo much to teach conies to one who had not 
studied the subject as it was to give a brief r4mm^ of the 
more important elementary principles, which would afford 
means of practically drawing th^ae curves. Hereafter ele- 
mentary explanations will not be given except iu particnlar 
cases where it may be desirable to bring out some important 
fact in the process. 

We will take up now the subject of perspective projection — 
takingthe plane of projection at first as dutside of the sphere. 
Let (Pig. I ) denote the center of the sphere, V the point of 
sight, Op the trace of the plane of projection upon the plane 
of the paper, P the pole of the equator, and M any other 
point on the surface of the sphere, having for latitude and 
la for longitude, PZZ' being the first meridian. Then we 
have 

<u=ZPM, to these add PZ=?-a 



=CZ 



MZ= 
PZM= 



and also assume VC=e, VO=e'. The projection of Z is o 
and of P iap, these being the points in which the projecting lines jrierce the plane of projection. 
Assume m as the projection of M, then the position of this point must be determined with reference 
to some system of co-ordinates. The most convenient system to adopt will be the rectangular sys- 
tem OX, OY, then Om=^, Mm=y, and we have to determine x and y as functions of the given con- 
stants 0, e', r and the angular magnitudes 9 and m. 

Equating the sum of the three angles about the point (J to the sum of the three angles of the 
triangle ODM we have, since this triangle is isosceles, 



MDC' 



p-fVOD 



also 



_ZM-DO__p -VCn 



MVZ= 

combining these two results, we have 



Again, iu the triangle VDC 



tiD 
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or 

dn(p-V)=^.iQV; 
Sulviiig this for tau V, we find 















^''" ' c+.- 


eosj' 




aud COT] 


seqaently 












i.g now that »^P^^, 


OM=OV tan V= 
we at once obtain for a 


e'r sin 


9 




Observi 


; aud ff the values 






- 


C'T sin p COS ;!' 




C'T yin 9- sin 


<l> 






«+rcosf 




e+r eos ;! 




We ha^' 


e now to determiue <f aud ^ in terms of and 


,H. Ill 


the Hphei'ici 


:ll 1 



sin p sin v'=cos c sm w 

sin 0— sin a cos <p 

sm td cos 1/'= 

^ cos a 

COS ^=sin a. sin ('+cos « cos C eos <u 

Coml) illation of tlie last two gives 

sin ip cos v— cos « sin (?— sin n COS cos w 

Substituting these values of cos y, sin ip cos >;' aud sin f sin >; in the values of ip and ?/, these 
heeoiue 

^ ^e+r (cos (t cos s cos oi+sin a ein c) c+r (cos a. cos C cos ui+sin a sin fl) 

Upon these two equations depends the entire coustrnctlon of the perspective projection of a sphere 
upon SI plane. 

li'or <i'-=o-\-r the plane of projection becomes the tangent plane at the point s; for c'=g the 
jilane passes through the center of the sphere, aud the great circle so cut out will be the huiiting 
line of the projection. T"or the last case the equations become 



t,, _ cr (sin a cos cos m—cos a siu 0) cr cos sin oi 

^^ ""c+j- (cos a COS fl COS w+sin a sin 0) ' ^c-{-r (cos « cos cos (u+sin « sin 0) 

If the eye be conceived as sitnsited upon the piolongation of the axis of the earth the plaue of 
projection will coincide with that of theequator and we have an equatorial projection. The values 

of a: and y for this case are found by maiiing a=n in the last formula, thus: 

_ cr cos COS VI _cr cos sin .m 

^~'^'+r^iiT' ^'' "c+r siii";^" 

If the e.ve is placed iu the plane of the equator the plane of projection will pass tlirough a 
meridian, and the projection is said to be a meridian projection. For this case wo liave a=0. 

__ ~cr sin „ '''' '^O'^ " ^"i *" 

'^~C+r cos cos «i ■'"c^-r cos cos w 

By making (?=0 in equations 2, aud giving w a series of values, we will determine aa many points 
of the projection of the equator as will be necessary to draw that line. And, iu like manner, by 
giving any constant value, and giving- (u any series of values, we can determine the project.oiis of 
the intersections of all the meridians wi h the assumed parallel ol fh This process is, howevei', a 
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very leugtliy and inelegant one. As we are concerned only witli the projections of circles ol' tlie 
spitere we know that, the projecting curve being of the second degree, these projections will be 
carves of the second degree. It will consequently be desirable to find the equations of these curves, 
and ftom the equations construct the projections. 

To obtain the equation of the projections of the meridians, it is only necessary to elimioate the 
liititude bi^t ween equations a ; dividing the second of these equations by the flrat, we have 



sin a cos cos «•— cos a sin d sin a cos lu—cos a tan e 



y^ cos^ "+2/^ siu^ a COB? to— 2 xy sin « sin a/ cos lu+x^ sin^ t 
cos* 0= 



•f cos^ f +2/^ sin^ « cos^ oi— a xy Bin a sin m cos fn-\-^ sin* m 

Substituting these in the values of y gives tis the general equation of the' projection of meridians. 
(3) x^ (c*— r* sin* o) sin* m-^ayg (r*— c*) sin a sin 2 <u+y^ {<?—<? sin^ a sin^ w— c^ cos* w) 

~x {rH sin 2 a siu^ w+j/r^c cos a sin 2 ia—i^<^ cos* a sin* (o=0 

This is the equation of an ellipse whose semi-ases a and 6 are given by 



h=-. 



r<? cos a sin a 



* -v/o*— >-*4i— cos* asin^ai) c*— r* (1— COS*a s 

and whose center is at the point 



^ ' a [(?— r* (1 —cos* a sin^ i«)] ^ 2 [c*— )■* {1-cos* « sin* w)] 

For tLe direction of tiie axes we have, w being the angle that the major axes makes with the 
axis of X, 

COS* in— sni^a sm* o> 
and from this, by means of the formulas, 

, „ 2 tan HI ■ .', a ■ 

tan 2 cu= - — - — -,— sni 2 w=2 siu w cos ui 

I — tan* (u 

Then easily follows 

(6) tan*^=~- 

sin a 

The quantities f and j? have different values for every meridian, i. e., for every value of w ; if, then, 
we eliminate u between the two equations giving f and ■//, we will obtain the locus of the centers of 
all the ellipses 



Substituting this in the equation giving ?, it becomes 



Hosted by 



Google 
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{7) y,2((^-j^)sin^ a+:a(c2_r* siu^ a)— ecr' sin a fiOS a^O 

the equation of a.n ellipse having' f and i; for its current coordinates. Tlie ellipse also passes 
throxigh the origin of co-ordinates as it lacks an absolute, turn. The center of the ellipse lies on 
the axis of a: and is given by 

, , j^c sin a cos a , 

and its semi-axes a' and /)' are given by 

,gi ,_ r^<;sin ucos a . ¥^ c eoa a 

~2(c=-r=sin^V) ^2 /{^HF^'j^?-*^ sin* a) 

It is obvious that the major axis coincides with tbe axis of a,', and conserinently <u=0. 

PBOJECTIONS OP THE PARALLELS. 

To obtain these projections it is only necessary to eliminate «< between equations 2. We have 

CT+rccosasip 

cr sin o- cos 0—rx cos a cos 
Dividing the second of equations 2 by the first gives 



X yiu a COS <u— COS « tan 
From tliis we can readily obtain 

y siu a cos COS w— 1/ COS a sin 0=x C0.S (J siu (» 

Square this in order to get rid of sin <a and we have 

{y^ sin^ a cos^ fl+iB^ cos' c) cos' lu— 2 ^ ain a cos a sin cos c cos vt—a?' cos^ (?+/ cos' a sin^ rt=0 

Substituting in this the value of cos <u given, above, and performing several easy but tedious 
reductions, we come finally to the equation of the projections of the parallels in the form 

(10) a^ [c^+2resin asinC— r^cos (a— O)cos (o+S)J+y'[csino+rsiu Cj'+2rac(6' cos u sin 

+*■ siu o. cos a)~c^r' siu (a— f) sin (a+y)^0 
The curve is an 

Ellipse ^ f >0 

Hyperbola > according as fl'+2 m sin a sin fl— j-' cos (a— ('j cos (u+c) < <t) 
Parabola ) ( =0 

the quantity H^— AB being here replaced merely by B since n=0 and A is a peifect square and 
positive. 

By the usual j)rocess of trail sfonnatiou to the center and axes we find 



(") 



for the axes, and 



ro cos ( c sin a -fg siu ) 

~e'+2 re sin a sin 0-\-r^ sin' 0—r^ cos' <; 



■J&-\-2rc sin a. siu f-f r'sin^f— r'cos'a 

cr cos a. (c sin c+r sin a) 
""(!'+2 cr sin o sin c+e' sin* c-r* cos' « 



(12) 

the cei 
the par 
For the projection of the equator w=0 



for the center and direction of the major axis, It follows, theu,ihat the centers of the projections 
of the parallels all lie upon the axis of a:. 
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(»■->■■ coa- .) 



obviously :in ellipse whose axes a 

(14 1 «,'=- 

and whose center is at 
(15) 



r'e sm a cos « 



=0 



The distance J) of the projection of tJie pole from the center of the entire projection is found by 
making 0=4^'^ in the expression for ?', and we have thus 

cr cos a 



c+r sin a 



p'=-- 



(16) p= 

two points on the axis of ^. 

EQUATORIAL PEOJBCTION. 

For £!=^the general equations become 



(17) 



v=- 



c+r sin C " c+r sin s 

We have then for the general equation of the projections of the parallels 



(18) 



" (c+r sin o 



lo being eliminated by the simple process of squaring and adding. This 
is the equation of a circle whose center is at the origin of co-ordinates. 
For the elimination of it ia only necessary to divide y by x, thus ^ 



We see &om this that the meiidians are projected in straight lines, and 

that the angle included between the projections of iuiy two meridians is 

equal to the angle between the meridians themselves. Fig. 2 gives an Fio. 2. 

idea of this projection. 

In the case where the point of sight is without the sphere, i. e., where c>r the projection will 
■ extend from the equator to the parallel which passes through the point where the tangent from the 
point of sight meets the meridian PEfE'; this latitude is given by 



{"' ^ J^ 
^-^ . p/ ^^ 



and the radius of its projection is equal to 



Divide now the circle of projection into degrees, and count upon it from the same point B the lati- 
tude and longitude, and upon the line of the poles PP' lay oft' cVsee; join V with the extremities 
of any parallel which it is desired to construct and the intersections of these projecting lines with 
the diameter EE', viz, n and »', are points in the circumference of the cii'cle Into which the given 
parallel is projected ; we have then merely with e as a center to describe circles passing through 
these points, and they will be the projections of the parallels. The meridians a.re of course con- 
structed by merely drawing the diameters of the eircl^e of projection. 
3 TP 



Hosted by Google 



18 TREATISE ON PROJECTIONS. 

MEBIBTAN PKOJBCEIOH. 

We hiive already found for this case 

(19) ^=__^™''-— _^c»»sm^ 

e-\-r cos c cos <u ■' c+r cos cos w 

from which 



It is to be observed that for (he negative co-ordinates the values of x only ebange sijin, while for 

negative longitudes the « remains unchanged aud y changes its sign. For the projections of the 

meridians eliminate c,. 

, ^^^-'^ siu VI 

~ !/ 

from which follows 



y'+x/ sm^ <u 2/^+ir sm' w 

which being substituted in either of the expressions for lo or p would give us the equations of the 
projections of the meridians. Similarly the projections of the parallels may he found by eliminat- 
ing (u between the expressions for te and p. A further consideration of this projection in the general 
case would be productive of but little that could interest, so we shall leave the subject here, taking 
it up, however, in the various special cases of perspective projection that we shall study. 

OETHOGEAPHIC PROJECTION. 

lu the case of orthographic yirojection the eye is supposed to be placed at an infinite distance 
from the center of the sphere, i. e., e=oo , The projecting cone becomes then in this case a cylin- 
der, the right section of which is a great circle of the sphere. Here there can no parabolas or 
hyperbolas occur as the projection of any circle of the sphere, but all circles will be projected in 
circles, ellipses, or straight hues according to the inclination of their planes to the axis of the 
cylinder. This projection is not used for geographical purposes, though it has been for celestial 
. ehai'ts, and is commonly employed for architectural and mechanical drawings. 

For c=oo equation 2 gives 

(20) x=r (siu a cos cos u— cos « sin 0) y=r cos sin <a 
The general equation of meridians now becomes 

(21) x' sin^ lu— iCT/ sin a sin 2 m+if (1— -siu' a sin^ iu)—r^ cos*a sin* (u=0 
The equation of an ellipse whose semi-axes (equations 3) are 

(22) a=r h=r cos a sin w 
for the center f =;;=0, and for the direction of the major axis 

tail^w=:'^_ 

sma 
The equation of parallels is now (vide equation 9). 

(23) .»°-!-y* sin* a+a rx cos « sin O—r'^ sin {a—O) siu (a+i?)=0 
an ellipse whose semi-axes are 

a'=r cos b'=r cos s sin a 

The center is at 

$=r cos asintf i?=sO 

and the direction of the major axis w=0. 
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The equation of the projection of the equator is 

(24) a^+y' sin^ a—r^ siu* a=0 
for which 

Oi=r 6|=rsiii« ^=v;ss=0 

And finally for the pole 

(25) ■ ^=-rcos». 

These expressions are sufficient to determine the orthographic projection for any position of 
the eye. 

OETHOGEAPIIIO EQUATORIAL PROJECTION, 

The condition that the eye should be ou the axis of the earth, and the plane of the equator that 
of projection, is arrived at, as in the general case, by mailing «=;=; we flud then 

(26) ie=r cos C cos <u ^=rcosS8in<u 
and, eliminating 0, the meridians are given by 

■1= tan 111 
and the parallels by 

(27) x^+;f=r^<iOS^ 

Thus the meridians are projected in straight lines passing through the center of projection and the 
parallels are projected into their true sizes as concentric circles. 

If the celestial sphere be thus projected ifc will be desirable to find the ecliptic. This is simply 
a great circle whose plane has an inclination of 23"^ 2d' to that of the equator. Their line of section 
has the longitude 0° or 180°. It is obvious that the required projection is an ellipse whose major 
axis =s:2j- and is coincident with the projection of the first meridian, and whose minor axis = 2 r 
cos 23° 28' and is coincident with the projection of the meridian of 90°. 

MElilDIAN PEOJRCTION. 
In this case the eye is in the plane of the equator, usually also iu that of the first meridian; 
here then a=0 and 

(28) x=rii\QO )/=t'cosCsinui 
The equation of the projection of meridians is 



the equalion of an ellipse for which 

a=r bT=r^mt f=0 );=0 

The equation 

(30) a^=rsinO 

being independeot of <u, is the equation of the parallels ; i. e., the parallels are projected into right 
lines parallel to the axis of y, or, the same thing, parallel to the equator. 

For celestial charts the plane of projection is usually that containing the axis of the equator 
and of the ecliptic, or simply the solstitial colure. The projections of the equator and ecliptic and 
all parallels to either will in this case be right lines. The center of the projection will represent 
the equinoctial points, and the solstices are projected in the extremities of the ecliptic. Declination 
circles of right ascension ^—a and meridiausof celestial longitude <o are projected in ellipses whose 

major axis equals 2 *■ and whose minor axes respectively equal r cos a and r sin oi. 

The orthographic projection has the disadvantage of giving the natural sizes only at the center 

of the chart. Towards the outside of the projection the portions of the earth's projection are much 
too small, and at the limit are infinitely small. Moreover, only one hemisphere can lae represented 
upon a single chart. 
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STEBBOg-RAPHIC PROJECTION. 

Ill this case the eye is on the snrfsicu of tlie sx^liere; i. «., in equations 2 wc have e=r, and in 



cooscqiiem* 
(31) 



r (si n a cos g cos <o— c 



■u+sinasinC 

Our general equation of meridians becomes 

(32) x^Jf-yi—'^ xr Ian a-j-2 j/i 

Here H— Ui,and A=B, the well known condi- 
tions that the general equation should represent 
a circle. The center of the circle is at the point 



cos sin lu 

'S tf C0SIU+ 8" 



==r tan a y 


=— »■— g 


and the radius is 




E- *',- 
cos o. sm 




Por the projection of the polo 


wo have 


rcosa 





a point through which the projections of all the 
meridians must pass. The equation of the locus 
of centers of meridians is in this case 



(33) 



^=r tan a 



a straight line parallel to the axis of a; at a dis- 
tance from it =r tan a. 

The equation of parallels becomes 

(34) 




cHj/^a rx^ 



sina+sinfl^ sin C+sin a 



a cirele wliose center is at 



whose radius it 



E'=^ 



sin Q+sin 6 
The equation of the equator is 0=0, 

(35) x'^+y'^+^rx cot a— r*=0 

the position and magnitude of this projection being given by 

E'=r cosec a s= —r cot a j;=0 

We thus see that both meridians and parallels are projected in circles for this kind of projec- 
tion, and since, by varying the angle a, we can cause the plane of projection to assume any position 
relatively to the equator and paraEels, it follows that all circles of the sphere are projected in circles. 

STEBBOGEAPHIO EQUATORIAL PROJECTION. 

The jilane of the equator is here taken for the plane of projection and so «=:^j this gives 
r ws cos <v r cos siu lu 



(36) 



1-f sin 



y=- 



l+si 
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Calling ; the complemeDt of the latitude 0, v 
(37) ^=tai. .o 



i bave from these eiinatious 



The jneridians are thus projected in straight lines passing through the origiu, or simply iu the 
diameter of the equator. The parallels are projected in circles of radius =r tan ^- For the 

equator itself !^=^ and the radius of this projection =r, the radius of the sphere. Fig. 3 represents 

this projection, the eye being pla«ed at the south pole; P is the north pole, and ABCD is 
the equator. To draw this a circle of radius, r is described about any point r and its circumference 
divided into equal portions of 5^ or 10°, or whatever may be most desirable. The diameters AP 
180, 30 P 210, OOo P 270 are the meridians of 0°, 30°, and 90°. The parallels are all drawn about 
P as a center with radii =r tan t. Table I, which is constructed by means of this formula, gives 

the value of /> {the radius) for every 5° of latitude c (=90°— ;); in the table r is assumed =1. 

If a perpendicular be erected at the extremity A of the diameter AC the tangents and secants 
of all the angles necessary to construct the chart may be laid off on it. If, for example, the angle 
AP«=33o, then Aa'=r tan 23, Pa'=r sec 23°, If r be taken as unity j' the construction will of 
course be quite simple. 

TO DKAW THE ECLIPTIC WITH ITS PAEALLELS A:ND CIRCLES OP LOKGITUDB. 

In order to do this it is necessary to remember that the stereographic projection of every 
circle is a circle. l>raw now, as in Fig. 4, two diameters 
of a circle perpendicular to one another as AB and CD 
and the chords DE and DF cutting AB in e and f, then 
fe is the stereographic projection of the arc or chord FE. 
>fow, the angle FED is measured by one-half of the arc 
FDaud 

angle efD^ 



Therefore, FED=e/I> and EFD=/eD, 

If, therefore, FE be the diameter of a circle on the 
surface of the sphere, the surface of a cone DEF will cut 
a plane through AB perpendicular to DO, iu the figure _/e. 
Since, however, the plane of this section, on account of 
the equality of the angles FED and e/D, makes a subcon 
trary section, the curve of intersection /e is a circle. The 
distance in the plane of projection fi-om the center of this 
circle to the origin O is 




and the radius 



Let X denote the distance of the pole of FE from the point of sight c, and p the distance of the 
pole from the circumference of FE. Then wc have 

CF=A+/i CE=;,-/, 

and froQi the triangles DO/ and DOe 

0/=r tan J {/.+!,.) Oe~r tan ^ (A-^) 



Hosted by 



Google 



22 TREATISE ON PBOJEOTIONS. 

Substituting these in the above value of S, tliis becomes 

3=|jtaE^(A+;.} + tan3 (A-^) | 



and, iu like maimer, 



cos A+COS /i 

_ r sin /t 
"~eo8 A+cos fi 

Example. — Fig. 3. 

If it is desired to draw the parallel to the ecliptic, which is 30<^ distant from its pole, it is only 
necessary to lay off from P, on the diameter PD, the distance PO 

_ r sin 3 30 28' 

cos 230 28'+ cos 30° 

from thus obtained as a center and with a-radius oq 

r sin 30° 



=E=- 



1 23° 28'+ cos 30O 



describe a circle; this is the required projection. For theeeliptic itself /i=90'3, aud the distance to 
its center is PO 

=r tan 23° 28' 
and its radius OQ 

=r see 23° 28' 

AQC is this projection. For the pole of the ecliptic /i=0; whence 

„ , rain 230 38' , „„ ,,, 
^^^'= l+cos23o -38'='- 1^" 11° **' 

Further, the distances of the point P from the two points in which the diameter BD is cut by the 
parallel to the 

c5+E=t-tan J (;.+//) f5— K=>-,tan J (i—p) 

GENERALIZED DISCUSSIO?^. 

We shall now take up tlie problem of perspective projection from a more general point of view. 
Until now the position of the variable point M has been determined by means of the quantities 

ZPM=(» FM=m°—0 

The position of M will now be determined with reference to any iixed point, say L, on the surface 
of the sphere. To this end write ML=^, MLP=';'", To determine with respect to P the quantities 

ZPL=/7 and LP=90O- & 

Let, for example, P denote the i)ole of the equator and L that of the ecliptic; then 90°— f?= 
obliquity of the ecUptic. For a star M the longitude =90^— 1'', the latitude ~dO—Xj the declination 
=(?, and the right ascension =MPL— 90° or =^j)— 90-^, denoting MPL by ^. 

TO DETERMINE THE VALUES OF oi AND IN TERMS OF x AND 1', THE LATITUDE AND LOKGI- 
TUDE OF M. 

In the sijherical triangle PLM two sides PL=!)0°— e aud LM=;^, aud the included angle MLP 
= ';''■ are known, aud from them we have for the determination of MPL=^ and PU=Q»°~-o the 
formulas 

(38) cos sin ^=sin ■/ sin r 

cos cos (S=eos cos ;;— sin 6 sin ^ cos 'P' 
sin c=siu 9 Cos ^+eos 9 sin x cos ^ 
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,9 aud being found from these, lu is given by tlie relatiou 

The values of tliese quantities <« and o muat then be substituted in equations 2 to find the values 
of a; and j/, the co-ordinates of the projection of M in terms of the new variables. 

APPLICATION TO THE STEEBOGBAPHTC KQIIATORlAi PROJECTION OF PARALLELS TO THE 
ECLIPTIC. 

Eor this case a=90° and the distance of the eye from the piauc ot projection =>■. The i"alues 
of X and y already found are 

.„„, r cos cos (u r cos sin w 

Now since, according to assumption, the pole L lies in the circle whose plane passes through BD 
perpendicular to the plane of the paper, we have 



s denoting the obliquity of the ecliptic. The distance of the given parallel from the pole is x, and 
. for the points in which it is intersected by the circle perpendicular to BD, '/^=0o and 180°. The 
above equations become by the substitution of these values 

(40) cos sin ^=0 

cos I) cos ;5 --sins cos j;— coss sin j; 
sin c=cos£ cos ^+siu£ sin x 
"Whence it follows that 

(41) (3=0 sin (^=cos{^-;^) O=mo-[t--^) 
Similarly for '^=180'= 

(42) jS=0 o=m~(.A-y_) 
In general for the two pojnts 

(43) W^!IOO-(s±j^} «=H+,9=90O 

Substituting these values of and <u in the expressions for x and y we have for these co-ordinates 



(44) »=0 </= 7;^;^g - ->■ tan J Ciz) 

For the pole of the ecliptic x=^ an"! 

(45) x=l.) y=r tan ^ 

Sinc« in stereographic projection all circles of the sphere are projected as circles, it will only 
be necessary to find the projections of any three points of the sphere which lie in a circle to be 
able to determine the center and radius of the projection of the circle. Calling K the radius of the 
projection, and f and ^ the co-ordinates of its center, also a:, i/, iCzJ/s, Wii/s, three points of the c 
fereuee, we have then 

(46) (a;,_,i)«+(2,,_^^)^=U^ 
(a^_ft)3+(3,,_,)^=E2 

(a,,_=:f+(j,3_,J2=R^ 

from which 



{aii—xt) (j/j-yi)-{a;3-a!i) {y^-yi) 
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24 TREATISE OX PEOJECTIONS. 
(47) ^ G (a^,-3;i)-E (3?3-iK i) 



where 

3 E = {a,\ + f,) - {ai', + y\) 2 G = [x^^, + y\) - {x\ + y\) . 

Of coarse thia lengtiy analytical process need not be employed, for, having found the three poiuta 
1, y, 3, it is only necessary to draw lines 1-2,2-3,3-1, andbisectany twoof them by perpeudiculara 
which will meet at the center of the circle. 

Two-points are safficient to determine the projection if they lie at the extremities of a diameter 
of the sphere. For example : if two points are known on the sphere whose angidar distances from 
the fixed ]>oint L are v and ISO''— 'F we have for the determination of j?, i>, w 

(48) cos sin /S=sin x sin ¥ 

cos cos ;?=cos 8 COS ;c± sin e sin x cos 'r 
sin tf=sin cos ;;±cos 9 sin ■/ cos ¥ 

The upper and lower signs give us two values of ^ and 0, also (u=i7+,?. Now, from the known 
expressions for x and y, viz : 

,<y. _ r cos cos (I I _ r cos ^ sin o/ 

' ^ '*'~ 1+sin ^~ l+siife ~ 

we will be able to determine two points Xit/i, x^y^. The co-ordinates, then, of the center of the pix)- 
jccted drele are 

f=i (,rj-,Ki) ,=^ (j'^-^i) 

and for the radiiis 

E=iV"(^'-^ir+(y.-2^* 

STEREOG-RAPHJC MERIDIAN PROJECTION. 

Ill this projection, which is the one commonly employed when a complete hemisphere is to be 
projected, the eye is placed at any point of the equator, and the plane of the meridian 9CP distant 
from the eye is taken as the plane of projection. 

For terreatriiil charts the plane of the meridian at Gieenwich is usually taken as the plane of 
projection, and the eye will then be at the point whose longitude is 00° or 270°. But here, as in 
the former cases, the meridian passing through the eye is to be taken as the first meridian in the 
reckoning of longitude. 

This projection will give the means of representing the two terrestrial hemispheres upon two 
separate charts. If it is desired to obtain maps of the polar regions theatereograpbic equatorial 
projection should be employed. For this ease we have x=ii, and equations 31 become 

(51) _ — »• sin _r cos sin w 

~l + COS ~0 cos lu ^"1 + COS cos 01 

The equation of meridians thus becomes (equation) ^2) 

(52) x^+y^+'I yr cot w—r^=Q 
a circle whose center is at 

f=0 !;=— root o, 

and whose radius E=r eosec w. For the bounding meridian iu=90°, and li=r, which determine 
the bounding circle of the chart. Tor the meridian passing through the eye we have <u=0, there- 
fore, E=ii=cc , and c=0; this meridian is thus projected in a straight line, which is of course ob- 
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viojiii witliont any proof. I'^or the distance from the center of the map to the intersection of tlie 
meridian nnder consideration with the equator it is easy to see that we liave -S=r tan ^ 
For the parallels equation 34 becomes 

(53) af^+if+2 nc cosee 0+r^=0 
a circle wliose center is given by 

f'= —r cosec 5;'=;0 

and whose radius is E'=r cot 0. 

Tlie equator is projected in a straight line, as is obi-ious from tho conditions 

For the distance from the center of the map to the point of intersection of the parallel nnder 

c^nsidcratiott with the first meridian, we have S'=r tan ^. To constrnct this projection, draw a 

circle with radius B A=B(3=r to any convenient scale. The equator and meridian |iassing through 
the eye are projected in a pair of rectangular diameters. Tate AC and Iffi for these lines, 1> and 
E are, of coarse, the poles of the equator. Lay off on AO, in opposite directions from B, the 
distances 

ri=±r cot w 

giving Gi) any convenient series of values. The points thus obtained are the centers of projections 
of meridians. The values — r cot go giving flie centers of meridians that lie on the + si(]e of DE 
aiid the values +r cot w giving tlie centers of the meridians 'that lie on the — side of DE. With 
these points as centers, draw circles of radii = r cosec a? and the meridian projections will be 
consti'ucted." 

Similarly for the parallels we lay off distances above and below B on DE=±r cosec and 
with these points as centers draw circles of radii =r cot ; these will be the projections of the 
l)arallels. Here, however, the ± r cosec give the centers of the circles lying on the ± side of AO 
respectively, which is the opposite of what held in drawing the meridians. 

TO PROJECT THE ECLIPTIC AND ITS PARALLELS. 

For this case we have 

Letting ^ denote the distance of the given parallel from the pole of the ecliptic and '/'■=0 and 180°, 
equations 38 give 

(54) ,?=0 w=0 0=90O-(.-zt^) 
Substituting these values in the above values of x and y we obtain 

(55) «=-rto»^<l±?> 9=0 

Take, therefore, from the pohit D, on the diameter DE, the distances 

(5(i) xi=r tan i [90o_(.+;,)] x^=r tan ^ |90O-(s+;^)] 

The points thus obtained are those in which the parallel to the ecliptic cuts tho diameter DE. The 
dist-ance between these points is consequently the diameter 2 E of the projection, and middle point 
of the distance is the center. 

Call S the distance from the center of the chart B to the center of this projection, then 



(57) , ■ f.f__ ^3~'^i ^_ a'a+ir| 
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01', snbstitiituig the values ot x^^ aud mi 

__ J* sin^ r co s 



(57') 



By means of these eqiiationa we can draw all the parallels to the ecliptic by merely giving x the 
proper values. For the eeliptio itself ;;=90o, aud 

TA=r cosee e S=r cot s 

For its pole ^=0, and 

■J=taQ^ (00°-^) 

this beinSi of course, the distance of its pole from the origin of co-ordinates, along the line )>E. 

TIIK ANGLK AT WHICH THE PBOJECl'IOHS OF TWO SEBAT CIRCLES CUT IS EQUAL TO THE 
ANGLE AT WHICH THE CIEOLES THEWSELYES OUT. 

Let D ( Fig. 4) be the point of sight, and P the point of intersection of two great circles, as, for 
example, the circles making with each other an angle equal to <». The plane of projection [lasseg 
through the diameter AB of the sphere, ond is perpendicular to DC. Lelyiii be the projection of 
a jtoint M on the surface of the sphere. Now, from our general equation for the projection of 
meridians by the stereographic method, we have 

,-. . . cot a> 

On=^=r tan a mn=r,=r— ■ — 

cos a 
Also 

mn 

since 

O/> = e0t ;: 

From this it follows that Mij»i.={)0° — <». If, now, p<i is a circular arc whose centei' is at »», or 
the same thing, if $g is the projection of a great circle through P, the angle ivpg=oa. Likewise a 
second great circle, also passing through P and making an angle a^ with the same meridian from 
which 00 was measured; would have for its projection a circle cutting the line AB at an angle ay. 
The two projections therefore would make the same angle w—aJ that the ciicles upon the sjjhere 
make with each other. 

THE SAME PEOPOSITION ALSO HOLDS POE SMALL OIECLES. 

Let ij (Fig. '4) be the center of the projection of a parallel of latitude and m the center of the 
projection of a meridian of longitude a>. These circles intersect at right angles on the surface of 
the sphere. Further let ( be one of the two points of intersection of these circles. Then for the 
parallel 

„ V cos n. ^ r cos G 

yj-'t=-- --,■ -„ 7li:=-. ■ — -. — - 

sin a+sm /> sin a+sm o 

For the meridian 

Oh=*- tana m)H=r?''*— w.t= - *" .. — 

cos II cos a Sin 111 

hence follows: 



r finally : 



cos «"(iin . 


''+'- 


n ») 
lin I)) 


sin 0+siu^ a— coa^ 
(sin o+sin of 


iL 


COS^ a sin* m 


ml'+:d'=ni,'+ 


nn- 


'=!»' 
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and consequently the angle intii is a right angle, as is also the angle of 'the two circles on these 
diameters passing through the point t. Hence the projections of the meridians and parallels ciit 
at right angles. 

In stereographic projections we see, then, that all circles on the chart intersect at the same 
angle that they do on the sphere, and also that all angles oti the sphere are projected in equal 
angles on the chart. It follows from this that the projection of any infinitely small portion of the 
sphere is similar tothe infiuitesimal itself — the only difference being in the relative sizes. This 
property is one which lies at the foundation of some of the most interesting and elegant investiga- 
tions of the problem of projection; for the present we shall say no more concerning it, but will 
take It up in another place and fully develop it. The fact that circles are projected in circles, and 
that the infinitesimal element of surface and its projection are similar, are Ihe reasons why the 
stereographic projection is the one most commonly employed for celestial and terrestrial charts. 
It is, moreover, evident that not only whole hemispheres but also any part of them may be pro- 
jected in this way, as, for example, any single country or continent. The point of sight should be 
chosen as nearly as possible opposite the middle of the part to be projected, because the further the 
part lies from the normal upon the plane of projection from the point of sight the greater is the 
distortion of the projection. 

TKB DISTANCE BETWEEN TWO POINTS ON THE SPHERE AND ON THE PROJECTION. 

Let 8 be the distance between two points A and B on the sphere, and S' the distance between A' 
and B' their projections. Suppose a given point M such that 

MA=a: UB=y 

M'A'^3!' M'B'=y' 

We have thus a spherical triangle MAB and a phine triangle M'A'B', its projection, with the 
angles M and M', equal. Ifow, in the spherical triangle ABM we have 

cos i5=cos X cos i/+8in x sin y cos M 

and from the plane triangle 

5'2=a;'2+j,'2_2 x'\j' cos M 
Observe that 

x'=r tan-j,- y'^r tan 

Now eliminate M, and after simple reductions we have 

cos J X cos J y 

From this it follows that If x and y are constant, for example, if they are assumed to remain upon 
the same parallels of latitude, then is 8' proportional to 2 sin ^5 or to the chord of the arc AE upon 
-the sphere, whatever be the angle M. If 11=0, then 

d'=x'—y' d=x—y 

and consequently the chord of d 

_^i chord [x—y) 
'x'~y'' 

from which for every value of S' on the chart the corresponding value of S on the sphere can be 
found. This expression, of eouise, cannot be used when x'=y' or when *' is very nearly =.y'. For 
this case wc must make M=180°, then 6'=x'-^y', S-=cx+y, and chord of 6 

_^, ch ord of {x-^y ) 
x'-\-y' 

from which the value of s can always be exactly obtained. 
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On persijective charts the scale of miles is different at difl'ereat points. Ill order to measare 
small distancea and whou great accuracy is uot required, it will be sufficient to fcilce tke length of 
a degree of longitude or latitude in any part of the chart and consider that as equal to 60 geo- 
graphical miles. Eor greater distances, or where accuracy is important, it will be necessary to talte 
from the chart the latitudes and «' and the longitudes <» and m' of the places and find the 
distance d (radius unity) by the known formula 

cos (5=sin sin C+coh V cos <J' eos ('«—«/'] 

For convenience <j)f logarithmic computation make here 

cot C COS (w— £u')=cot Q 

then 

, ■ „ ■ ^, , ;, m ■ .,; siii f sill sin fl+cos cos ii sin 0' 
cos <J=8m Bin O'+tios cot 9. am W'= -r^—^ 

or finally 

cos b= -^ — ^ '- 

To jind tlie longitude and latitude of a place from its position on the chart. 
The equation of meridians (32) is 

x^4-y^ —2 xr t;ui a— 2 iir — —r^=0 
' " " cos a 

That of parallels (34) is 

3 a 1 o eos a r^ (sin 0— sin ")_n 

a; +y +''^^sm a-fsin tf"^ siho+siua"" 

Make for convenience a^+y''=p^; then the first of these eqnations gives 



the second becomes 



-jCOSi' 



These equations give ua the means of finding and w if \Te know a; and y. 
For the stereographic cquatorijil projection 



For the stereographic meridian projection 



2yr 



GK03I0:MIC PllOJECTTON. 



This is a perspective projection made upon a plane tangent to the sphere, the point of sight being 
at the center. It is clear that every great circle will here be projected in straight lines. A com- 
plete hemisphere can obviously not be constructed on this plan, as the points of intersection of the 
projecting lines with the plane of projection will, for the points in the cii'cuTnference of the (!omplete 
great circle of the hemisphere, he at au infinite distance. For gnomonic projection we must ha\'e 
c=0, and in consequence 

,i;'=r (ain n cos cos cu— cos a sin 0) _ ** *'**^ " ^™^ " 

cos a ens COS (u-fsin a sin 6 ''"cos a cos cos ui+sin « sin 
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Take first the simple ciiseis of giionioiiie otiuatorial and gnomonic meridian projection. For 
the former of these cases 



The equiitioii of meridians is tbns 

3/=iK tan oi 

The metidiaus are thus projected in etraiglit lines, making the same angles on the projectioii with 
the first meridian aw the lines themselves do on the sphere. The equatiou of the parallels is 

concentric circles having radii proportional to the cotangents of their latitudes. 



v>Jvr- 


& 


^ 

\^~~" 


-<y\ 



The construction is extremely simple (Fig. 5). Divide the limiting circle of the chart into any 
convenient number of parts and join the center to the points which express the latitudes counted 
from the diameter A A' perpendicular to the first meridian; these radii prolonged meet the tangent 
TT' parallel to this diameter and out oif on it distances equal to the radii of the parallels. 



For this ease 



GNOMONIC M3SBIDIAN PEOJECTION. 



The equation of the meridians is tlien 

y=r tau o, 
that of the parallels is 

x^ cot' — y"^ — r*=0 

The meridians are then straight lines parallel to the axis of x and simply constructed. The parallels 
are hyperbolas, whose ihajor axis is in the direction of x and equals 2r tan 8 ; whose minor axis is 
equal to 2x and is perpendicular to the first meridian, 

The most convenient method of construction hy points will be to employ the co-ordinate if 
given by 

taa H 



and calculate the intersections of the parallels with the meridians already drawn, by giving a 
certain value and <u a series of values, 5'^, 10<^, lo"^, &c. 

We shall now take up the general case where the plane of prc>)eotion is tangent at any point 
of latitude a. 

The equation of the meridians is now 

y COS ti}~x sin a sin w^a cos a sin w 
wliich is the equation of a right line malting an angle with tlie first meridian 
tan^' (sin a tan m) 
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and cutting this meridisiii iii a point whose distance from the center is 

Op=r cot n 
Tiie equation of the paj'allels is 

a^ (sin^ (?— cos^ «) + / siu' + 2 rx cos a siu « —r^ cos^ f — cos^ o=0 

This is a conic section and is 

an ellipse if siii (?>eos « or i'>00°— a 

an hyperbolaif sin C<C08 a or 0<;90o— a 

a parabola if sin o=cos a or 0=90'^— a 

Wo wilt consider briefly these three cases. If 0>9(i°—O, we have an ellipse whose seini-ajtes are 

___r sin^C_ _ , _ r cos g 

"""2 (Rl"n2 0—COS^ a) ~ ^/sii? — COB^ a 



The center of the ellipse is at 



r sin 2'i 
~^ Isiu^S— cos^~fl) 



P'or C<fl0o— a, we have an hyperbola whose semi-axes are 



r sin 2 fl 
■"cos (0— a)~cos"("o+^ 



and for the center 



2 2 cos {('-a) cos (C+o) 
'For 0=90°— a: This gives for the equation of the pai'allels 
-'cos2a— »-sin2a.a; 



Vcoa (0—a) cos (f + a) 

^=0 



r= — 

This is a parabola whose semi- para meter is 

p=2 r cot a 
and whose vertex is at the point 

e=»- cot 2 « ri=4i 

For the equator we have 0=0, and its equation becomes 



the equation of a right line perpendicular to the first meridian and at a distance from the ccnter=s 
Oc {Fig. 6). 
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Oi>=r cot ii,p-=pO + 0:= 



;e=p; tan q, or £e= - -- — 

when g=tau~' (aiii a tun <u). 

iDsteail of tracing the parallels directly, it will be convenient to determine in the meridians 
pm,pn', &c., conceived as already drawn, points of latitude fl, and then join these points by a curve. 

First, to find the projection m of the point M whose loagitnde is iu=:OPM and whose latitude 
ia C=90O— PM. This problem reduces itself to the finding of the distance ym. 

In the triangle 0»0 we have 

sma sni a 
Tn the triangle Ojjw 

Cmp+Cpm=QQ°+B 
or 

Owj) = 90°+ fl — Cj>m 

Oiilliiig K the angle Cpm and g=OPM, we have readily 

cos K=cos q cos « 
and from the triangle Cpm 



pm= 



For the lie ten 111 nation of K we have 



.8(0-K) 



COS K = 



Vl + sin^ atan^ i« 

which shows that K ia constant for all points of the same meridian. For eaeh value of we have, 
then, for the determination otjym 

_ r cos 
^ "8fna''cOs"("(?^I) 

For the construction of this projection we may proceed as follows : Lay off from the center O 
(Fig. 7) npon the first meridian O^ a length Op=r cot «. This is easily constructed by erecting 




Fig, 7. 

at a perpendicalar 00 to Op, making OG==»-, and at C laying off the angle pCO=90O— a. Sim- 
ilarly construct Oj=»- tan a by erecting 0; perpendicular to Cp. Now draw se perpendicular to 
Oi, and then draw lines from C, making angles with Ge equal to the lon^tudes of the meridians 
whose projections are required. By this means we find upon se the lengths s/*', i/, of the inter- 
cepts of the meridians upon the equator E; perpendicular to;p£. Then, with e as a center describe 



Hosted by Google 



32 



TREATISE OS PROJECTIONS. 



arcs of circles passing tbrongli the points ;i', "', &c , and cutting E; in the points /i, v, &c. ; joining 
tliese points toj) and we have constructed the projections of the meridiaus. 

We -will now determine the point of each meridian of which the latitude is given {Fig. C). 
In the triangle Gpe (it triangle in space) the side Ce is in the equator, so that the figure is right- 
angled at 0. Its intersectiou pw with the spliere is a meridian PM whose projection is in pm, and 
ill wliicli PM=90°— 0, the distance of M from the iiole P. The right line CM prolonged intersects 
the line pe in the projection m. Now, in (Fig. 7) lay off on Ce the distance C6=Cfi cx)rre,s ponding 
to the; line Ce of the preceding figure; pb will be equal to tlie distance of the pole from the equator 
of the map and in consequence to jo^, and might be constnicted by drawing fromj) as a center an 
arc of radius pii intersecting Cs in b. It is now only necessary to draw a line C in making with Ce 
the angle m'C£=f ; its intersection m' with^& gives the distance jom'=^m; the latter distance pm 
being laid off on the line pit, already drawn. It may be readily verified that 

rtan <w 



pm=- 



cos e 

sin a cos {/) — K) 



The gnomonic projection is not much employed in the construction of geographical charts, but 
is frequently used for celestial projections. Suppose that we take the plane of projection perpen- 
dicular to the horizon of a point C, whose geographical latitude is >p, and suppose that this plane 
meet tbe horizon at the point O, whose azimuth is w ; let Z denote the zenith of C, ami P the pole 
of the earth. Draw the meridian PZR of the point C, and the vertical ZO, making RZO = c. 
The arc PZ is equal to the colatitude of C, i. e., 90°—^. In order to make the preceding formulas 
applicable to this case, call PCO=a. In tbe spherical triangle PZO, we know PZ=^0°—u>; the 
spherical angle PZO=180<5 — m, and the side ZO=90°; we can now calculate the angle Z01' = '/'', 
and the side PO=90°— a by means of the formulas 



- sin (p cos lu 



tan '/'=sin o/cot f 



If in tbe plane of projection Op represent the projection of the meiidian OP, and 0» that of (he 
aicof a great circle O^^, then^Op=ZOP=v'; in like manner, Oft drawn perpendicular to O^ will rep- 
resent the projection of the horizon ORH, and sc, perpendicular to ps>, the projection of the equator 




Bs'. Draw the line Ofe(Fig. 8), tbe projection of the horizon, and at O erect the perpendicular Os, 
making the angle sOj)= W, W being calculated by the formula 
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0}) will denote the iirst meridiau. In order to find p we bavo 



Then finally lay off on Op, o^=r tan a, and tlie perpendicular eh to pos will give the projection of the 
equator. 

DISTANCE BETWEEN TWO POINTS. 

Since in this projection all great circles are projected in straight lines, it is easy to iind the 
distance between any two points. If we apply here the general solution for all perspective pro- 
jections, it is obvious that it is only necessary to draw from o (Fig. !)), two perpendiculars to oa 




riG. 9. 

and ob, the radii of the two points, and make them equal to the radius of the sphere. Then, with 
the three sides ah (known) «0', aud &C" thus determined, construct a triangle «C6, and tinaliy, 
from the point C, with a radius equal to the radius of the sphere, describe an arc AB of a great 
circle, which will give the required distance in degrees and fractions of a degree. 

These are the principal perspective projections which have been used for celestial aud terres- 
trial charts. Any number of modifications might be given, depending upon the position of the 
point of sight, as c may range anywhere from to cc. It would be difficult, however, by this proc- 
ess, to simplify very much either the construction or use of the projections by such means. The 
stereograpbie projection is, from the fact that both meridians aud parallels are projected in circles, 
the most convenient to use. The common fault of all of these projections, and one which is indeed 
incident to the nature of projection, is that only those portions of the sphere opposite the eye are 
projected in approximately their true dimensions, those near the boundaries of the map being very 
much distorted. 



OETHOMOEPHIO PROJECTION. 

From the raoat general point of view a projection may be defined as the representation of any 
given surface upon any other surface, whether plane or curved, in such a way as to satisfy certain 
prescribed conditions. In the representation of any non-developable surface (e. g., the sphere) upon 
a plane certain errors are of course unavoidable, but any of these errors may be diminished, or 
even made to disappear altogether, at the cost of increasing some other. In the particular case of 
projections which it is proposed now to study, we will assume that the elements of the sphere are 
similar to the corresponding elements of the projection, or we shall so construct the projection that 
corresponding infinitesimal areas upon the sphere and upon the map shall be similar. It will be 
convenient to use the term given by Germain to such projections, and so we shall call them ortho- 
morpliic. 

The nature of a curved surface is determined by an equation between the three co-ordinates 
x, y, z of any one point of the same. By means of this equation any one of these co-ordinates c;m 
be expressed as a function of the other two, or, more generally, each of the quantities w, y, z may 
be given as a function of two new independent variables, « and v, and in consequence each point 
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of tbe surface will correspond to definite values of m and v. The geDCral consideration of this case 
wUl be reserved for another chapter. As we are here to couflne ourselves to the projection of the 
sphere, it is obvious that the two parameters u and v correspond to the spherical co-ordinates ^ 
and or, or to the geographical colatitnde and longitude (since ^s— 90°— //) of a point on tbe surface. 
If, as usual, r denote the radius of the sphere, then 

is its equation, and the known formulas of transformation to spherical co-ordiuates are 

x=r C03 (u sin y y=:r sin w sin p s=r cos f 

Let, now, f, sj, i denote the co-ordinates of a point upon any other surface on which it is desired to 
project the sphere. We make this general assumption here, as it is as easy to obtain the results at 
present songht for any surface as it is for the plane. The ?, -q, g are of course dependent upon one 
another, and, as in the former case, may each be given as functions of two independent parameters, 
u' and v'. If the points {ik, y, s) and {S, -q, <;) correspond, then the co-ordinates c, i?, f are dependent 
upon X, y, s, and in consequence upon u and v, or, in the case under consideration, upon j? and w. 
Now, introducing Gauss' notation, we have 

dx=adoi-\-a,'dip dy=bd'a-\-b'd(f dz=cdui-\-c'dif 

and likewise 

dq~adw-\-a'd<p dyi=[idu>-\-[i'df di=yd<n + r'(if 

the a, 1>, e, a, jS, y, evidently denoting the first differential coefficients of x, y, «, ?, ;;, c, with respect 
to (u, and similarly these same symbols accented denote .the derivatives of x, y, &e., with respect 
to f . Imagine, now, these points upon the surface to be projected, which we shall call 8, infinitely 
near to each other; these can then be considered as the vertices of an iuflnitely small plane tri- 
angle. To these three points upon S there will correspond three points upon S (the second surface), 
likewise infinitely near each other and forming an infinitesimal triangle. As the condition of ortho- 
morphic projection is that the corresponding infinitesimal areas shall be similar, it is obvious that 
the sides of these two triangles must be proportional. Denoting by ds and d<T corresponding linear 
elements of S and H we have 

dr7=mds; 

m, denoting the ratio of tlie linear elements of the two surfaces, is in general a Junction of <u and 
tp and varies from point to point of the surface. In our case m is a constant, and consequently the 
corresponding elements of area upon 8 and S are similar. 
The ordinary expression for the element of length da is 

ds^=dx^-\-dy^-\-d!!!' 

which becomes, on substituting the new values of dx, dy, dz, 

ds^=(a^-^b^+<?)dw^+(a"Jrh'^-\-c'^)df^-ir2{aa'->chh'-\-o(^)dmd<p 
Simihxrly 

d<^={a^+?^+f)A<'>'''\-{o.'^-\-i^'^-\-r'^)df^^2{aa'-\-^^'^rr')dmd.f 

Now, since m is constant, the equa.tion 

da''=^mMiP- 



gives 



We can thus write 



aa'+i3,V-\-Yr'~iti^ {««'+■ 66'+ ec')=m.*F 
ds=B^(i.=+2 Vdi„df->rOrd<p^ 
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If o!s=0, we flud by eolation of tlie resulting quadratic 

ftom this we derivo immediately, i as usual denoting "^—l, 

or 

Edu,+Fdp+idp V'EG— F*=0 

'Edia+edp—id-p Veg~f'=o 

Call R and R' the integrating factors of these two diflferential equations and assame for the integral 
of the first 

j)+ig=const. 
and for that of the second 

p — ■i(/=const. 
and there follows 

Edo>+Fd^+idf VBG-F^=K-' (dp+idq) 

'Edo,+¥dv—id<;:VEG~F'^li'~'- (dp—idq) 

Multiplying these two equations together, 

Eds'*=[RR']-' [dp'^+dq') 

' {ER'E]-' =n^ 

then 

■ds^=n{dp'+dq^) 

In precisely the same way we can find for the surface 2 the integrals 

P+iQ=const. P — iQ=con8t. 

and for the element of length 

da^=^{d'P'+dQ') 

These two expressions for ds' and da^ can he written in the forms 

ds'=n{dp+idq) {dp—idq) (?ff*=N((7P+«Q) {dF—idQ) 

and from tliese, by virtue of the condition d<T=mds, we have 

ra^_(^+i«Q) (dP— M^Q) 
N ~ {dp-{-idq) (dp—idq) 

It is evident that the numerator of the right-hand side of this equation is only divisible by the 
denominator when dP+idQ is divisible by dp+idq, and dP— wiQ is divisible by dp~idq; or when 
dF+idQ is divisible by dp—idq, and dP— JdQ is divisible by dp+idq. 

In the lirst case d^+idQ will vanish when dp-\-idq=0, or P+tQ will be constant for p+i^ con- 
stant; *. c, P+iQ will be merely a function^+ij and P~iQ similarly will be a function of p—iq. 
Placing then 

P+i"Q=/i (p+iq) P+*Q=/i iti'-ig) 

P-jQ=/, (p-iq) T-iQ=fi (p+iq) 

It is easy to see that both assumptions give 'results which differ only with respect to their signs. 
The functions /i and /s must also be of the same form since P+iQ and P— iQ differ only in the 
sign of i. All conditions wi!l then be satisfied if we take one of the functions, say/i, and write 

■p+iQ=^f{p+iq) 

replacing for convenience/, by/; P will be the real and iQ the imaginary part of/(j;+J9). 
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Assnme that in general 



Now we have 
and 



aP+idQ=df {p+iq) 

dP+idq ^df(p+ iq) 

dp-\-idq dp+idq 



or, accowUng to the above convention, 

also 

d'P-idq__^ _. 
dp—idq " '^ ^' 
The expression for m^ becomes now 

m^=^^p-\-iq)^{p-iq) 

which gives the ratio of the original element to its projection, ^ 

The results of the foregoing discussion may be briefly summarized as follows : First, find from 
the assumed equation ds^=G the two integrals 

p-\-iq=<iODs\,. p—iq=iionst. 

Then, denoting by F any arbitrary function sueh that P shall be the real part and jQ the imaginary 
part of P(p4-''9)i we find at once the two equations which give P and Q in terms of p and q, or we 
have the sought elements of the projection in terms of the elements of the surface to be projected. 
Finally, if 

then 

which gives the ratio of the length of the linear elements of the surfaces S and i', where 

■NT-- -^•''^ -_*!!_ 

^^"^+dQ^ df+df 

ORTHOMOEPHIO PROJECTION OP THE SPHERE. 

Suppose we have a sphere given by the equation 

a^ + 3/* + «" = »■' 

The formulas already given for transformation to spherical co-ordinates are 

a,' = )■ cos i" sin p y = y sin w sin f> z=rQOSf 

Differentiating these 



^=— rrfiu sin 01 i 


*in <p-\-r cos oi cos <pi 


dy=rAui cos (u sin 


1 p+r sin "> cos ifAf 


Az= — r sin <pd<p 

Squaring and adding 

rfs^nz*^ si 


Ti' fdm^-^rH<p^ 


If we then make ds=0, we have 
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and 

r' siu^ pdvitLir^ siti fdif=0 

sin f 
The integral of this is 

io±i log cot |-=coiiat. 

Now, if F denote any function whatever, we will have 5 tlie real and i; the imaginary part of the 
function 

FC^+ilogcotf) 

and these values of f and 3j will be the rectangular co-ordinates of the projection of the point on 
the sphere whose longitude is m and whose colatitude is ^. 

MBBOATOE'3 PEOJBOTION. 

The simplest supposition that we can make is that the function F (o) is linear, or that we have 
F{v)=Kv where K is an arbitrary constant. We have then 



f+i,)=K('«.+ilogcot|^ 
= K«- vi=Klogcot| 



sin y 



the known equations for the Mercator projection. 

In order to find the ratio m of the corresponding elements of the sphere and plane, make 

p-\-iq=vj+i log cot| 
from which derive as nsual 

dp=:dta 
We had, however, 

and substituting these values of dp and dq, 

n= r^ sin^ y S=l 

Forth^, 

do do 
and consequently 



HARDING'S PROJECTION. 

Suppose we make the supposition that F((i}=Ke*'" where K and / are constants. As before, 
f is the real and yj the imaginary part of 

F{<u+ilogcot4?.) 
or in the assumed case 

E:e"('^+''"«~»t )=Ke*^-""« -^^t =Ke""s '^1 +''"'=:Ke''"tan i| 

Since 

e''"=cos lia+i sin l/a 
weliave 

f=K tan'Scosiiu i5=K tan'| sin Ua ^-^ . 
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and in coQsequeiice, for tlie equation of the parallels, 

a series of concentric circles with radii given bylC tan'-^. In like manner eliminating <p we Lave 
for the meridians 

j; = f tan lia 

the equation of straight lines passing through the origin. 
For the determination of m, we observe that 



Fiirtlier, 



tf>(.)= 



from which it is clear that 
and consequently 



ii(p— t5)=iiKe" 



-ii{.,-ii2g™t| ) 



or simply 

For the case of i=l we find 

f=E tan i) cos u. 



_ \Yi tan 2 
~ V sin ip 



^K(l— c os if) 
r sin^ y 



the formulas that occur in the case of stereographic equatorial projection; and thus we see that 
this projection has the great advantage of preserving the similarity of infinitesimal areas. Leaving 
any further application of this method for another place, we will now revert to the beginning of the 
subject again and develop the necessary formulas for the orthomorphic projection of a spheroid. 





Suppose in Fig. 10 that TQ denote an element of a meridian upon the spheroid and QP, the 
element of a parallel through Q, the same letters accented to denote the representations of these 
quantities upon the projection. The condition of equality of angles gives for these infinitesimal 
ai'eas 

Q'P^ QPi 
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Squaring and adding unity to botii sides of tliis equation 

P'Q'2 
Observe tliat tbe factor ^rp- depends only on the latitude and longitude o and w of the point P ; 

denote ttis factor by (^ and we have from the figure 

P'PV=(^PPi' 

The ratio of the corresponding linear elements PPi and P'P'i upon the spheroid and upon the 
projection depends only upon the co-ordinates m and of P and not upon the direction of the 
element. 

By the usaal convention we have 

P'P',^=df*+di,^ 

and we know that, denoting by ds the element PQ of the meridian 

e denoting the eccentricity of the spheroid; if p denote the radius of the parallell QP, we have 
QPi~pdia, and consequently 



di^+df=ty^(^'^y +a.^'j 



Denoting as before the colatitnde [i. e., the angle which the normal makes with the axis of the 
spheroid) by ^, we have df= —dd, and the quantity — has for its value 



p (1— e' COS^ <p) S 

— is an exact differential and we may denote it by du; consequeutlv 
P 

/d-p , r sin •fdo' 1 , 1— cos o> , , /"l—ecosf^' , ^ 

m\f J 1—^ cos^ ^ 2 *l+cosy^ ^'v+ecosvy ^ ^ 

The tirst terra of this with the constant is the value of u for the earth supposed spherical; collect- 
ing the terms this is 

If we suppose such an angle t that 

, C , a /"l — E COSfAl 

tan-;j-=tan -J.-{ =-, 12 

2 a \_1 -|- J cos f J 

then 

M=logG-tan-J^- 

which is the same form of % that we have for the earth supposed fipherical ; C may thus be regarded 
as the polar distance corrected to allow for the ellipticity of the earth, and, the eccentricity being 
very small, we have, nearly enough, for K. 
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40 TEEATISE ON PEOJEOTIONS. 

Eetarning now to tlie equation giving the ratio of the linear elements upon the spheroid, which 
we will again denote by S, aud the plane, denoted by i^, write 

then 

We have now it} determine S and 13 in terms of u aud w. Write for brevity 

Call //ft the value of mu when the quantities u and lu, on which it depends, are replaced by their 
values in a and ji, and we have 

Now 

and, consequently, 

.-_ -i-da'+-^^ ' dS' + I -^ .' d. ' \dadfi=jta'd*d8 

da da. ^ dfi dfi \da d,S ^ dfi da J " "^ 



from which follows 

and also 

or 

and by integration 



tW d^_ 
'da da- 



dfi da ~" 

da ~" dp -" 

«'=F(«) ^'=Fi(^} 

a' = (P(/J) ^' = #(a) 

These are equivalent to the results already obtained on the supposition that the angle between any 
two elements of the projection is equal to the angle between the two corresponding elements of the 
spheroid. 

The fiinctioDS P aud ^ are quite indeterminate and may denote any arbitrary functions of w+iiu 
and u—ioi. But since the variables c aud >j are real, as are u and <u, the functions F and * are not 
perfectly arbitrary, but have determinate valnes as soon as values have been assigned to P and $, 
It is obvious from very simple considerations that if the function P is real, then Pi must denote the 
mine function, and if F is Imaginary Pi will denote the conjugate t^netiou obtained by the change 
of i into ~i in Pj of course thesameremarksapplyto the functions ^ and 'Pi) and so it is clear that 
each of the two solutions obtained contains but one arbitrary function, either real or imaginary. 
We will consider merely the first of these solutions, viz : 

? + J:5=F (M + w) ^-iv; = F, (u-i,^) 

Direct solution gives 

f=|[b'(M+M+F.(«-i-)j '?=i.[F(«+i<«)-P,(M-H]- 

It is easy now to find the value of in or the ratio of the lengths of two corresponding elements upon 
S and S. We had 
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and in order to preserve as much as possible similarity of the notation in this part of the chapter 
witb that employed in the first part, we will make t=m. Now 

Denoting the derivatives of F and Fi with respect to m+iw and w— im, respectively, by F' and Fi', 
we find 

dS-riATi=:F' (u+iio) {du+ido,) d^—idri = Fi' (m— to) (du—id<o) 

then, 

de+dri''=F' (w+w) F'l (i*~to) (d#+d»n 
and so 

which gives at once 



»»=- VP' (M+i<u) F'l (M— iw)=-.— -v/fi— E^COSV) F'(M+tw) F'l {u—io,) 
Making for brevity 



we have finally 



Linear elements in projection are altered in the ratio of 1 : »», and elementary areas in the 
ratio I : m*. 

lageange's peojection. 

Observe that from the equation 

?+i,=F(M+w) 
we have 

d^=adU dyi^^du 

to being for the time constant, and denoting by a the real part and by (i the coefficient of i in the 
derivative, with respect to it of F (w+iiu); further 

d?^=^du^ d^r, = i^-<iU^ 

du du 

From these we find for the radius of curvature of the meridians 






^A^±^ 



da dfi 



' dvr~ du 
Sow, for any point whatever of the surface, we know that 

dH=adu—^do> dr)=jidw+ada> 



Consequently 



)r, finally, 



da_jd^ d^^da. 

dm du dio~du 
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For the parallels we find, regarding % as constant, 

Eemembering the definition of the quantity Q, viz: 
these two equations become 

Since — is independent of «, we have that ^,,"3" ~**' If) then, the meridians are represented by cir- 
cles it is clear that the parallels are also circles, foi'"3^ ^"^ ^ the condition that -j- shall be con- 
stant with respect to to, as well as the condition that t- shall be constant with respect to m. The 
projections in these eases are of course circles, as the circle is the only curve which will satisfy the 
condition that the radius of curvature shall be constant. 
Write 

then the condition 

dudui 
obviously becomes 

^"[u -3t-ii,>)_ 1^(11- if") 

the double accents denoting the second derivatives of the corresponding functions. The second 
number of this equation must, by virtue of the nature of the functions * and ^, be deduced from 
the first by the simple interchange of * with — i, which equality can only exist when each member of 
the equation is equal to the same constant h; then 

Ao and Bo being constants, real or imaginary, and consequently 

F (w4. to) =^"H+ Ae vt («-|-i» + Be-Vk'm-i^) 

A, B, and H being constants of the same nature as Ao and B^. 

The constant k may be clearly either positive or negative; but if we suppose ft negative, say 
= —P, we will evidently arrive at the same result as that which would be obtained by changing u 
into (u and w into — m, so we shall only consider a positi\-e value of k, —f^ and the above equation 
becomes, on making H=0, 

lletaining H is only equivalent to a transformation to parallel axes through a new origin, so, of 
course, nothing is lost by making H=0, Multiply the third term of this equation, numerator and 
denominator, by 

Ae*(«-*<")+Be-'(«-i».) 
This gives 

Be-s'"+Ae-a^ _ Ee-2to-f- A(cos 2 U-i sin 2 U) 

^ A*e2'"+AB(e2*^+fi-2*'")+Be-2te~A^ei^+2ABcos2t<«+B^e^2(u 



^^ 
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Eegarding A and B as real and positive, this gives, by equating the real parts and the eoefflcient 
of the imaginary parts separately, 

Acos2to+Be-"" _ — Asina^u. 

^~AV"+2AB cos 2(«,+B*c-"" ''~AV'"+2AB cos ato+BV"" 

Eliminating u from these equations and we find a relation between ?, ^, and m, which will be the 
equation of the circles representing the meridians, and eliminating ai we find the relation between 
I, y/, and M, whicli represents the parallels, also eipcles, as we have already seen. Square these 
quantities $ and ^ and add the results; 

? +'? =XV"'+2AB cos 2fa,-fB^^'" 



The elimination of u from these gives 

f^+ii^-^cotato 



V 2By^V aB J \2Bsin2t<^J 



a circle whose center is at 
and wliose ra<lius is 



' 2 B sin 2 feu 
The circle obviously passes throngh the origin of the co-ordinates {S jj). The axis of f is then cut 
by all the meridians in two fixed points— the origin and a point distant from the origin=^^. 
These two points represent the polesi and the axis of f is itself the lirst meiidian. 

The eUmination of <u from our equations gives then the equation of the parallels as 

M_|_t3„1 ^ -^^ 1 _n 

■^' "^AV'-B^~A^e*'"-B^~" 
a circle whose center is at 

and whose radius is 

Ac"" 

Designating by~0 the origin of coordinates and bj P the point distant fi-om the oiigin ^; i. e., O 

and P are the poles of the earth in projection, and denoting by C the center of any one of the circles 
representing parallels ; we must clearly have 

then 

It follows from this that 

CO - cp =pI 



Hosted by 



Google 



44 TREATISE ON PBOJECTIONS. 

or the diameters of tlie projections of parallels are harmonioally divided by the poles or points of 
intersection of the projeetions of meridians. By taking the origin of co-ordinates at the middle of 
OP we can Homewhat simplify the equationa of both meridians and parallels. 

OP=g, =2^, say; 

then the equation of meridians becomes 

S^+if—2i cot 2ty~^^=0 



that of parallels 



^^+1^+2; 



4ASAV"-1^ 



It will be convenient just here to introduce the so-caUed hyperbolic and Gudermannian functions. 
The hyperbolic functions required as given by 

sinh^=J(e* — p-*) cosh'!=J(e*+ e~^) 

and 



The derivatives of the first two of these are 

d sinh 1? , „ d cosh & ■ , „ 

■ — TT — =cosh « — jvr^ — =8inh &. 

To these may be added the following expressions for G-udermannian functions : 

sg;^=tanh ■/= — '■ tan i-^ cg^=sech ;(=8ec {•( tg;f=sinh x= — i sin iy 

and 

sin i^=i sinh 2=itg^ cos *^=cosh x =— tan i^=i tanh;^=isgx 

with 

It frequently makes the expressions we are dealing with simpler to introduce these functions 
in place of the complicated exponential quantities to which they are equal. Assume now 

4^*A==e*"' 
and we have for the coefficient of ? in the above equation 

^-^=2i coth 2((M+;0=2;coth 2e« 
giving for the equation of parallels 

e^+ij^+a; cofch2fo?+;.2=o 

3 now the expressions for $ and jj, viz: 



^-A2. 



A cos 2to+B6-' ' " _ —A sin 2to 

^AV" +2AB C0s2 tm+We^^ '!-a%!'" +2ABcos'2(o<+B«ff-^ 



The change to new origin involves writing ^M-oir instead of f, which gives 

B^e-""— AV "' 

^~2B(AV"+2AB cos2to+BV^'") 
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or introducing the new constants k and A, thia becomes 



ei!!(-M-»)^g-2«»+*)+2 cos 2 to 1+cos 2 to seeh 2 (« 

—2 Ae"* Bi n ZU — A sin 2 «u 

~e'"+""+2 e^'cos 2 to+e-^'"~cosli 2"ii!+'eos 2"to 

sinli 2 (»=— i sin 2 i(v 

cosh 2 (»= cos 3 idf 



?+j"j)=— jA 



sin 2 ttn+siu 2 to 
t(« + C08 2 to 



F(M+to)=— iA tan f(iu+<u) 
and 

P(m— iiu)3=— iA tan ((it— m) 

Of course these can be given in terms of the hyperbolic functions, but there would be no gain in so 
doing; and similarly the values of S and ij might be given iw terms of the Gudermannian functions 
by means of the preceding formulas, but the results would be interesting only from au entirely 
theoretical point of view. We have now for the value of Q 



VW{ii+i-) Fr'(w— to) 

The value of w, which is to be used in all these formulas, is 

M=log G tan I 

i: denoting the polar distance, corrected, to allow for ellipticity, in the case of the earth. 
In the construction of this projection there are two indeterminate quantities 



B 



=2A=PP' 



upon which the scale of the map will depend, and the constant t; there is also indeterminate the 
position of that point of the earth's surface which is to be taken as the center of the map. 

Values for all these in determinates should be so found that the alteration in magnitude con- 
sequent upon the projection of any part of the spherical or spheroidal surface shall be the least 
possible. The solution of this problem involves flndiug a point for which m is a minimum, or the 
neighborhood of which m is least altered. Eetuming for a moment to the equation of the parallels 

^, .,. 2B$ 1 

we will solve the problem of finding the points upon the axis of x which will harmonically divide 
the diameters of these circles, or as we may state the problem, to find the two points upon the axis 
of X whose distances from an arbitrary part upon the circumference of any one of these circles shall 
be in a constant ratio. 
Take the equation 

{x-9f+p'=K'[(cc~g'y+y'] 

this is the eiiuation of the locus of points whose distances from two fixed points {g, o) {g', o) upon 
the axis of d? have a constant ratio K; comparing this with the above equation we have 
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These are multiplied by 



-B 



"B 



or we have that the circles which represent the parallels are the loci of points whose distances from 
the two fixed points P, P' have a constant ratio^^e^'". This is rather more general than the 

principle already obtained, viz, that P and P' divide the diameters harmonically. Confining our; 
selves now to a spherical earth, conceive that the constant * has been chosen and assume upon a 
horizontal line the points P and P' for the poles, taking the north pole on the right. This line PP' 
is the meridian iu=0 ; a line QQ' perpendicular to PP' at the middle point is obviously the paiallel 
corresponding to iv, or v=(i. This meridian and parallel can of course be made to pass through 
any point of the earth's surface, and this point will then be the center of Ihe projection or map. 
A knowledge of this place infers a knowledge of the meridian from which longitudes are reckoned 
and aifords the means of finding the constant k. For the center of the chart u)=0 and ii;=0; 
calling <pa the co-latitude of the center (instead of Co as in the case of a spheroid) the value of u at 
the center will be=log tan ^ {G=l) and iv=u+k becomes 

logtan^"+ft=0 

Now, to iind the meridian of longitude tu, draw with PP' for base a segment containing the angle 
n — 2«), if <» is positive, or ir+2<u if w is negative. And for a parallel of latitude II or yo^— y, and for 

which «^log tan^, describe a circle the locus of points whose distances fromP and P' have the 
ratio 



B" 



=tan'" 



cof'-" : 



Now, take up the subject of the increase of magnitude resulting from the projection of any portion 
of the surface of the earth. "We have for m the value 



— 2tA v'l--_^^s* (0 

~a [ AV"4-2AB Gon~2Uii+B^e-''"''] sin ^ 



for a spherical earth of radius f 



With respect to o,, it is obvi<ms that m is a minimum where i«=0, that is, the alteration is a mini- 
mum along the central meridian. Assume, then, io=0, and confine ourselves to the sphere, we have 
theu for the first meridian 



r sin V ftan' ^ cot'^^+tan' ^'^cot' H' 
This is a minimum for the denominator a masimtim ; write 

Q= ^si^ [tan' |-cot'|'-i-tan' f cot'|1 
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for a maximum, 

this gives readily 

tan"}cot»|'=|t55if 

2 % 2t+coS9' 

Thus, the ilistaiice PP' is divided iii the ratio ^^ , — hy a point at which the alteration is the least 

possible. Substitution in the above value of m gives for the miaimum of this quantity 

_W {4 f*-— cos' If) 
"" 4r sin <p 

This is dependent upon t and y, and we can again assume that there is a value of f such that the 
derivative of )»„ with respect to ^ shall vanish | %. e., if we give a slight increment to tp the resulting 
change in wio will be=0, or 

""•=0 
Now 

a<p ir 8iu' f 

this gives 

2t=: v'l+sin^s' 

an equation for determining t when the colatitude ^ is given. Tlie practical construction of this 
projection will be given in Part II, and need not be referred to here. 

Tlie entire theory of the Lagrangian projection might have been obtained from the geuer:vl 
considerations at the beginning of this chapter. If we assume F (u)=cos o, we have 

[cos .+nogcot|]=J[ «'(-+'■•'"■'*»)+<,-'(-+""« "'J)]=^[e<- tan ^+^cot|.] 

=A (cos if+i sin «>) tan f, + (cos f—i sin m) cot ^ 

Equating separately the real and imaginary parts — 

g_ cosiu _ sjn w 

'"sinp '~ tanp 

Or more generally, let 

r(.)=Kco3(«+,5:,) 

K, a, ^ being constants, the reuniting values of f, tj become in this case 

$=^ cos (a+zJu-) Aan^l+cotP,^^ r,==^8in(a+H Aan« ^-cot« ,*^^ 

And again, if we write 

F(!.)=Ktan {a+|;5i.} 
and use the known formula 

tan /=--„. — 

we will ultimately come to the formulas of Lagrange's projection. But etiough has now been said 
on this subject. 

It has been seen already that, if we assume for P a linear function, that is F(u) = Ko, where K 
is a constant, we obtain Mercator's projection. Assume now for F the value 



F(M+M)=Ke""+*"' 

Hosted by GoOQIc 



48 TKEATISB ON PROJECTIONS. 

and also 

Fi(M-to)=Ke''''-^' 
Siuce 

c""=eo8 lui+i sin Im 
and 

these values of F and F, give us 

?=Ke'"cos((u i;=Ke siaha 

In the case of a spherical earth 

M=log tan ^ 
and 

e'"=taQ' ^ 

giving 

f =K tan' I cos Iw i?=K tan' | sin !<« 

The parallels are thus projected into circles given by 

f2+^^=K'tan''| 

and the meridians into right lines, all passing through the center of the concentric circles represent- 
ing the parallels, whose eqnation is 

|=tan 111 

For the ratio m there results 



Since ( is an arbitrary constant, we are at liberty to assign to it any value that we please 
For (=1 we have the stereographic equatorial projection whose equations are 

meridians |=;tan <u parallels f^+ii"=K^ tan^ ;,( '^—0 \ 

since y=9lP— C, Here K represents the radius of the equator. For this case also 
^ 1 

2 cos* ^ 

The general values of f and yj may be put in the form 

$=Q cos Ivj r/ = Qsmlia 

and also 

SlU^ 

It is obvious from these formulas that the co-ordinates of any point whose longitude is ai are the 
same as those which correspond to a longitude=i[ in the stereographic equatorial projection for 
which 1=1. If, then, ( is a fraction <i the projection of the entire sphere will lie in a sector of a 
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circle which is that fraction of the entire circular area. This projectiou was proposed by Lambert, 
but fully elaborated and discussed by Uauss. 

Since I is arbitrary, we may determine it so as to satisfy the condition that the lengths of 
degrees upon two given parallels of the projection shall have the same ratio as they have upon 
the sphere. Call fo and yi the colatitudee of the parallels upou the sphere, their degrees are in 
the ratio of 

sin pa : sin pi 

and for the chart it is then necessary to write 



/ta 



giving then 

._l og sin pi— log sin ya 
log tan ——log tan ^" 

For pi and po may ^ takeu the extreme values of <p. For the construction of this projection, called 
Lambert's ortkomorpMc conic projection, draw an indefinite line PA for the central meridian, and 
with P, the pole, as a center draw-circles of radii 

P=K tan' ^ 

C again denoting the correct polar distance for the spheroid; these circles are the parallels; K is 

ail arbitrary constant which fixes the scale of the chart; it may be determined by giving, for 
example, the value of the latitude, for which the radius ;" is equal to the corresponding arc of the 
meridian upon the spheroid. Suppose that o=olc, that is the distance from the pole to the equator 
on the map is equal to q the quarter meridian. Now 

9=s'«(i-j<''-6i'^- ■ • ■)=h''Q-i~) 

a denoting the ellipticity and a the equatorial radius. Then, on the above supposition, 

The meridians which on the sphere make angles with the central meridian = <u, make on the chai't 
angles with the representation of that meridian =lio, and these are the oidy angles that are not 
preserved in their true siae. If the arbitrary I be determined by the condition that the degrees of 
the colatitudes yo and pi shall have the same ratio as upon the sphere, we know that 

,_ log sin yi— hig sin yp 
log tan ^' —log tan ^ 

There yet remains one method for obtaining the values of the co-ordinates f and ^ in orthomor- 
phic projection, which differs entirely from all that we have so far examined; this is known as the 
method of indeterminate coeflcients. The development of the theory of this system gives rise to 
quite complicated formulas, and consequently from a practical point of view, the general method 
3s, but there is one part;icular case in which the results simplify themselves to such an extent 
7 T p 

Hosted by 



Google 



50 TREATISE ON PEOJEOTIOFS. 

as to make it worth while to examine briefly the method. Tlie particular case referred to is known 
as Lambert's orthomorphie cylindrie projection. 

? 




In Fig. 11, let PA represent a meridian of longitude m, and MB a parallel of latitude 0; the 

longitude of M" is uj+dio and the latitude of M' is 0—do. The first condition of this projection 
makes M"MM' a right angle and consequently the triangles M"m"M, M'm'M similar. Since also 
the degrees of longitude and latitude preserve the same ratio that thoy do upon the sphere we 
must have 

MM' _ dff 

MM"~(Z(» cos 



and consequently, 



_d^_ 
-d^'~ 



Now, since 5 and -^ are functions of ei and 

dS=^ida.-^^J.d& 
dm ^&0 

For a given meridian tu=const., and dio=G; then 



^do 



For a given parallel »if =0, and 



dii"= 



The above equations of condition a 



s. 



e, then, in general 



=7cosff 
■to, do 

and add ; there r 
^=0 



[Multiply the first of these by -=i and the second by 

d^ d^ d^ d^ 
do di^^dd W 

the well-known condition of orthogonality of the lines $=con8t. and ;3=con8t.j 

"Wo know that any variable quantity z a function of two independent variables to and can be 
given in the form of the series 
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■where A, B, C, &c., are constants to be determined when wo know a sufficient number of values of 
z or its successive derivatives for the given values of o and ta. The series may be stilt more com- 
pactly written if we denote the A^ in the above by ^"^ the B. by A'"the C. by A_'^', &c. The series 
is then 

3t=2-'Ji''Af i 

The form chosen by Lambert for this series, in the two particular cases of representing f auci r, iti 
such a form, is 

n^V J T af cos io ^=T J 2'' a"' sin io 

atermA''"4-A'"'(u^-A*'''w' having to be added in the second formula, since 8in0y=0. Kow, tho 
equations 



ir, 


-gco» 




dv, 

~do 


give OQ expanding the above forms 






«"■ 


'=lK' 






«" 


•4[^K] 






^s 


'4[-;h--:] 






K 


'=^[(i-l)A"^, + (!+l)A 


«] 


<•" 


HK' 






< 


■4[-:"j 






K 


•=,[<'+K"] 






«;■ 


'=j[(i-l)A™+('+I)A; 


'i] 


"'l' 


'=i-r" 






< 


■4[^-] 






< 


'=«[<"+'><"] 





Similarly 

A;"=J[(i-i)«™+(i+i)«°',] 



*°'=s [('-i)Cu+('+^>"lI™] 
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We find readily now 

fl;"=J [(i-i)A;.^,+ (i+ 1) a;^ =^g { (i-i) (i-2) (is) <"^,+(i-i> (3i=-3i+2)r 

+(i+l) {3i^+3i +2) a'^^+ (i+1) (H2) (i+3) a'^^ j 

It is not necessary to give the general case of a^'K the law being obvioua, the reader can readily 
- construct it for himBelf. 

In the particular case mentioned above, Lambert's orthomorphic cyliudiic projection, take for 
the central meridian a etrciglit line {vide figure), and upon it lay off the actual leugtlis of the 
degrees of latitude; a second straight line at right angles to the first denotes the equator; other 
parallels and meridians are orthogonal curves cutting in such a way that the degrees of longitude 
shall be represented in their true length. 

Taking for axes of co-ordinates the central meridian and the equator, it is clear that, the 
iignre being symmetrical with respect to these ases, tj should contain even powers of (u and odd 
powers of C, and that ? should contain even powers of o and odd powers of ai. Also for 0~i) w© 
should have ij=0, and f a function of vj only; for iu=0, 7i=0, and S=0. Ttese series are thus, 

,=K(?+<.^2jA|''V'*'+fl.*X'°;AJ"fl^'+. ■ . 

Satisfying, as before, the equations of condition 

-i-^=— j- cos -j-=^DOB0 

dm do do) dt) 

and these series are readily found to become 

?='- { l-,-+4l-61+ ■ ■ ■ (-)¥ ! +"'{ 6-12'' +144 "'-864 "'+ " • ■ ! 

~ i '?A ^.la" ^iRit" i ~ ( r,o,irt nift«" T ■ ■ • i 



5040 1008 



' ^ \2 231^26! 27!^'""*^ (2 18 "^18 ■*■* 

^ (720'^ 1440*^+ • 

By properly dividing the numerical coefBciertts in these scries, they are readUy found to 
the forms 

Sij+10cos3g+6cos^i? 



71 = 9 + 



4. 1. 3. 
34 cos e+154 cos 3C+210 cos 50+00 cos 1o 



12. 1. 3. 5. 7. -r . . . -r . . . 

sin2g+36in40 , ^ 34 sin 2t)+&> sin 4fJ+3Q sin 6 



12. 1. 3. 5. 



8 496 Bin 20+1512 sin 4^+1620 sin 63+680 si 
+ "■ 4. 8. 12. 16. 1. 3. 57^. 
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Again, group the terms iu sin 20, sin 4/?, &c., and those iu cos 0, cos 30. &c., and these become 
f— 'Jeosftan^-t- cos 30 taa^"-f cosSfl tan''"+ eos7fl tau''^-t- &c. 

■^=o+sm2o ta,ri''t+ ^miio tan*~-(-gBin Gli tan^^+-j^8in 8otaii^^ + &c. 

The law of tliese last two developments ia obvious, the general term of ? heiog 

= -.?__ CO, (2i_l). tan-.; 
that of ij 

:=-T— :i-8iu2 (i~l)C tan"'~'*^ 

'* denoting the number of the term. A final grouping of the terms will conduct us to tlie formulas 

(1+2 tan- cos i^+tan^^ \ / sinSf'tatf^' 
1 1 ,=^+tan- ^ \ 
1—2 tan i^ cos 0+tan^ ^ / \ 1— cos2(? tan^- 

or, by introducing the colatitude f, 

5=il0g(^}±8isfllr;) ,=90o_f+col->(^cot2,+oot'|coseo2i,^ 

or simply 

„ , , /'cosee w+ain (u\ 

f=A!og( ^c-i„^, — ) cot 15=008 <y tan ffl. 

■^ " Vcosec p— sm iwy ' 

Ponniug the differential coefficients of ? aud r/ with respect to p and <u, we obtain 



df 1— sin^iusin^ y df 1— sin^fusin^p 

d^ _ cos o) sin y d^ _ 8in a> s'm <p cos y 

(ia'~l— Sin^ ai 8111^ f du,~\~%\v? u> SVO? f 

These obviously satisfy tho known equations of condition which must exist between these differen- 
tial coefficients, via: 

(J? . dij dn . dS 

-;- sin ai = V- -.- am tp = — p- 

dip ^ dio dip ^ dia 

The ratio of the change in elementary areas is easily arrived at from the above values of the 
differential coefficients; using the formula dt^^dS^+drj^, consider a small quadrilateral on the 
sphere comprised between two parallels and two meridians ; its area is =d/l dm cos Q. Now, mating 
p=90o— 0, we have for the arc of a parallel, when do=0, 
daiCOSO 

aud for the are of a meridian, for which diii=0, 

HI— **" 

~" Vi— co8« esin^ia 

the area of the rectangle is then 

d<i> do cos 
Vr^'Os^c'sih^"ii< 
and for tho ratio of increase 
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If tu=0, m=:li or, the ratio of areas on the sphere and on the projection is = unity along the 
central meridian. Tlie principal Oidvantages of thia projection are thus seen to be : 

[a] That it preserves all the angles in their true size, and consequently gives orthogonal inter- 
secfcionB of the meridians and parallels. 

{b) The degrees of latitude are equal upon the central rectilinear meridian, and the degrt-es 
of longitude in the neighborhood of this meridiiin differ but little from their true size. This projec- 
tion will be obtained, as we have already seen, by passing a cylinder tangent to the si)here along 
a meiidian, projecting the sphere upon the cylinder and developing the latter. It is on tliis account 
that the name orthomorpho-cylindric has been chosen for this projection. 

The general subject of orthomorphic projection will be resumed in another place, and a fuUei- 
mathematical theory given of this most interesting problem, but before leaving the subject it is of 
importance to note that if either of the variables ? or >; be given, the other can be found by simple 
integration. For, from the equations of condition 



If, then, either f or ^ is given, forming its differential coefficients, and substituting in the corre- 
sponding one of these two equations, we have the means of obtaining the remaining co-ordinate. 
For example, let i)=(u; then 

da, do 

and 

C08 

from which 

?=log tan i (90°— 0) ■>j=o> 

the equations of Mercator's projection. Lithrow gives the projection of which one of the equa- 
tions is 

f=tau(?cosiu 
The differential (ioefScieuts are 

dS i. „ ■ dS cos (u 

dui do iiosrO 
by means of which we find 

, _ (sin c sin iudo+<i O& cos Wm) 



Integral iug this 



Combining the value of ? with this value of -q in such a way as to eliminate «>, we have for the 
equation of the parallels 

^^+f siu^6'~tau^f=0 

and in like manner for the meridians is found 

^ ain^oi— ^'co8^iu+sin^(u cos* w=0 

Thus the parallels are projected into ellipses and the meridians into hyperbolas having their 
common center at the origin of the co-ordinates and their major axes in the direction of the axis jj- 
Littrow speaks of both the meridians and parallels as being projected in hyperbolas,* which is 
evidently a slight error ou the part of the eminent astronomer. 

''Clu/i'ofiraphw, iiago lA.i, 
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Finally assume 

^ ^l-8iD«.C08C 

Differentiating this gives 

&?_ sin w sin dS_ cos m cos 

~dd~l—sm^ u) eos^ dia 1— siu* m cos* 

From these we bave 

, eoa (11 Ai) , sin <o sin cos fl , 

1— sitf u> cos^ e 1— sin'' <o cos^ 



of wbidi tbc integral is 

which is identical with 

the formula already obtained. 



., tan 6 



cot^=cos tu tan y 



OBTHOMOEPHIC PROJECTION— (Continued). 

"VVe will in this chapter take np two projections closely allied to each other, and very interest- 
ing in the methods of development employed by tbe illustrious authors. The first of these is by 
Sir John Herschel and is found in Volume XXX of the Journal of the Geographical Society of 
London for ISCO. The paper is entitled "On a New Projection of the Sphere" and the author 
further calls it "Investigation of the conditions under which a spherical surface can be projected 
on a plane, so that the representation of any small portion of the surface shall be similar in form to 
the on'ginal ; " this is, of course, merely the ftmdameutal proposition of all orthomorphic projections. 

Assume the radius of the aphere=l and denote as usual latitude and longitude by and cu, 
and the plane coordinates by S and jj. We muet clearly have, since f and jj are functions of and m, 

5?=Md<«+Ndo d5!=Pdi«+Q(Z(? 

M, N, P, Q being, of course, fanctions of and w. The elementary rectangle included between 
two meridians, whose difference of longitude is dw, and two parallels whose difference of latitude 
is do, will have for its sides do and diu cos 0, having to each other the ratio 



In passing along the projection of any one meridian m does not vary. In passing then from the 
point whose projection is defined by ?, >? to the point on the imall meridian whose projection is 
defined by S-^-dS, ij+dij, S and r/ must vary by the variation of alone, or 

dS='Sdo d7i=Qdt/ 

and the distance between these two projected points is, on the same meridian 

^doVW+Q^ 

Similarly supposing ourselves to pass along the same paraliei we have for the distance between 
two infinitely near points, d0 being = 0, 

These, then, are the sides of the elementary figure on the plane of projection corresponding to the 
infinitesimal rectangle on the siiri'ace of the sphere, an«l these two figures must be similar; which 
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condition, being satislied, obviously carries with it the similarity of an intiiiitesimal lij^ure on tlie 
sphere and its projection. The sides then must be in the same ratio and the angle they iuclnde a 
right one. The first of these conditions gives 



or 

*rhe tangent of the augle made by tlio projected element of the meridian witi the ordinate t) i 
evidently represented by 



and that of the projected element of tbo paniUel by 



•^do 



N 



3, 7 "'-<3 

1, lying on opposite sides of the ordinate ■g, if one tangent be taken positively the other 
must be taken negatively. The condition, then, of reetangularity requires that the product of 
these tangents shall te = 1, which gives for the other essential equation 



PX-Q-" 




P(3=-MF 




M'i+Clt) M> 





whence we get the following 



""' "=(!)" 



P = IJ"cosC 


M=-Qcostf 


Assume now 




J cos 


J eo8(J 


Which gives 




d,„ = f (5a-(?j3) 


(^W = J ((?« + (?,?) COS 


and by snbstituting these in the equations 




ds=Md«,+-sao 


dr, = Fd^, + QrU 


we find 




5f = |(P + M)da + J(P-M)^j* 


(i, = J(P-M)<i»-i(P + M)* 


whence, adding and eubt-racting, we obtain 




d{S+vi)--^i>(lj-Mdfi 


,!(?_,)=JM-+P<!/! 
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9- 




f' 






•^=§^•+1* 






<iP=™<i.- 


■f* 




esacfc diffe'rentiiilj 


the second i 






^0 
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The first members of tlicso equations being exact differentials, the second, must be so also. The 
conditions for this are 



But universally 
whence, substituting, 



The known form for the integral of this partial differential equation is ^ and 'P) denoting arbitrary 
functions 

Substituting this for M in the expression for dP, reducing and integrating^ 

and putting for brevity 

Tve find 

d(S+--j)=i{'^{A)dA~-'F(B)dB] d{^—o)=^{A.)dA+'r{B)d'B 

which, by writing 2F(A) for/d>(A)dA, and 3/(B) !ot / f' (n)dB, affords the foUowing values of ? 
and 7j: 

S=(l+imA)+(l-i)/(B) -,=(l-i)F(A)+(l+i)/(B) 

in which F and/ are the characteristics of any two functions, both completely arbitrary and inde- 
pendent. Suppose, for example, we take 

Fin)=f(u)=u 
Then 

^=(l+i)A+(l-0B=(A+B)+i(A-E)=2(a-,9)=4u. 
and 

-^=(l-i)A + (l+i)B=(A+B)-i(A-B=2(a+^)=4 r-^=41ogtan^(90o~0) 

which is the law of Mercator's projection. 
The equations 

?=(l+i)F(A) + (l-i)/(B) _,,=(l_i}F(A)+(l+i)/(B) 

being subject to no restriction, it is evident that we may superadd to the general conditions of 
the problem any which will suface either to determine altogether or to limit the generality of the 
arbitrary functions F and /, in the view of obtaining convenient forms of projected representations. 
Suppose, for instance, that we assume as a condition that the projected representations of all 
circles about a fixed pole on the sphere shall be concentric circles about a fixed center on the plane- 
Since the origin of the co-ordinates ? and ij is arbitrary, we will fix it in that center; and since the 
condition is that when is given, and therefore 

=a const., say h 

cose ' -^ 

the equation between ? and ij shall be that of a circle about the center, we have 

f +T/'=/j*=a function of or ]c 
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For twevity pnt 

F{A)=X /(B}=Y 

Then we liave 

s={i+i) x+(i-i) y -,=(i_i) x+{i+i) Y 

and aabstitutuig aud reducing 

?2+f=8XY 
that is to say 

F(A)/(B)=| 

Since any function of an arbitrary function is itself an arbitrary function, we may without any loss 
of generality write e'''" for F (A), and C'"'" for/(B). H"ow 

because 

J coafl 

It does not appear that this equation can be satisfled by any forms of F and / more general than 
the following, viz: 

which give for the vahte of 9'{a-\-fi) 
or, what comes to the same thing, 

Practically speaking, this expression is useless unless the imaginary term vanishes, or (/4-A=0, 
g—}i=2{), in which case it reduces itself to 

4gfAt=igk 

whence also 

which, since 

r_.^ =log tan i {90o_(?) 

reduces itself to 

Suppose g=i. This is the law of the stereographic projection, and the values of f and :j become 

$=2p [cos <«+sin w]=:2p ■i/2ein (450+») 

->l=2/= [cos ID— sin <^]=2p \/3 cos (irp+<o) 

p=:2V2tmii(QOo-o] 

In the more general case of 2g—n, we find 

f=2^[cos wiu+sin nia\=2fi-J'2i sin (45°-|-rea') 

— :;=2p[cos )iia— sin m(u]=2/jv'2 cos (450+ttco) 

/)=2V2 tan''J(90o_(;) 

To interpret these expressions we have only to consider that when m increases by any number of 
degrees nm increases by n times that number; so that if u, increases from to 360°, nm increases n 
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times 360°. The co-ordinates of the projection of any point, therefore, are those corresponding to 
w times the longitude in the case of the stereographic projection. If, then, m be a fraction less 
than nnity, the projection of the whole spherical surface will, instead of occupying the whole area 
of a circle, be comprised within a sector, the same fractional part of the whole area-. Thus if n=i, 
the projection of the whole sphere in longitude will be comprised within a semicircle; if m=J, 
within a sector of 13l=>; if n=|, witliiu a sector of 240°, &c.; and the entire parallels of latitude 
will in like manner be represented by the portions of concentric circles comprised between the 
extreme radii of these respective sectors. li <pbe the polar distance of any parallel of latitude, 
and p the radius of the circular segment representing that parallel, we have, neglecting the coeffl- 
eicnt —2 V2 or taking 1 for the equatoiial radius in the pr<yeet4on, 



from which it is easy to calculate p for each polar distance from 0° to 180°. The values for the 
four cases M=l, i, J, §for j'^flo, 10°, 20°, &c., are given iu the table. 

The second case that we take up is in its development very similar to Herschel's projection; 
it is an investigation of orthomorphic projection by Professor Boole, The idea was suggested to 
Boole by reading Herschel's paper. The Investigation is contained in the. supplementary volume 
to Boole's Differential Equations, publiahed'by Todhunter, after the author's death. The general 
theory as given by Boole is applicable to the projection of any surface upon a plane. 

Let IB, y, « denote the rectangular rectilinear co-ordinates of any point of the given surface; 
?, 1) the co-ordinates of the corresponding point on the plane of projection. Let the equation of 
the given surface be 

or simply 

F=0 

Regarding f and ij as ultimately functions of ic, y, z we have 



dx, dy, dz being connected by the relation 
Now for brevity write 



*=S*-^1*+S 





dF 


dy 


i=« 




1- 


(U=a(lx+bdy+cds 




d^=a'clx+h'Sy-\-c'itz 




ii=Adx+Bdy-\-Cdz 





(1) 
(^) 

(3) 

The two conditions to be fulfilled are, as we already know, the equality of corresponding 
angles, and the proportionality of corresponding sides, of the element on the surface and the cor- 
responding element on the plane of projection. 

Assuming now any point ?, ^ on the plane of projection, let ? alone vary, and the infinitesimal 
line generated by d^; and since drj=:0, we have 

a'dx+b'dy+c'ds=0 Adw+Bdy+Cdz=Q 
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Denoting by v the determinant 



tlien the above equations give 



a', 


i, 


e 

el 


A, 


B, 


C 






(l^_dy_ds 

i;~"M"N 



so that the direction-cosines of the iuflnitesimal line on the surface F corresponding to the line dS 
on the plane are 



VL*+]VP+N^ 



In like manner, if ij alone vary wi 
corresponding to d-ij on the plane 



: shall find for the direction-cosines of the infinitesimal line on E 



^L''+M'>N'' 






Vl"4-M''+N'' 



Since the angle between ? and ^ is a right angle, the angle on the surface between the lines whose 
direction-cosines have been tbuud must also be right. This gives at onco 

LL'+MM'4-SK'=0 

The ratio of the element of length dS to the corresponding element on the surface ia 

or 

adx+bdy+eds 
yfdw^Jrdf+di^ 



fflL+ 6M+cH 

Equating this ratio to the corresponding ratio of the length of d-rj to that of its projection on the 
surface, we have 



Now we know that 
and 



flL+&M-fcN= — V 
fl'L'+i.'M'+c'N' = v 



the numerators of the last equation only differing in sign. But Vj being the determinant of the 
system 

adx-\-})d'y'\-cds=Q a'dx+l)'dy+c'dz=(i Ada;+B%+C(?^=0 



Hosted by 



Google 



TKEATISB OH PEOJECTIONa. 



61 



expresses, when equated to zero, the condition that if ^^ vanishes (?ij must also vanish; and d$ and 
drj being independent, this condition cannot be satisfied; so that the above equation reduces to 

.^^A^_ ^ =0 

or 

{«) L''+M'"+N''-(L'+M'+N')=0 

and tliis, with the already-found condition of orthogonality 
{;5) LL'+MM'+NN'=0 

B multiply (3 by 2i, and add e 



will fully express the conditions of similarity. If ^ 
result from «, we obtain the equivalent system 



L subtract the 



(L'+iLy^+(M'+M)*+(N'+iN}«=:0 



{L'-iL)'+(M'— iMf+(N'— iN)2=0 



Writing then 
we have 



n dy \dy dz ds dyj'~ dy dz dm dy 



dVdu dFAu 



dF du m du 



dF du d¥ du 



~dy dz dz dy 

as dx ax dz 
dx dy dy dx 



Substituting these in the last equations, there result 

(^^Z^_^?!^Y4.r— — — — --Yo-^— — ~— — Y— 
ydy ds dz dyj '^\dz d'x dx ~daj '^\dx dy dy dxj "~ 

/dF dv_dFdvy ,f^^ ^_^ ^Y +f— ^-^— — Y -0 
\dy ds ds dy) """vcfo dx dx dzj \dx Ay dy dxJ ~ 

Each of those can be written in the form of a symmetrical determinant of the second order. Desig- 
nating by Oi, Oi, 62, any three quantities whatever, make TJ equal to the determinant 






Then the first of these two diflferential equations is simply 

(i)"+(S)"+(s:y=» 

and, aa la well known, can be written 



{!) 



/-dPV /-^FV /-(TFV d^dM ^dM ^dM 
\dx) '^\dy J '^\dz J ' dw dx'^dy dy'^dz dz 

dF dw dF du dFdu f^'\^j.f^^\'i/'§fy 

dx dw dy dy ds ds'' \dxj \dyj \dsj 
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and in like manner for the s 



(H) 






dx S<e dy dy dis As^ \i 






These are the partial differential equations of the first order, serving to deterraiue u and v as func- 
tions of ic, y, and s. 

But it is not necessary to solve these equations in their general form. It is well known that 
the co-ordinates x, y, and z of any point on a snrface, being connected hy the equation of the sur- 
face, can always be expressed as functions of two independent variable parameters, and these 
parameters, when fixed upon, become the independent variables of the problem. Let and oi rep- 
resent such parameters, and let their expressions in terms of x, y, ss give 
O=0i{x,y,is) w='^^[x,y,z) 

which equations, combined with that of the given surface, will reciprocally determine if, y, z as 
functions of o and w. The differential coefiicients 

dF d¥ (?F 

dx 1 dy dz 

which are lunctions of x, y, z, now become functions of and w ; and further 

dM_du do du dm du_du do du dm du_Au do du d«i 

d3)~do dx doidx dy~dody diudy ds~ do ds dw as 

and as -g-, _-, &c., are known functions of a;, y, and «, they are also expressible in terms of O and 

la. The result of these substitutions will then be to convert (I) into a partial differential equation 
in which u is the dependent aud and la the independent variables, and this equation being, like 
(I), of the first order and second degree in the differential coefBcients of m, wUl be of the form 
-. /'du\^ , ^ dwdu , 



^(£y+«§£+K£)"=» 



For V we have an exactly similar equation, with the same coeflcicnts. 

The above equation is, by the solution of a quadratic, resolvable into two equations of the form 



du du_^ du , du 

dO~ ^~dAU~ 



-^.-KT^=^ ^-^'^=0 



To these correspoinl the respective auxiliary equations 

du,^kxdO=(S d«>-\-X^dS=Q 

If the integrals of theae are 

S=e, T=<^ 

reapectivelyj then we have 

M=#(S) «=!f(T) 

Now, V being determinable by an equation of the same form as m, it follows that of the above two 
values of u one must be assigned to v, so that the solution of the problem will be contained in the 
system 

«=(/'(S) v=r(T) 

or in the system 

«=*(T) v=r(S) 

The particular forms of the arbitrary functions ^ and W will depend solely upon the nature of 
the problem under consideration. 

The first members of (I) and (II) are obviously essentially positive; and so, if the intermediate 
transformations are real, is the first member of the equation whose coefBcients are P, Q, E. Hence 
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the quadratic determining ;,, and X^ -will have imaginary roots of the form a ± i^. Ultimately, there- 
fore, it will suffice to integrate one equation of the auxiliary system 



dio-\-K^dO={) 



am-\-Xidu=0 



and then to deduce the solution of the other by changing i into —i. 

Suppose, now, that the surface to be represented is au oblate spheroid, such as the earth ; take 
the plane of the equator for that of projection and the center for origin. Let the co ordinates x, y 
pass through the meridians of 0° and 90°, respectively, and z through the poles. The equation 
of the suriUco will be 

■ a^' + p-''- 

when a is the earth's equatorial, and h its polar radius. Let also the latitude of the points (x, y, z) 
be represented by o and its longitude by m. We have ' 



and substituting in (I), 



or, expanding this and writing -,-=le^ 






■e have 



ie du y du 
a* dsc (^ dy 



dF_2s 
dz~¥ 



du y ^w s dn 



^'d' d/y'^W da 



a^ dx (^ d/y 



,i„, ,^+,.+*.^) { (*)%(!)%(«)■ I _(. , £+,^+»..|=<^ 



Xow as X, y are coordinates in the plane of tlic equator, and a, 
we have 



s through the first meridian 
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Again, representing in Fig. 12 the meridian of the point P, or {a:, j/, z) toached by the straight 
line QE iii the same plane, we have 0M=: Vx^+faad MP=«. Therefore if Vid'+y^=f>, the equa- 
tiou of the meridian is 

and that of the tangent is 

„» + fti — ^ 
p', z' being current rectangular co-ordinates of the tangent. Hence 

tan CQE=j^-:^^p^ 
But (]QR=C. Therefore finally 

(?=tan-'-^.^= oi^tan-' ^ 

and we must now transform (III) so as to make and w the independent variables. Froiu the last 
equa.tion8 combined with that of the surface we have readily 

ak cos tu ffl7c sin 01 , « tan 



^^F+tan^ I) -^h^-V tatf Jc Vi^+ta.ii' 

and subsfcitnting in (III) we obtain 

„ .,\ fdM\^ /'du\^ , /'du\^ » /■ du _ . ^M , , n^^'-'x' 
(IV) O=i.co- » I (j^) +(^jj +(^5;; ; -(^o» „5- +»n «^j,+tan»3i; 

Again 

dw_du do du da/ du_dM- do du doi du__dM do du do, 

dx~do dx^d^ d^ d~y~db %'*"^ dy dz~~do 'ds'^dv, dz 

Now 

do ^ _ _~^'^ __ _^siuO_cosflcosWK 
d^ '^a?^y^{jf^i/+rM) ~ oK"" 

when K.—li'+tna'^O. In like manner 

do —sin cos sin «; VK do K cos' 1'K 



dy ftK ds 

^_--sin<«;\/K <?<»_ cos«i -/K 

dx~ mK (ii/"' ftK 

5w' 



i=o 



(?w, i'K r ■ du . du"! 

du ^/Kr . . du , dul 



Substituting these in (IV), and dividing by the common fantor -y=jWe have, on reduction, 

which is resolvable into 

g_i cos [1+(IC^-1) cos' C]|^=0 ^+* cos [1+(K^-1) eos= o]f^^^0 
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partial differential equations, of wbicli ilie integrals are included in tljo oominon formuiii 

u=d f ^l ±i.\ 

VJ cosc[l+(K.5-l}cos^o]'^'V 
Ifow 

/do r do r cos 040 

costf[l+(K^-l)cos^^j~J cos(^ + ' 'j i+(K«-l)cos*c" 

- J cos C ^ ^ 'J K»-(K*-1) ein^ 

cos (? ' J 1— E'^sm^^V « y 

''"'™ ■-['°4(SHSD'-*(i-")}H-'"] 

or clianging * (w) into # (e"), since (P is an arbitrary function 

.=*l(;-:^|;i{)'t.ni(:+.>«-s 

I et p and IT denote tlie polar co-ordinates of tliat point in the plane of projection -whieli corresponds 
to the point whose latitude and longitude on the surface are and w, and let 

tiieu the complete solution assumes the very simple form 

Assume that the parallels of latitude are projected into circles rouud the jiole. This requires that 
/< be indei)6Ddent of <«, a condition which is satisfied in the most general manner by assumiug 



^ {w)=Qvf' 


ir(Mi}=0'w!' 


Wo then hiid 




pfA^ =C8"e=tf"" 


/^e-i^^C'S" 


wlieuce, on multiplication and division, 




^s^OC'S^- 


....=c^^..„ 



whence, A and B being new arbitrary constants dtrived from C and C, 

Observing that <s and w should vanish together, we have E=;0, and the equation «=^nu> shows 
that the surface of the sphere will be projected into a secior of a circle, the itrc of whicli iw to the 
5 T p 
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eircamference of the circle u : 1. Thus if M=i, J, &c., the sphere is projected into a quadrant, a 
semicircle, &c. These are of course the results that we have already obtained in several different 
places. 

The other equation for p gives 

If 0=0, we find 

P=A 

■whence A is the distance of the equator from the pole in the i>lane of projection; and if that dis- 
tance, which is arbitrary, be assumed as the unit, we have 



=!-iG+»JCfeS^7! 



for the distance from the pole of that parallel whose latitude is ". We cmi thron- this expression 
into a more familiar form by assuming p=^ + />, and introducing an auxiliary quantity q defined 

by the relation 

E cos p=GOR q 
We have then 



,=(..n0'(c„.^)- 



Table IV gives the values of p for the sphere and for the spheroid whose eccentricity is .08 
(about that of the earth), for each teu degrees of polar distance, for the values n=l and n=j[. 

The preceding investigation by Boole is seen to be much more general thau that of flerschel, 
the latter confining himself merely to the projection of a sphere upon a plane. 



§ IV. 
PEOJECTIONS BY DEVELOPMENT. 

In order that a surface may be represented upon a plane without any change of angles or 
afeas, it must be such an one as can by actual development be rolled out upon a plane— all parts 
of it coming by a eontinuona motion to coincide with the plane — as, for example, all cones and 
cylinders. If we desire to malie a projection of a comparatively small region, the operation will 
be rendered quite simple if we can substitute for the actual surface to be projected a certain portion 
of some developable surface iipon which are drawn the meridians and parallels. The construction 
of these lines upon the developable must of course be such a« to make the new elements corre- 
spond as closely as possible with the actual elements of the sphei*. The attempt to make pro- 
jections of this land has naturally given rise to two methods: (1) Conical Projections, (2) Oyliudrio 
Projections. We will first consider the former of these. 

Conceive a cone passed tangent to the sphere along the parallel of latitude which is at the 
middle of the region to be projected. Also imagine the ]>lanes of the different parallehj and merid- 
ians to be produced until tb ey cut the cone. We will then have npon the sni'facci of the cone small 
quadrilaterals corresponding to those of the spht^re ; the magnitudes are different, but the angles 
are obviously the same. Now develop the cone upon a plane; the meridians will clearly become 
right lines from the vertex of the cone to the different points of the developed parallel of tan- 
gency (or any other), and the parallels will be concentric circles, the vertex of the cone being the 
common center. • The parallel of tangency is obviously the only one unaltered by the development. 
Tiie quadrilaterals upon the sphere are reproduced upon tlie plane still as rectangular, but the 
magnitudes are different, as equal distances of latitude upon the sphere are represented by dis- 
tances which diminish towards the pole and increase towards the eqnafor. The rtilferences of 
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longitude are all greater upon the surface of tlie cone tliaii upon the sphere, except for the parallel 
of tangeney. The error in latitude may be completely, and that in longitude partially, eliminated 
by laying off along the middle meridian of the development the rectified lengths of the distances 
between the parallels, and through thepointsthusobtaiDed, with the vertex of the cone as a center, 
describing arcs of circles. By this means we obtain for the differences in latitude their true 
values, and for the differences in longitude values which are more nearly correct than those given 
by the first method. Fig. 13 shows both methods, the dotted lines corresponding to the second 
method. 





We have clearly, from the first figure. 



when #0 is the latitude of tUe middle parallel EM, and ti is the dilference of longitude of the ex- 
treme meridians which are to be projected. Let also V denote the angle of the extreme elements 
of the cone which appear in the development. The radius VM of the middle parallel is given by 



and from figure (2) follows 



KT cot Os,~ 



Combination of these two values for mm' gives 



It is obvious now how to construct the projection : The angle V being determined, we have for the 
radius of the middle parallel, VM=^r cot Co. Lay off from M the distances Ma' and Mft' as obtained 
by actual rectification. If the distance ah contains ii degrees, 



and M6', Mn' each 



Having then the center and one point in the circumference, we can draw the circles which r 

the parallels of latitude. If we call a the angle between the projections of two meridians corre- 



Hosted by Google 



68 TREATISE ON PEOJECTIOHS. 

spoDding to 01 apon the sphere, we have clearly 

T V . 
- = — =6111 Cn 

The radius of the parallel at latitude will be 

= r[cotOa-(0—On)] 
and the corresponding arc of longittide a> will be 

=m 8intfo[cotOo— ("— "0)1 
The eiTor for each degree of the parallel will then be 

Euler investigated at some length the theory of conic projection and determined a cone fnlfill- 
iug the following conditions: (1) Tliat the errors at tlie northern and southern estremities of the 
chart should be equal. (2) That they shall be equal to the greatest error which occurs near the 
mean parallel. 

The cone in tliis case is obviously a secant and not a tangent cone to the sphere. Let 6^ denote 
the least latitude of the region to be projected, and e^ the greatest value of the latitude. Let AB 
e the portion of the middle meridian comprised between these extreme latitudes. Designate 




by a the length of 1° of the meridian, and let P and Q be the intersections of the central meridian 
with the parallels along which the degrees shall preserve upon the map their exact ratio with the 
actual degrees of latitude; also call 6^, and 0^ the latitudes of these two parallels, upon each of 
which a degree of longitude has respectively the values 6 cos 0^ and S cos c,. Lay off these two 
values of 1° along the lines Pp and Qg perpendicular to AB, and join ^q ; this line will represent 
the meridian removed one degree from AB. The point of intersection O will obviously be the 
common point of meeting of all the meridians and the center of all the parallels. The distance 
from O to any parallel is readily found; we have, since OPp is a right angle 

Pp_Q5_rj, 
PQ ~"PO 



S (cos Op— CO S 6,^ _ 
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from wLicb 

cos ('p— COS 0, 

Having determined the center O, it is only necessary to draw an arc of radius OP and upon it lay 
off lengths =S cos 0^; these will give the points through which the meridians passj then laying oft', 
along the middle meridian, distances equal to the number of degrees of latitude of the different 
parallels to be couatrncted, draw through the points thus found circles having their centers at O, 
and the projections of the parallels will be constructed. 

We will now determine the errors resulting from this construction upon the extreme parallels 
through A and B. Calling tu the angle POj), we find 

_ Vp _s (cos (?j,— cos Cj) 

which becomes 

_cos ''p— cos 0, 

if we take '^=1°, and express the denominator in parts of radius, which is done by making 

0=0.01745329 

the value of 1° in a circle of radius unity. Call s the distance in degrees from the center O to the 
pole. The distance from P to the pole will be 900— O^, from P to O will be 90°— flj,+2; the value 
of this in parts of radius will be 

=u(90o— (/j,+s) 

It is easy to see now that we must bave 

COSff^—COS Cj ^ 

The distance of the extreme parallel A from will be, in parts of radius, 

AO=y (90O — (7^+3) 

Multiplying this by the value of .», we have for the vaJue of the degree upon this parallel 
. _g (9QO— g„+a) (co s g^— cos ^,) 



1 of ScosCa- The difference of these two values gives the crroi' along the i>arallel through 
A. For B the error is the difference of 

^ (C0o-«.4-^Hcos».-cQs».) ^^^ , cose. 

Eulor's proposition was to determine the parallels P and Q in such a manner as to make 
the extreme enors at A and B equal. Equating these two errors and reducing, we have 

(e^St) (cos fp~co8 8,) + (C,— 0p) (cos f^—cos fft) =0 

For the length of one degree upon the parallels of A and B we have 

o (9Oo-0„+s) w and i> (90o-o,+3) » 
We have from these 

o(900-c„+s)w-cos(i.=f^(90o-('if ^}-cos(* 
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from which follows 

_ COS g,— eo8 Bj 

Further, equate both of these errors to the greatest error which occurs between A and B, suppos- 
ing in the first iustance that it occurs at the point X half way from A to B. The latitude of X is 



The error there is 



its sign being opposite to the signs of the errors at A and B. The condition is now exjirossed by 
the two equations 

^(90O-C„+s>«,-cos(?.=co8-"-J*^-u('90o— "pJ-^^-A™ 



[IS of the errors at A and B. The co 
z) «,-cos (?.=co8 -"-J*^ -uAoo— "? J' 
u(90O-'',+2)<«-co3W,^cos''"+-^^-«r90o-^J-^-s')«, 



Uivmg o, its value 



we find readily 

( 180°—^ iU—^ ga+2s) (cos 0^— cos Oi) _ 

which reduces to 



(180O- 



f "„— Hi+2^)=- — !' "" „ ■ [cos 0„ + cos ^^^1 



from which z is readily found. Applying this to the construction of a map of Russia, it is only 
necessary to write 

The formula for m gives now at once 

cos 40°- 



=48' M" 



gives now 

Now 

therefore 



(180O-f 0,-^ 0„-^%s) 'jo.=iios ^„+eos ^^-^ 
u<u= 0.0141 



0.0141 

or 

So far we have assumed that the maximum error lay at the middle of AB, but we will now find 
the correct point, and assume that for this place the latitude is 0; the error will now be 

„(lH)0-fl+«)«.-cose 

Differentiating this witii respect to and equating to zero we find for the position of maximum 
eiTor 

sinC=<«=0.8098270 
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Eijuiitiiig the error at C to those ot* A and B 

y {im°"0,~0+2z) <u— COS (^„+coa 
from which 

^=5° 0' 30" 

The values of « and difjter very little from their assumed values of 5° and 55° respectively. The 
errors at A and B are then equal to 

00,(900— (?„+«:)— cos 0^=0.00946 

A degree on the parallel of 40^ is then expressed by 0.77550 instead of 0.7C604, its true value upon 
tLe sphere. This degree is, then, about ^ greater than the true degree on the parallel of 40^; 
aud the degree on the paralle) of 70° is about -^ too great, its true value being 0.34202. 

mtjrdooh's pbojbctioh. 



Fig. 15. 

In Fig. 15, let 0^ and 0^ denote the latitude of two extreme parallels A.a aud J>h, which limit 
a spherical zone whose projection is to be determined. The latitude of M halfway between A and 
B is — i^- Murdoch's projection consists in making the entire area of the chart equal to the entire 
area of the zone to be projected. In order to effect this it will be necessary, supposing PS" and PO 
the radii of the extreme parallels of the chart (obtained by rectification), that the surface generated 
by the revolution of ON (= AB) about PO shall be =2;r»-(«6), when r=radiu8 of the sphere expressed 
in degrees. Let S denote the equal angles ijCM, cCM; we must then have 

2iTKfcAB=27ii-(ffl&) 

From the similar triangles Kcfc and MFC, give 

O_K0 
FC~M"C 



and substituting this in the above equation 



This gives for cos n the value 
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It IS easy to see that for the radius Kj)=E of the middle parallel we liave 

Kj)=i'cos— -i-- — -- ll=rcot-- — -cosff 

sin^Y^ 

The quiiiiflties which we have already denoted by rc and V are here connected by the relation 



Murdoch, in order to draw the intermediato parallels, divided the light line du into equal 
parts, giving for the radius of any parallel 



This method, although i)erfectly arbitrary, had the effect of diminishing the errors in the chart. 
Mayer, who resumed the problem proposed by Murdoch, gave the radii pX and ;pr, us 



K5?=K;=r sin d 



sin -S-X-J 

A second method of projection was given by Murdoch, in which the eye is placed at the center 
of the sphere, as in gnoraonic projection, and a perspective is made which is subject to the condition 
of preserving the entire surface of the zone which is to be represented. Lambert was the first to 
indicate a method of conic development which should preserve all the angles except the one at 
the vertex of the cone, when the 360° having upon the sphere the pole for center will obviously 
he' represented in different manners, according to the different conditions to be fulfilled. A full 
account of this method is given in the chapter on orthomorphic projections, 

bonne's projection. 

This method of projection is that which has been almost universally employed for the detailed 
topographical maps based on the detailed trigonometrical surveys of the several states of Europe, 
It was originated by Bonne, was thoroughly investigated by Henry and Puissant in connection 
with the map of Prance, and tables for France were computed by Plesses, In constructing a map 
on this projection a central meridian and a central parallel are first assumed. A cone tangent 
along the central parallel is then assumed, and the central meridian developed along that element 
of the cone which is tangent to it, and the cone is then developed on a tangent plane. The par- 
allel falls into an arc of a circle with its center at the vertex, and the meridian becomes a grad- 
uated right hne. Concentric circles are then conceived to be traced through jioints of this meridian 
at elementary distances along its length. The zones of the sphere lying between the parallels 
through these points are next conceived to be developed, each between its corresponding arcs. 
Thus all the parallel zones of the sphere are rolled out on a piano in their true relations to each 
other and to the central meridian, each having in projection the same width, length, and relation 
to the neighboring zones as on the spheroidal surface. As there are no openings between consec- 
utive developed elements, the total area is unaltered by the development. Each meridian of the 
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projection is so traced as to cut each parallel in tlie same point in whicli it intersected it on the 
spker!.', 

If tlio case in hand be that involving the greatest extension of the method, or that of the 
projectioa of the entire spheroidal surface, a prime or central meridian must first be chosen, one- 
half of which gives the central straight line of the development, and the other half cuts the zones 
apart and becomes the outer boundary of the total developed figure. Next the latitude of the 
governing parallel must be assumed, thus fixing the center of all the concentric circles of devel- 
opment. Having then drawn a straight line and graduated it from 90° north latitude to 90° south 
laiitude, and having fixed the vertex or center of development on it, concentric arcs are drawn 
from the center through the different graduations. There results from this process an oblong 
kidney-shaped figure, which represents the entire earth's surface, and the boundary of which is 
the double-developed lower half of the meridian first assumed. This projection preserves in all 
eases the areas developed, without any change. The meridians intersect the central parallel at 
right angles, and along this, as along the central meridian, the map is strictly correct. For mod- 
erate areas the intersections approach tolerably to being rectangular. All distances along par- 
allels are correct, but distances along the meridians are increased in projection in the same ratio 
as the cosines of the angle between the radius of the parallel and the tangent to the meridian at 
the point of intersection are diminished. Thus, in a full earth ])rojection the bounding meridian is 
elongated to about twice its original length. While each quadrilateral of the map preserves its 
area unchanged, its two diagonals become unequal; one increasing and the other decreasing in 
receding towards the comers of the map, the greatest inequality being towards the east and west 
polar corners. 




Fir. 16. 

Denote the radius of the central parallel by po; then 

OAo=;|no=r cot Oa 

Denote by S the length of the arc AAo, and the arc passing through a given point M; 0^ of course 
denotes the latitude of the central parallel, and that of the parallel BC. The latitude of M is 



="0 + -J *D<i tiiiis 



MA =/.!'" =o.rc 
a;=MQ=,fjaiu< 



<-o 



p—pa—d—rc 
=MP=»- cot flu- 



It is not difficult in this projection to take account of the spheroidal form of the earth. It is only 
ne(!essary to multiply cot ll„ by the principal normal «„, and replace the spherical arc d by the 
ellipiic arc 8, given by 



S=<((l~c^)[A{fl~-(y„)-Bsiu((J-Vcos((7+(;„)+,}Osin2(rt-(7^)coa2(«+(7o)] 
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i^ni, cot 0(j 



P=ii„cot0—S 



<-0 



These give the radii of the projections of the parallels, wliich are then readily constructed. Lay 
off from the central meridian, upon the parallels now constructed, lengths equal to one degree upon 
each different parallel, and through these points pass a cuits, which will be the projection of the 
meridians. The lengths are given by the formula 

2s -a co s 

-J-yy^m cos i>-isW(l^^^~su?0Yi 

The concave parts of these curves are all tnmed towards the central meridian. 




I'IG. 17. 

The angle x, in Fig. 17, is the angle which the tangent to the meridian at M malies with the 
radios OM of the parallel through that point. This angle is also the difference between the angle 
that the meridian makes wdth'the parallel at this point and 90^^. 

We have obviously 



but 



therefore 
Now 



tan x= - ,— 
dp 

Ip—ds taua;=~- 



;ft(u cos 0= 



Differentiating this gives 

and we liavc 
But we know that 

Consequently we may write 



pd(a+oidp = 
pdw+. 
ds=j 






ludp—pdla-ii-ia 

a{Y—f]dO_ 
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and 

For 0=0^ 



Combining tlicse 



tan x=io sin 



~Pi(l-(?sin*yo}"i 



and for this case tan a;=0 or x=n, which only shows what we already know, viz : that the merid- 
ians and central parallel cut at right angles. 

If for the central parallel we assume the equator, the ve-rtex of the tangent cone is removed to 
an infinite distance, the parallels all fall into straight lines, and we have the so-called Flameteed's 
projection. The kidney-shaped Bonne becomes an elongated oval with the half meridian for one 
axis and the whole equator for the other. The co-ordinates for any point in this projection are 
readily found to be 

The form of the equation giving x has induced M. d'Avezac to give this projection the name 

HtllUHO'Uktl. 

This projection, which should really be called Sanson's projection, is evidently only a particular 
case of Bonne's method; it is based upon a resolution of the earth's surface into zones or rings by 
parallels of latitude taken at successive elementary distances laid off along the central meridian of 
the area to be projected. Having developed this center meridian on a straight line of the plane 
of projection, a series of perpendiculars is conceived to be erected at the elementary distances 
along this line. Between these perpendiculars the elementary zones are conceived to be developed 
in the correct relations to each other and the center meridian. Each zone being of uniform width 
occupies a constant length along its entire developed length, and consequently the area of the 
plane projection is exactly equal to that of the spheroidal surfkce thus developed. The meridians 
ot the developed spheroid are traced through the same points of the parallels in which they before 
intersected them. They all cut the parallels obliquely and are concave towards the centre meridian. 
Thus while each quadrilateral between parallels and meridians contains the same area and points 
after- development as before, the form of the configuration is considerably distorted in receding 
from the centiBl meridian, and the obliquity-of the intersections between parallels and meridians 
grows to be highly unnatural. 

WERNER'S V-QUIVALEKT PROJEOl'ION. 

If the vertex of the cone approaches the sphere instead of receding from it, as in the preced- 
ing case, we have finally, when the tangent cone becomes a tangent plane, the projection known as 
Werner's Equivalent Projection. The parallels are now arcs of circles described about the pole as 
a center and with radii equal to their actual distances from the pole, *. e., equal to the rectified 
arc of the colatitudes. The meridians are drawn by laying off on the parallels the actual dis- 
tances between the meridians as they intersect the parallels on the sphere. This projection is not 
of enough importance to spend any time in obtaining any of the formulas connected ■with it, 

POLYCONIC PROJECTIONS. 

In all the cases of conic projection that we have treated so far we have supposed that a narrow 
zone of the earth was to he projected and that for the zone was substituted a developable surface 
upon which the parallels and meridians were constructed according to any manner that may be 
desirable. We have seen that this kind of projection is only available when but a small portion 
of the earth is to be represented and that to make a projection of a country of great extent in 
latitude some modification would be necessary. 

The system which is used in America and in England replaces each narrow zone of the earth's 
surface by the corresponding conic zone in such a way as to preserve the orthogonality of the 
meridians and parallels. This is the projection of which we have already spoken at length in the 
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introduction, under the title of Polyconic Projection. Ae a very full account of tbis system has 
been already giren, and comparisons made with the other ordinary methods of projection, we will 
not say anything on the subject here, but will proceed to develop the theorj- of the system. 

The name rectangular polyconic projection is applied to the method in which each parallel of 
the spheioid is developed symmetrically from an assumed central meridian by means of the cone 
tangent along its circumference. Supposing each element thus developed relative to the cominoa 
central meridian, it is evident that a projection results in which all parallels and meridians inter- 
sect at right angles. The parallels will be projected in circles, and the meridians in curves which 
cut those circles at right angles. The radii of the parallels are equal to the cotangents of their 
latitude (to radius supposed unity), and the centers are npon the line which has been chosen as 
the central meridian. Along this meridian the parallels preserve the same distance as they do 
npon the sphere. 




In Pig. 18 let M be any point of the central meridian of which the latitude is 0=90°— M; P the 
pole, the are PM=»-w. The center of the parallel through the point M is given by'OM— rtanw. 
If M' be a point infinitely near to M [i. e., MM.'=tAu) and C the center of the corresponding 
circle, we have 0'M'=)'tan (w+dw), or 



Expanding the second of these, wi 

but 

Therefore 

"We have ftom the triangle CC'B 



f, -{■ 3 p=r taxi (m-|-(?m} 
re 

dp=^r sec^ udu 

=CC'-f-MM'=CC'+r^« 

CG'=rtan'M(i« 

siny _C^B , 
sinB-CC' 



and integrating 



logcoswsslogtan^ -(-const. 
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or passing to exponentials 

Kow 

therefore 

cos u= 

Snbstitnting this in the equation for the meridians we have 



tan-?- 



The distance from any point A to tlie centra! meridian is =/> sin ^o or ^ tan wsinfj; but 



ForM=90o, or, at the eqiiatw, this becomes 

The constant c must then represent one-balf the longitude of the given meridian, the equator 
being developed in its true length and divided into equal parts in the same mannej: as the central 
meridian. The following construction for this projection is due to Mr. O'Farrell, o f the topograph- 
ical department of tiie War OtBce, England. All data bising as already given, draw at M the 
tangent nn' perpendicular to PM. In order to determine the point A, whose longitude is given 
as tu, lay off from M the lengths M«=Mm' equal to the true length of the required arc on tl»e par- 
allel 0, L e,,=the arc -^ described with aradius=i-sinM. With )i and w' as centers and w'C and wO 
as radii, draw arcs cutlang the given parallel in the points A and A', 

Mw=" siuM^cainM 

and, since 

CM^j-tanw 
we have 

tanMCw=c cosM=tan -^ 

or, finally, 

ACM = f 

and the dislance from A to the central meridian is 

=:rtanMsiny 
The radius of the curvature of the meridian whose longitude is m is readily obtained. We have 

AA.'=ds GG'--~ria.v?udn 

Now 

ds=j'(sec*« — tan^Meo«y)^M 
also 

set^K -Jf=— csinw^M 
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therefore, if p ilenofce the radius oi^ curvature of the meridian, we have by easy reductions 



P=r 



2esin u 



Now consider the distortion in this case, and for this purpose imagine a small square described on 
the sphere, having its sides parallel and perpendicular to the meridian. Let m and w (=2 c) define 
its position, and let a be the length of the side. If we differentiate tlie equation tan ^ =c cos u on 
the supposition that u is constant, we have 

sec^ ¥>dsff=cos ude, 

also, the length of the representation of 2<?e is tau«(?p, or 

si)i'^Mcos^^d2e 
Hence that side of the square which is parallel to the equator will be represcnteil by a line equal to 

Similarly the meridian side will be represente<l by 

T cos*^(l-;-c^+<^ sin^M) 

The sqnare is therefore represented by a rectangle whose sides Lave the ratio 

l+c^c' sin^M : J 
and its "area is increased in the ratio 

(l4-c*"cos«M.)' ■ 

If we make this ratio = unity, then results the equation 

<f cos*w+3c* cos=M— 2e^=0 

which is satisfied either by (;=(), i. e., ^=0, or by 

c^ Cf)s^M4-3 cos* M— 2=0 

VTe see from this tha.t there is no exaggeration of area along the meridian or along the curve given 
by the last eqiiiition. This curve crosses the central meridian at right angles in the latitude of 
about 5io 41'; it thence slowly inclines southward, and at 90^ of longitude from the central 
meridian reaches 50° 26' of longitude; at 180°, or the opposite meridian, it has reached 43° 46'. 
The areas of all tracts of countries lying ou the north side of this curve will be diminished in the 
renjesentation, and for all tracts of countries south of this curve the areas will be increased iu 
t&fc^epresentation. 

If we represent the whole surface of the globe continuously, the area of the representation is 



"'[(4 + -=)tan-'^+2;r] 



which is greater than the true surface of the globe in the ratio 8 : 5. 

The perimeter of tht^ representation is equal- to the perimeter of the globe multiplied by 
v'4+^— 1, or 2.72. 

It is desirable in certain cases to retain the lengths of the degrees on all the parallels at the 
sacrifice of their peri«ndicularity to the meridians. We thus obtain what is known as the ordi- 
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nary polyconic projection, which applied to the representation of the entire surface of the globe 
gives a figure with two rectangular axes and from equal qiiadrant-s as in the rectangular poiyconic 
projection. The central meridian alone is perpendicular to the parallels and is developed in its 
true length; upon each parallel described with the cotangent of its latitude as a radius we lay off 
the true leugths of the degrees of longitude and draw through the corresponding points so 
obtained curves which will be the projections of the meridians. The ordinary polyconic method 
ha« been adopted by the United States Ooast Survey because its operations being in great part 
limited to a narrow belt along the seaboard, and not being intended to furnish a map of the country 
in regular unitbrm sheets, it is preferred to make an independent projection for each plane table 
and hydrographic sheet, by means of its own central meridian. 

The method of projection in common use in the Ooast Survey Ofttce for small ai-eas, such as 
those of plane-table and hydrographic sheets, is called the equidistant polyconic projection. This 
is to be regarded as a convenient graphic approximation, admissible within certain limits, rather 
than as a distinct projection, though it is capable of being extended to the largest areas and with 
I'esults quite peculiar to itself. In constructing such a projection a central meridian and a central 
parallel are chosen, and they are constructed as in the rectangular polyconic method. The top or 
bottom parallel and a sufQcient number of intermediate parallels are constructed by means of the 
tables prepared tor the purpose, and the points of intersection of the diffeiejit mendians with these 
parallels are then found and. the meridians drawn. 

Then starting from the central parallel the distance to the next parallel i'' taken fiom the 
central meridian and laid oft' on each other meridian. A parallel ib traced through the points thus 
found. Each parallel is constructed by laying off equal distances on the mendians lu like mannei, 
and the tabular auxiliary parallels are, all except the central one, erased In fatt, a-* onl^ the 
points of intersection are required, the auxiliary parallels shouldnot be actually dt awn Fiom this 
process of construction results a projection in which equal meridian dibtances art mteicepted 
everywhere between the same parallels. 

CVLINDRIC PROJECTION. 

So far, in treating of projection by development of some auxiliary surface, we have coniined 
ourselves to the case of intersecting or tangent cones. The next most natural case to consider is 
when the developable surface is a cylinder. We cannot obviously, as in the case of the cone, pass 
one cylinder through the upper and lower parallels of a spherical zone, so that we cannot here have 
more than one of these parallels developed in its true size; if the zone is above the equator, the 
lower parallel may be developed in its true size by circumscribing a cylinder, and the upper 
parallel may be represented in its true size by inscribing a cylinder. The Itetter plan, however, 
and one which in general reduces distortion, is to pass the cylinder through some parallel inter- 
mediate between the extreme parallels of the zone to be projected. We will, however, first con- 
sider the case where the cylinder is tangent to the sphere either along the equator or along a 
meridian. 

THE KQUAE-B PROJECTION. 

The simplest, but rude, method is one in which the cylinder being tangent along the equator, 
the meridians and parallels appear as equidistant paralJel straight lines, forming squares. Degrees 
of latitude and longitude are here all supposed equal in length. Distances and areas, especially 
in an eastand-west direction, are grossly exaggerated, though for an elementary sm-face the true 
proportions of a figure are preserved. This method is occasionally used for representing small 
surfaces near the equator. 

PROJECTIONS WITH CONVERGING MERIDIANS. 

This is a modification of the square projection designed to conform nearly to the condition that 
ares of longitude shall appear proportional to the cosines of their respective latitudes. The 
straight line representing the central meridian being properly graduated, that is, the true length 
of an arc of a degree of latitude (or of a miuute or multiple thereof, as the case may be) having 
been laid off according to the scale adopted, two straight liues are drawn at right angles to the 
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meridian to represent parallels, one near the bottom and the other near the top of the chart. 
These parallels are next graduated, the area representing degrees {multiples or subdivisions) of 
longitude on each having, by scale, the true length belonging to the latitude. The corresponding 
points of equal nominal angnlar distance from the middle meridian thus marked on the parallels, 
when connected by straight lines, will produce the system of convergent meridians. The disad- 
vantages of this projection are in the facts that but two of the parallels exhibit the lengths of arcs 
of longitude in their true proportion and that the central meridian is the only one which cuts the 
parallels at right angles. The projection is suitable for the projection of tolerably large areas, the 
above defects not being of a serious nature within ordinary limits; it also recommends itself by 
the ease with which points can be projected or taken off the chart by means of latitude and 
longitude. 

THE EBCTAMGULAB PEOJBCTION. 

A less defective method of delineation than the square projection consists in presenting the 
lengths of degrees of longitude along the middle parallel of the chart iu their true relation to the 
corresponding degrees on the sphere; they will therefore appear smaller than the degrees of 
latitude in the proportion 1 : cos c,. In an east-and-west direction the chart is undnly expanded 
above and unduly contracted below the middle parallel. 

THE EECTAN&ULAE EQUAl-SUEPACB PEOJECTION^ 

This differs ftom the last in that the distances of the parallels, instead of being equal, are 
now drawn parallel to the equator at distances proportional to the sine of the latitude. This gives 
it the distinctive property of having the areas of rectangles or zones on the projection propor- 
tional to the areas of the corresponding figures on the sphere. The distortion, however, becomes 
quite excessive in the higher latitudes. 

CASSINl'S PEOJECTION. 

This projection mates no use of the parallels of latitude, but substitutes for them a second 
system of co-ordinates, viz, one at right angles to the principal or central meridian; it is conse- 
quently convenient in eonnection with rectangular spherical co-ordinates having their origin in 
the middle of the chart; the projection of Cassini's chart of France consisted of squares and had 
neither meridians (excepting one) nor parallels. This simple form is, however, not the one which is 
generally known under Cassini's name. In the projection commonly called Cassini's the cylinder 
is tangent along a meridian; through the different points of division of the equator, planes are 
passed parallel to the plane of this meridian ; and through the points of division of the meridian 
planes are passed intersecting the plane of the equator in a common diameter of the sphere. Tbe 
first system of planes, of course, cuts small circles, and the second great circles, from the sphere. 
The cylinder is now developed, the generatives passing through the points of division of the 
meridian representing the great circles perpendicular to this meridian, while the small circles 
which are parallel to it have for their projection the development of these intersections of the 
cylinder with their planes, 

This projection is not now employed, as it offers no facilities for platting positions by latitude 
and longitude; moreover, tlie distortion rapidly increases with the distance from the central 
meridian of the chart. 

We will now obtain formulas which will enable us to find the forms of the projections of the 
parallels and meridians. In Pig. 19, M denotes the center of the sphere of radius MA=r; P is 
an arbitrary point in the surface, for ■which we have 

EP=AD=(? 1>P=AE=<« 

AE denotes a quadrant of the equator and AQ a quadrant of the first meridian. The determina- 
tion of the position of P in the case of Cassini's projection is ettfected by means of the great circle 
passing through B and P, and the circle GH whose plane is parallel to that of the first meridian 
AQ; write 

FP=AG=W, GP=AF=«,| 
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B now, in the right triangle MPN, 



81 



and from tiie right triangle PKN 
but from the triangle MPK we have 

and consequently 

Equating the two values of PN 

and in like manner 




KP=MP sin EP=r cos 0, 
'p]il=r cos fl] I 
8infl=eosCi s 
sinfl,=eosC s 



From these two equations we obtain readi 
cot(u=eosiui eot 
and we also have tLe formulas 

coti«i=eote cos I 



COtiU 



sinff=eosC| sinwi 

COtcisuCOtCi COStu 






\ 




\ 




A M' 








C 















Let now, in Gassiui's projection (Fig. 20), O, O' denote the center of co-ordinates, ^=OA=0'A', 
f=AM=A'M'; also call 0b the latitude of O; then &„+,} is the quantity denoted by oi, in the pre- 
eedinsr formulas, and S is identical with o. so we ha,ve 



ceding formulas, and f is identical with 0, so we have 



C0t((?o+'!)=C( 
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By elimination of <u from these equations we hare for the equation of the projections of the parallels 

sin* f+cot' (Co+'j) sin^ C=cos2 
and by elimination of have for the meridians 

[eos*(u+cot*(tf'+';)] [sin^<u~siu^l]=sin^!u cos^ut 

Both meridians and parallels are thus given in this projection as transcendental carves. In these 
last equations we have regarded the radius of the sphere as =1; now malie the radius =r; then 
for c and ^ we must write-and?. When the projection only represents a narrow region included 

between two meridians and two parallels very near together, the ratios - and ^ are very small and 
so is the difference O—Oo', so we can write 



=i-ii 



tailn 



and the equation of the parallels h 

(■o—r cot e„)H?'=»^ cot* (k [cot Oo+i sin i [d—d^] 

and that of the meridians 

2r 
"+•■ '»" W+oo¥MEK-='" '"+'»"' ""' 

We see that in this case the meridians are projected in parabola and the parallels in circles. 

Write for convenience Oa-\--it=^>., and let the angle x, in Fig- 21, denote the angle which the 
tangent PM to the projection of a meridian makes with the axis ij; also, let X' denote the angle 
which the tangent PL to the projection of a parallel makes with the same axis. Then we have 



tan; 



_(*? 




Fig. 21. 

The equation of the meridians is easily thrown into the form 

tanf=coe ^tanw 
and that of the parallels aiso becomes very readily 

8inC=sin^eos? 
For these we may substitute in practice the group 

cot :*= cote cos m siu?=eos? 
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We now have 

d;__ tan lu sill i 

and also 

tan X = — tau w ros ? sin 

Now, from tlie equatiou of the parallels, wo Lave 



dX tan i tan c 
or, since tan $=C08 A tau lu 

tanj;': 



cos f cot (W 



sinitaniu" siiiw 

Combining these values of tan ;f and tan ;^' by multiplication, there results 

t'an^tan/=cos^? 

The condition that the projections of the meridians and parallels should cut at right angles is 

tan/tau/=l 

So it is clear that in general in Cassini's projection the meridians and parallels are not represented 
by orthogonal curves. For f=0 we have 



or the projections of all parallels are perpendicular to the central meridian. If ;)^9(jO we have 
X=o', or the projections of the meridians make the same angles with each other as the meridians 



and substitute each set of values in the formnla 



,„_KI7 



and by very simple reductions we find for the radius of curvature of the projections of the meridians 

p = "i^siix 

sin X [cot X cos 2+2 tan f sin;^] 
and for the parallels 

_ rsin^Aein^? 

''~co8*/cot$(sin*f+cotA) 

Eor the case of ji;=0 and A=0, or the point where a meridian cuts the equator, the expression for 
p„, becomes indeterminate, but by the ordinary means for Jinding the value #f indeterminate qnau- 
tities p„ is found to be for this point 



The radius p^ becomes infinite for the same latitude, *, e., for J=0,bHtis indeterminate for the points 
at which f =0; one has for these points 
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MEROATOB-'S PBOJBCTION. 

If a cylinder be passed tangent to the sphere at the equator, and the planes of tlie meridians 
and jiarallels he produced to cut the surface of the cylinder, the meridians will be represented 
upon the cylinder by right lines and the parallels by circles, the right sections of the cylinder. If 
the cylinder be developed, we obtain a projection in which both meridians and parallels are repre- 
sented by tight lines, the augles between the lines being right angles. 

It will be convenient here to define a loxodromic curve, or simply a loxodromic; this is a line 
drawn upon the surface of the sphere in such a manner as to cut all the meridians at the same 
angle. Any straight line drawn up on a chart constructed as above will of course represent a lox- 
odromic upon the sphere. This projection has already been alluded to under the head of the square 
projection; its disadvantages are obviously very great, only east-and-west and north-and-south 
directions being preserved, and degrees of longitude only preserving their true length upon the 
line of contact of the cylinder and sphere, *. e., upon the equator. 

'Reducid charts, or Mercator's charts, are charts whoso construction is such that not only are 
the meridians given as light lines, a necessary condition that the loxodromic curve may be repre- 
sented by a right line< but so that the angle between any two curvilinear elements upon the sphere 
is represented upon the chart by an equal angle between the representatives of these elements. 
This is effected by a proper spacing of the distances between the parallels, which are also repre- 
sented as right lines upon the chart. We will now give the means of <fetermining the proper 
position of any parallel upon the chart by observing the condition that the angles formed by two 
curvilinear elements upon the sphere shall be preserved upon the chart. Let ab, Fig. 22, denote 




an element of a loxodromic cutting the two infinitely neiir meridians Pa and P6; draw the parallel 
fl6'. Now, in order that the angle ABB' upon the chart shall=fl.66' upon the sphere, we must have 



bb'' 



ab' 



Now, as the distance''between any two meridians is everywhere equal to the distance between the 
same meridians at the equator, AB i8=o;?, the element of the equator. Let da re]>resent an element 
of a meridian upon the earth {hereafter we will write earth instead of sphere, as the intention is to 
take account of the true shape of spheroid) and ds the element corresponding to this upon the chart. 
Let represent the latitude of the extremity of the elliptic arc da (which is measured, of course, from 
tlie equator), p the radius of the parallel of latitude 0, t the eccentricity, and, as be+'ore, a the radius 
of the equator. The condition 

BB' AB 



"bb' ' 



' ab' 



becomes now 



Hosted by Google 



TUBATISB ON PBOJECTIONS. 85 

but 

and 

_ a cosc 

therefore 

__a_(l~£V 



coscfl— s* sin^fj 
Multiplying r* in the niiinerator of this expression by sin^^+cos^tf, this becomes 



Integrating from fl=0 to C, i. c, from the equator to latitude ff 

E cos 0d9 



X« cos odo C e t 

f' disinO] n dl.Hinj/l 

Jo 1— siii^c "Jo i— e* sin^c 

where M^0.43i2945 is the modulus of the toninion logarithm. Since 

=jj|^iogtan(^45o + 2J_(^^8mfl + L^+ . . . -JJ 

essing a ii 
finally for * 

s=7915'.T0ifi74 log tan ^'45o+g^-3437'.7(^£= sin 0-{-~ 



this formula can be written 



where powers of s above the fourth may be neglected. The further consideration of this projection 
is reserved for Part II. 




i. brief investigation will be given here of the loxodromic curves upon the sphere ; at another 

is 

-dby^ 



time a more rigorous and geoeral study of these curves will be given. From the <lcfinition it is /-"^ l 

-dbyCoogle 
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clear that a loxodromic carve upon tbc sphere ia a species of spiral wliich winds around the sphere 
approaching indefinitely near but never passing through tbe poles,, which are consequently 
assymptotie points to the curve. This is obvious when we consider that the loxodromic making 
equal angles with all the meridians, at the pole it would have to make the same angle with all the 
meridians, which would be impossible. 

Consider two points A and B (Fig. 23) on consecutive meridians, the geographical co-ordinates 
of A being and w, and those of B beiog fl, and <ui. The angle CBA, measured from the north, 
is the constant angle that the loxodromic makes with the meridians ; call this angle Q. The arc EE' 
of the equator measures the angle between the meridians. Let dc represent the change of latitude 
in passing from B to A, and dta the infinitesimal arc EE'. Draw the parallel Bt; then, calling the 
radius of the equator r, we have, since B6i=^(u cosc, 



Integrating this, wc have 
(A) 



n(45o+£) 
n ( 45°+Tj ) 



PorQ=0, orlSflo, thisrednces tO"!— i"i=0, which gives the curve as the meridian of B. ForQ=90o 
the equation is satisfied only by C^c,, or the curve is the parallel passing through B; for the 
particular value "1=0, the loxodromic is the equator itself. For the computation of the arc («— lu, 
in minutes, we have 

tan( 450+ij ) 
^-,»,=7915'.7«5 tan Q log >- -I 

tan ("450+^) 

lu the above equation (A) we have, by passing to exponentials, 



*exp. 



(.fi;ri5.)c, 






Now 


l+taug 



n (^450+2^ = - 



r say. 



1— taug 
then 



'""s-^+i 

Substituting the value of a as obtained from the above equation, we have finally 



^ tan(^ 450+^ j exp.^^^ — ^'cotQ— 1 

(B) ""'2—7 ' 

tan( 



I (45°+ 2" ) e^'P- " -,.— cotQ+1 



a of rectangular rectilinear co-ordinatfis in this equation by means of the formulas 
3i=,T cos uf (10(1 " a.'i=r cos wi cos Ci 

y=r sin 01 cos (i y\=T sin lu, cos Pj 

' Exp. IB used as an abbreviation of "e la tkepovier of." 
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gives us for the general equation of a loxodromic passing through the point x-i, y,, ^i on the surface 
of the sphere x^+!/^+^=r^ 



r—^x'+f=z 






(s,— Va^i^yi^+f-jesp. 



EQUATION OF A GREAT CIECLE, 

All the data remainiug as before, conceive a great circle to pa 
CBG. 



j through B; its azimuth z= 




Fig. 24. 

In the triangle CBG, Fig. 24, we have 

cot OG sin CB=coa OB cos 0+sin C cot B 
or 

tan cos Wi=sui Ci cos (tu— iui)+sin (ui— lui) cot Z 
ami, since 



tan c= — 



it follows that 
(0) 



n|=l(l_t.rf-») { ,a„ », cos (»-»,) +«5t_^^,i„(,_„) } 



which is the equation of the great circle passing through E, and mailing with meridian of B an 
angle=Z. 

In Fig. 25, jjADjj' represents a circle which is parallel to the meiidiau PBP' and distant 
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from oD=OD— Oo=<u5— <W|, if the longitude of I> be taken a8=«'a. Draw AB' perpendicular to 
PP'; AB'^=oD, and the right-angled triangle PAB' gives U8 for the relation between the latitude 

FA^C and the longitude oF=u/—v/^ of any point of this circle 

(D) si„(.-».0=g^('"^-'"') 
^ ' ^ cose 

EQUATIONS OF THE PROJECTIONS OF THE LOXODEOMIO, THE GREAT OIEOLE, AND A PARALLEL 
TO A MERIDIAN. 

Since the equator is developed into its actual length, taking the rectification as the axis of f , 
we can replace la—m^, expressed in the same unit as the radius r of the equator, by ?, and equation 
A becomes 

(E) ecotQ=rlogtan^46o+|~^— *-logtan^45o+">~^ 

Now, in order to find out upon the chart how many of these curve units are contained iu the 
abscissa ? of a point of the curve corresponding to any latitude e upon the sphere, it will be neces- 
sary to introduce in this equation the already-found values for Q, 0,, and 0. The ordinate ij of the 
same point will be found by making E =0 in the value already found for the length s. This gives 

(F) vi=rlogtan(^45o+|') 

Eliminating between E and P, we have, for the equation of the projection of the loxodromic, 

, = = cot Q + »■ log tan Aso + ff\ 

a straight line making an angle Q with the meridian, which is here taken for the axis of jj, and 
passing through the point of the chart which corresponds to the point on the sphere of latitude o^. 
The equations of the great circle and parallel before spoken of are obtained by eliminating 
between equation F and equations C and E respectively. Write equation F in the form 



then we deduce ii 



n(45o+0_«5 



Substituting this in equation C, and writing m — (ui=., we have for the equation of the projection of 
a great eircle 

' ' e' — c '=2 tan ''i'Jos-+„^ siu ^:- 

Since 

cos 0= 

1+tan^^ 

the projection of the parallel is readily found to be 

Thus we see that both the great circles (other than meridians) and the parallels to any merid- 
ian are projected in transcendental curves. The discussion of these equatious is very simple, and 
need not be given here; the subject will, however, be resumed in another plaee, and more general 
forms of equations obtained for the loxodromies upon the general ellipsoid and upon the ellipsoids 
of revoluiiiou. 
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ZENITHAL PROJECTIONS. 



A projection ia said to be zenithal when all points upon the earth's surfece that are equidistant 
fcom a certain assumed central point are represented upon the chart in the circumference of a 
circle whose center is the projection of the assumed poiut upon the sphere. 

The new co-ordinates to which the position of a point is referred are the almucantars and azi- 
muthal circles of the assumed central point, and, as in the case of perspective projections, these 
cireles of the sphere are given upon the chart as concentric circles, the almucantars and their 
diameters the azimuthal circles. The angles between the azimuthal circles are conserved, as in the 
case of perspective projection already alluded to. The name senifkalprojecUom is obviously derived 
from the fact that they can always be considered as the representation of the hemispiiere situated 
above the horizon of the given point, and having the zenith for pole. For the determination of 
the new co-ordinates in terms of the latitudes and longitudes, supposed known, we have only to 
solve a very simple spherical triangle. 




Let C {Fig. 26) be the point upon the horizon of which the projection is to be made, P the 
pole; then RPOIt' is the meridian, and EBE'B' the horizon of C. Let A denote any poiut whose 
latitude and longitude and la are known, and let A represent the latitude of C. Now, in the spherical 
triangle PCA (the circles of PC and PA being, of course, great circles) we have given the side 
PC=90O— 1, the 8idePA=90° — 0, and the angle at P= the longitude a> counted from the meridian 
BPCE', to find the side CA=a and PCA=jS. We have at once 

cos a = 8iu sin A + COS S cos X cos (0 

or, introducing an auxiliary angle C given by tan C=cos lu cot A 

sin(i?+0 . , 
cos a= ^ — 5— 8in X 



In the case of A=0, or the center of the chart assumed upon the equator, these become 

cos a=cos HI cos tan (5=tan u cot 

The construction of the projection is now, of course, quite simple, if we know the law which is to 
connect the radius of the representation of each almucantai' upon the chart with the corresponding 
angle a; i. e., if we know some such relation as p=Y(a), It would only be necessary in using this 
projection to have tables giving the values of p for each value of a, and to lay off these values of 
p upon the diameters making with the meridian PC the corresponding angles fi as determined by 



Hosted by 



Google 



90 



TREATISE ON PEOJEOTIONS. 



another table. The projection will evidently be symmetrical with reepeot to the meridiaE PC and 
also with respect to the equator if the center be chosen upon that line. The simplest form that 
we can give top is evidently /)=)'a. Thisiseqnivalenttosaying that the radius of each almucantar 
ie equal to the arc of the great circle upon the sphere which joins the center of the region to be 
projected to the small circle under consideration. If the pole is taken for center, the aluiucaiitars 
become the parallels and they are given by 

This projection was first employed by Guiilaume Postel in 1581 ; afterwards by Lambert in 
1772, he regarding it as a zenithal projection ; then again in 1799 Antonio Cagnoli believed that he 
had invented it for the first time, and gave it his name. We shall adopt the name apparently 

given for the first time by Germain, and speak of it as the equidistant zenithal projection. 




Expressing in units of angular measm-e, or degrees, the radii of the sphere and of the different 
circles that we wish to project, we have obviously, trora Fig. 27, 

A'B'_90° ^r_ 90^ 
AB ~1SOO~57.2U 
lifow 

^=AB sin a 
and 

j^f__ a 
A'B''90 



A'B'_ _90__90</' sin« 
AB"~57.2li~" a ""ef 



ef .'>7.2!l sin a 



This ratio tends to unity as a diminishes and becomes, for « 



~57.29 

wliich shows that the degrees upon the projection are a very little smaller than those which cor- 
respond to them upon the spliei-e. From the formula p=ra it is clear that the central distances 
are conserved, and from what we have just seen it is clear that, if the projection be not extended 
more than 30° from the center, the dis^nces perpendicular to the radii p will also be very nearly 
conserved. With the pole aa center this projectii.u lias been much used by the French Ewrtaw des 
Longitudes for the charts of eclipses published every year in the Vonnaissance des Temps. This 
equidistant zenithal projection may be considered as the final one of a series of pi-ojectlons of 
which the first two terms are the guomonic and the stereographic projeetions respectively. For 
the gnomonic we have 
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for the atereographie 

p=2r taiiij 
Now write 

fi=nr tan - 

for «=1, 2, respectively we have tiielast two equations. This can bo written, however, in the form 

«'"'';=--^- T^' 

cos- — 
n ii 



PROJECTION BY BALANCE Ol' EEEORS, 

We will now take up the projection invented by Sir G-eorge B, Airy and give the full account 
of It that is given l>y the illustrious author himself in the first part of his paper published in the 
Philosophical Magazine for December, 1861, having the title "Expliination of a Projection by 
Balance of Errors for Maps applying to a very large extent of the Earth's Surface; and Compari- 
son of this projection with other pngections. By G. E. Airy, Esq., Astronomer Eoyal'* As a 
slight mistake was made in this paper it will not be given in full exactly as It appears in the 
Philosophical Magazine, but Captain Clarke's correction of Sir George Airy's error will be iiiter- 
])olated in its proper place. Captain Clarke's account of the correction to be made and tiie con- 
sequent necessary changes in some of Airy's concUisions, is to be foiind in the Philosophical 
Magazine for April, 1862, " On Projections for Maps applying to a very large extent of the Earth's 
Surfefie. By Col. Sir Heniy James, E. E., Director of the Ordnance Survey ; and Capt. Alexander 
R. Clarke, R. B." 

In this projection, as in all zeoithal projections, any point of the earth's surface may bo 
adopted as the center of reference to be represented by the central point of the map. The pro- 
jection is subjected to the conditious: (1) that the azimuth of any other x>oiut on the earth, as 
viewed from the center of reference, shall be the same as the azimuth of the corresponding point of 
the map as viewed from the central point of the map; (2) that equal great-circle distances of other 
points on the eartb from the center of reference, in all directions, shall be represented by equal 
radial distances from the central point of the map. These conditions include the stereographic 
projection. Sir Henr.\' James's projection, and others; but they exclude the Mercator projection, 
and the projections proposed by Sir John Herschel. The two errors, to one or both of which all 
]>rojections are liable, are, change of area, and distortion, as applying to small portions of the 
earth's surface. On the one hand, a projection may be invented (called by Airy, "Projection with 
Unchanged Areas") in which there is no change of area, but exce&sive distortion lor parts far 
from the center; oa the other hand, the stereographic projection has no distortion bat has great 
change of area for distant parts. Between these lie the projections usually adopted by geographers 
with the tacit purpose of greatly reducing the error of one kind by the admission of a small error 
of the other kind. The object of the projection invented by Airy " is to exhibit a distinct mathe- 
matical process for determining the magnitudes of these errors, so that the result of their combi- 
nation shall be the most advantageous." The theory is founded m)on the following assumptions 
and inferences: 

First. The change of area being represented by 

projected area ^ 
original area 
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and the dietortiou being represented by 

ratio of projected sides - _ projected lengtli x origi niil breadth - 

ratio of original sides ~ projected breadth x origiiiai length 

(where the length of the rectangle is in the direction of the great circle connecting the rectangle's 
center with the center of referenoe, and the breadth is transverse to that great circle), these two 
errors, when of equal magnitude, may be considered as equal evils. 

Second. As the annoyance caused by a negative value of either of these formulas is as great 
as that caused by a positive value, we must use some even power of the formulas to represent the 
evil of each. The squares will be need. 

Third. The total evil in the projection of any small part may bo represented by the sum of 
these squares. 

Fourth. The total evil on the entire map may therefore be represented by the summation 
through the whole map (respect being had to the magnitude of every small area) of the sum of 
these squares for every small area. 

Fifth. The process for determining the most advantageous projection will therefore consist in 
determining the laws expressing the radii of map circles in terms of the great-circle radii on the 
earth (L e., to determine p=Fa), which will make the total evil, represented as has just been stated, 
as small as possible. 

Let a and b denote the length and breadth of a small rectangle on the earth's surface, and 
a+Sa, b+db the length and breadth of the representation of this rectangle upon the map, neglect 
powers of Sa and 8b above the first. Then the change of area 

_projected area ^ {a+6a){b+Sb) j _''<(i,8b 



' original area 
And the distortion 



1 = ■ 



_ projected length original breadth 
"projected breadth original length 



and we may therefore u 



/■da Sb\^ rSa db\-i 

\j<:+b J +\^a—b J 



as the measure of the evil for each small rectangle. 

Let a denote the length, expressed in terms of radius of the arc of a great circle on the earth 
connecting the center of the small rectangle with the center of reference; p the corresponding 
distance upon the chart, expressed in terms of the same radius, of the projection of the center of 
the small rectangle from the center of the chart; to find p in terms of a. Let the length of a small 
rectangle on the earth be da, the corresponding length on the map dp. Also let ,9 be the infini- 
tesimal aaimuthal angle under which, in both cases, the breadth of the rectangle is seen from the 
center of reference or the center of the map. Then we have 

a=3a a-\-Sa=8p Sa—Sp—do, 

6=jSsino b+sb=,3p db=j5(p'-sma} 

(£)'+(?yKI~0'<B^."0" 

This quantity expresses the evil on each small rectangle. The prodnct of the evil by the extent of 
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surface which it affects, omitting the general multiplier (S, is 

{(-£-0+0e-0'}"°* 

Oonsequeiitly the summation of the partial evils for the whole map ia given by 
Or if p—a=y and if we put^ for -^, the expression is 



f\ 



{y+o- 



p^ sin n-f- 

and this integral over the surface to which the map applies ia to be a minimum. Jvist here it will 
be of interest to give Captain (now Colonel) Clarlie's elegant method of obtaining this fundamental 
equation. 

Let P be the point on thesphere which is to be the center of the map, apdQ any other point on 
the sphere such that the arc PQ=a; if Q' be the representation of Q on the development, PQ'=p. 
Suppose a very small circle, radius <«, deacribed on the sphere having its center at Q; then the 
representation of this small circle on the map will be an ellipse having its minor axis in the line 
PQ' and its center at Q'; the lengths of the semi-axes will be 

dp III 

the differences between these quantities and that which they represent, that is, w, are 

-(1-0 -(.^-0 

and the sum of the squares of these errors is the measure of the misrepresentation at Q'. The 
sum for the whole surface from a=0 to a=T is proportional to 



which is to be a minimum. 

Eesuming now the expression 



n 



write it as 
Make 



and giving to p only a variation subject to the condition that %esO when a=0, the equations of 
solution are 





N- 




=0 


ip sin a 


wlien 


.=.T. 


Now 


8to 


-sin a 


) 


Iff 



where P, is the value of 2p a 



Hosted by 



Google 



94 




TEEATISE 


ON PEOJEOTIONS. 


a.nd the equation 






s-f=o 

da 




becomes 




?M-_ 


a_sin « 


i-y 


„<*_ 






sin" a 


'Sm a J — ^ ■— COS 


s- 


or 
















sin^ 


«T^+8iii 


<,COSa|-J,= 


a-sino 


For a— sin . 


■t use the 


symbol A and 


assume 


=»'"4!+» 





Then, by actual diflfei'entiation and substitution, 

ds ■ , ^ . • ^y 

sm a J — ^=sm^ a j-^ 4-8in a cos oL^~y 
da da^ ' da " 

or 

dz 
sin a ^j — 3=A 

This equation is iiitegrable when multiplied through by ; the solution gives 



This last equation is integrable when multiplied by ; the solution gives 



a CAda^ 



i/=icot 



is^ n ,J sin^ „ 



If jj =v'', the solution may be put in the form 

/•sin^^ PAAip 



3/= cot if' 



/ sin 4id'i,4i PA 
cosV jiT 



y=.^^4 J r^^-jcot^, r^.^^-^^ 

^ 2nm<fi cos vv 81° ^ J sin'' (* cos* ( 

Replacing A by its value u— shia, we have, finally, 

^= — a— 2 cot g log cos 2 4- *J tan h+*J' cotg 
In this, as p=0, for a=0 we must hare C'=0, 



Hosted by 



Google 



TREATISE ON PROJECTIONS. 95 



The second condition 
is easily seen to become 
which gives for 



eosec'^logco8| + JCsec=^=0 



C=— 2cot*2logeo85=cot^^ logsec^^ 
For the center of the chait, where a=0, we have, on substituting for y its value, 

M'\ _l+c 
And finally 

P=~-2 eotjrlogco8~ + tan7-,cot* s log sec' ^ 

The logarithms are true Sjiperian, and to transform to common logarithms it wiU be necessary 
to divide by M=0.43429448. 

The limiting radius of the map is R=2C tau \ This quantity does not increase indefinitely, 
but is a maximum for r=126° 24' 53"; and, for quarter values of r, It diminishes. As in all that 
precedes we have tacitly assumed the radius of the sphere as equal to unity, we must, for any 
radius r, multiply the found values of p and R by r. 

Sir Henry James has invented a perspective projection which is nearly enough aUied to the 
present subject to be included under the head of zenithal projections. In the attempt to make 
the misrepi'esentation on the map as little as possible, he has been led to choose a position for the 
point of sight given by the formula c=1.50»-. Colonel James, wishing to apply this projection to 
the representation of a portion of the earth's surface greater than a hemisphere, takes for the 
plane of projection no longer that of a great circle but a plane parallel to the ecliptic and pacing 
through either the tropics, i. e., at a distance from the center of the sphere =r sin 23° 30'. The 
radius of the bounding circle of the chart is =r cos 23jo=0.91706 r and the equal lengths upon 
the spherical surface are at the boundaries of the chart only one-sixth greater than towards the 
middle. Colonel James has chosen this particular position for the plane of projection because, 
with the central point assumed upon the tropic of Cancer, in this circle of projection can be repre- 
sented Europe, Asia, Africa, and America. The name chosen by Colonel James, "a projection of 
two-thirds of the sphere," is not exactly correct, inasmuch as in reality seven-tenths of the surfiice 
of the earth is represented. 

For the projection of a hemisphere the above system is the best possible, for in it the misrep- 
resentation is a minimum; but for extending the projection from 90° to 113° 30' Captain Clarke has 
shown that the true position for the point of sight is at a distance from the surface given by the 
formula c=l^»- instead of c=l^»'. Taking the radius of the sphere as unity, and making h the 
distance of the eye from the center, and Tc the distance of the plane of projection from the same 
point, we have 

_ Jc sin a 
h+tiOS a 

for the radius of any almucautar. This involves two arbitrary constants k and h, and these may 
be so determined as to render the integral 

/;u Bin .(ia 
a minimum, where 
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Eepliicing -~t by its value, It ,J^^ J j ^-nd p by its value, we have 

This must be a minimum with respect to fc and h. Effecting the integration, i 

Q=FH,+2AHj+4 8in^^ 
where the symbols Hi and Ha are 

'~ G G^ "^ 3G' 3 1+A 



' T+&'^'~5 — 



Now, the conditions for a minimum are 





«^!_0 


«^_0 




dk 












itHt+H2=0 


^t+^t-» 


from which 








ft- ^« 


g_ffl, 2IJ,™'-0 








hence 







Now A must be so determined that=i shall be a maximum. This is most easily done by cal- 
culating the values corresponding to assumed values of h. We have the following; 



h 


log H,' -log H, 


1.35 
1.36 
1.37 
1.38 
1.39 


0. 420732 
0. 420756 
0. 420762 
0. 420747 
0. 420665 



tey interpolation the maximum is found to b 



* 


logH,>-logH, 


1. 36763 


0. 4207623 



i cousequeiitly 






The point of sight is here at the distance of about ^ of the radius from the surface of the 
sphere, instead of ^ as In the previously-deacribed projection by Colonel James. We have also 

_ 1.66261 r ain a 

"""l^OTOS+cosa 
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For a=^113o 30', the radius of the limiting circle of the chart is 

E=1.5757 
and by Sir George Airy's "Balance of Errors" 

R =1.5760 

The values of p from the above formula are found in Table XXVI. This species of perspective 
projection is very useful for representing large portions of the earth's surface, and for the construc- 
tion of physical or geological charts; for the large star maps it is preferable to the stereographic 
projection, because it is capable of representing with but little error at the limits a very large 
portion of the sky, but, not possessing the important attribute of conserving the angles, does not 
show the constellations in their true forma, 

GLOBULAB PEOJECTION.* 

This projection, which is often wrongly confounded with Postel's equidistant projection, is 
very simple of construction, all of the lines drawn to represent meridians or parallels being arcs 
of circles. 

A circle is drawn of arbitrary radius, and two rectangular diameters Sre also drawn, repre- 
senting the first meridian and the eqnator respectively. The parallels are drawn passing through 
points of equal division of the first meridian, and the meridians are made to pass through the two 
poles and the points of equal division of the equator. If the centers are too far removed to con- 
struct the circles by that means, they can be constructed by means of points. The formulas for 
the radii of meridians and parallels are readily found to be 



■where S is the distance from the point of intersection of the meridian with the eqnator to the center 
of the meridian which limits the projection, and r is the radius of the sphere, and 

''" 2{h—d,) 

where a,=the distance from the point of intersection of the parallel with the central meridian to 
the center of the hemisphere, and h=^r sin 0. If n denote the number of points of subdivision of 
the equator and central meridian, then 



and, in consequence, 



{#— 2M._sin_fl+l) 
~2~(h'sinO — 1) 



Before leaving this subject wo will study briefly the alterations in angles, lengths, and areas 
caused by projection, a general investigation of the theory of alteration being reserved for the 
purely theoretical part of this work. 

Denote by 6 the angle made by an arbitrary line upon the sphere with a meridian, and by ¥ 
the corresponding line upon the chart, and make, for brevity. 

We have now j^, as before, denoting the azimuth, 

tan e=^ sin a tan ¥=p ^^ 

da. '^ dp 

IS invented by J. B. Nieoloai, of Paterno, Sicily, in lOGO, wliile 
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These two equations give by elimination of A(i (and consequently of ^) 

tan W=3 iaa0 
where 



1+J tan^9 

It is clear from this that 0, which is the angular alteration, is independent of the azimuth ^. 
We can now calculate * in all eases where the forra of the function I" is known, which defines p by 
means of the relation /)=F(a). Since tan *^0, for 6=0, ^, wo have for these two eases d=W, 
which we already knew, this only expressing the fact the projections of the almucantars and 
azimuihal circles are orthogonal as are the lines themselves upon the sphere. We will now deter- 
mine the maximum of fl> regarding 9 as the independent variable; denote the resulting values of 
6, W, and d> by the same symbols witli the suffix ((,}. Forming the first differentifl coefftcient of 
tan d*, we are conducted at once to the relation 

1- J tan^ 0=Q 
from which 

taiie,= ±J-'=± / <*LoBP_ 

'\j d log tan = 

There are thus two directions upon the sphere symmetrically situated with respect to the meridian, 
the angle between which is most altered. The same is, of course, trae upon the chart, and we 
have, in fact, for tan 'F, 



tan %=Ai3''= 

Combining these two, we And 

tan Oa tan ^^=1 

excluding negative arcs aud arcs >". We are able now to iiud the maximum of tan *, \ 

tan^„=J^4 
Substituting for J its value 

—d log p-'rS, log tan = 



2^^ log pd log tan I 

This gives (Po=0 for a=p=.0, or there is never any alteration at the center. For J=l, that is, for a 
projection in which the angular alteration is everywhere zero, we find 

d log p=.d log tan ^ 
and consequently (there being no constant} 

/-=tan| 
which is tlie law of the stereographic projection. 
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ALTERATION OF LENGTHS. 



Denoting upon the sphere the co-ordinates of two infinitely near points by o, ^ and a+da, 
jS+(?;5, we have for the distance between them 



and for the corresponding distJince upon the chart 



Make 
thence 



o*+/)^d;?^=m^{sitf ad^'^+da^) 



The ratio ra is, of course, different in different points of the chart and also, in general, differs with 
the direction of the element under consideration. This last is equivalent to saying that m is a 
function of 8 and of course varying iVith 



To find, then, the value of 8 which makes wi a maximum or minimum. The above expression 
for m^ gives 

sin^ad^=+da' 

Dividing numerator and denominator by da^ and substituting tan 9 for its value. 



Equating to zero the derivative of this expression with respect to 8, there results 

«i„«™«(jJ,-g)=o 

Tliis shovre that m is a maximum or minimum for ^^0 or JJ; i. e., either for an almucantar or an 
azimuth (the diameter of the almticantar). Taking the second derivative, we are conducted to 



ysm^ a da' 



-0 



"We must examine the sign of this under the two suppositions of 9=0, or ^. Suppose first that 
the factor in parenthesis is positive; i. e., 

p^ sm' a 
there results at once 

P < tan ^ 

This condition being supposed satisfied, by any means whatever, we will have the second derivative 
positive for e=0 and negative for 8=^; consequently m will be a minimum for 8—Q,aiiA a maxi- 
mum for 0=% If the same factor is negative, we must have 
P > tan ^ 
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aiid the converse of the above will take place, m being a maximum for 0=0, that is, along the pro- 
jection of tlie aaimuthal circle, and a minimum for 9=^, i. e., along the projection of the alma- 
cantar. Prom 

8in^ a da? 
there follows 

/>=tan^ 

the stereograpMc projection. This is, then, the only system in which the ratio of corresponding 
elements upon the sphere and upon the chart is indepeudent of 9. To find the actual maximum 
and minimum values of m, substitute ^=0 and ^ iu the formula 



For brevity, write nio=i>i for 8=0, and ini=m for 0= „; then 

m„=^ upon the radius m(i=^^ upon the almucantai 

The alteration of areas will obviously be expressed by the product memi^=ii^; then 

sin a da 
or 

'' * d cos a. 

The application of the preceding results to the different cases of zenithal projection that we 
have studied is very simple. Beginning first with the alteration of angles, we have for the radius 
of the almucantars (or parallels) in perspective projection 



C+COS a 

and eoiiscfiuently 

j^ '^^«g'^"I ^ C+COSa 
d\ogp 1+ceosa 
Now 

„ , /cCOSa + l 

tanei,= ±,/ — ■ ■- 

" V C+COSa 



tan!Pt,= - 



_(C-1)_(1_C0S«)_ 



2 V(c+COSa) (cC08a + l) 

In Colonel James's projection, 



0=1.60 J=i??±?^ toe.=Jt£»5»«iti 

V 1.50+coa a 



1.50 cos a+1 
and 



/(1.50+COS a) (1.50 COS a + 1) 
For «=90o, 

tan0n= /-A = V.666+ (?„=39o 14' nearly, 

that is, at a distance of 90° from the center the angle most altered is about =30'^ 14'; this is rep- 
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resented upon the noiip by 50° 46', the alteration being 11° 32'. In Captain Clarke's modification 
of this projection, 

c=1.367fi3 tan #o=. __._,-^£^JffJ^-<''^^ "' 

2 V{l-3676S+BOS «) (1.36763 cos «+l) 

In this case, making (i=90°, we find tor tlie maximum alteration at that distance from the center 

!Po=8o 56' 

In the equidistant zenithal prcyection 

«=« J=^^ tane„=i 1^1 taiig*.= « — 8in a_ 

SIO a V a 3 V « Sin a 

At the center, «=0, J is equal to unity, and in conseQuence 

00= ± 450 ¥n= =k 450 if u=0 

ffo now decreases until a=|i thentanf'i,= ± /?,or eo=:38° 35' 10", and also r„=51o 24' 30"; the 
maximum deviation being ^0=12° 49' 40". In the projection by Balance of Errors we must cal- 
culate do and I'q by means of the rather complicated formula 



= -2cot|logeos|+tau? (^cot*|log8ec^-T j 



The angular alterations in the gnomonic and orthographic projection are readily found to be equal 
Trith contrary signs. 

For perspective projections we have more generally 

__ (/ sin a 

C+COSa 

from which we can find 

da (C+COSn)^ sin a C+COSa (c+COSo)* 

For stereographio projection, 



The ratios of alteration thus depend only upon a, beginning at the center, or a=0, with the values 
of unity, at the circumference or a=90°, 

In Colonel James's original projection the plane of projection coincides with one of the tropics, 
and e'=1.1012. Consequently for the center 

At 90^ from the center 

'""=2:04-3 ''''^l.L '^'=2.7825 

At the limit of US© 30' 

■mo=j-i— ^1=2.265 /i^=1.88 

In Captain Clarke's modification of this projection we have, for the same limits, 

»»„=1.149 wti=2.436 iJ^=2.'iOD 
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For the equidistaut zenithal projection 

sin a sin a 

At tiie center, a=0, the ratios mi and fi^ aro=l; from this point they increase luitil 0=90'^, when 

mi=/z^=|= 1.5708 
a continuing to increase, mi and ;t^ also increasing until «=180°, when 



§ VI. 

EQUIVALENT I'EOJECTIONS. 

The only condition which is to he fulfilled in this class of projections is the eqnivalence of an 
elementary quadrilateral upon the spheroid with the corresponding (|nadrilateral upon the map. 
The quadrilateral upon the surface to be projected can be formed by two meridians and two par- 
allels, each indeflnitely near the other; the corresponding quadrilateral upon the map will also, be 
very approximately a rectangle. The general mathematical investigation of this kind of projec- 
tion will be given in another place, and for the present we confine ourselves merely to the equiva- 
lent projection of the sphere. Denote, as usual, latitude and longitude by and <•> respectively; 
call p the radius of the parallel of latitude 0, and s the meridional distance of a point from the 
pole; then for the area of the small quadrilateral included between two infinitely near meridians 
and two infinitely near parallels, we have 

rpdsdut 

"Writing here, since p and s are functions of 0, 

rp(ts=0d6 
where S is a function of o, the element of areas is 

=edod^ 
For the earth we have, without any difElculty, 

r^(l-- £^)co8i? 
"(T^^lin^cf 

The co-ordinates of the corners of the infinitely small quadrilateral on the sphere are 

0, a, 0, a,-^dm O+dO, «i O+dO, io + d(u 

Tating ?. jj as the projection of c, lu, Taylor's Theorem gives for the remaining co-ordinates 



^S^+H" 



and, consequently, for the area of this parallelogram 







dt 
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The condition of projection thus requires 





dS 

n 




dii 



It will clearly T)o necessary to choose some value for either ? or ij which shall be a function 
of and (o : suppose we take 

?=/(", 0.) 

theu the difterential coefficients ^ and g-'- will also be known fuuctioos of and <o; writing 

the above equation of condition can be written in the form 

To integrate a partial differential equation of this form we know {vide Boole's Differential Equa- 
tions, page 324) that it is necessary to foiia the system of simnltaueous differential equations 
d0_ dvi_j3,yj 

deduce their general integrals in the form u=a, v=h, and construct the equation F(m, ■!i)=0 which 
wil! be the general solution sought. We can proceed directly as follows : Erom the first and second 
differential expressions given above wc have 

P^ui+Qdo=0 
which leads at once to the integral 

no, <o)=c 

when c is an arbitrarj' constant. Solve this equation for lo and we obtain 

"=/.(», «) 

which being substituted in P will make that quantity a function of only; designate this form of 
P by the symbol Pg. Of course, Pe contains c also, but that will not aft'ect the integrations, so we 
need not indicate its presence. Now we have again, from the above simultaneous equations, 



This becomes, on substituting the ncM' value of P, 

<?'/--p- 
from which 

, redo 
"="+] TV 

Now, in general, since /(fl, ia)=dS, we have 

Fdi^+QdO^dS 
writing then 

and forming the arbitrary relation c'=F (c), we obtain 
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aud for the equations of projections "without alterations of areas 

or, flually, regarding ? aa constant in the expression for ^, 



(I) 



Designating tlie integral 



5=/(0, „) 



,=F(I)+ 



m. 



Eliminating F'(f) and ^-^, we have 



by ¥(/), ?) and forming the partial derivatives of 15, we have 






lie 


3» 




ill 



Wo-'do^ ^^''^ de d^'^dd 



_d'Fai_ 
'do dm~ 



which is the equation implying the principle of the conservation of areas. Therefore, if equations 
(!) are satisfied, the areas of corresponding parts of the surface and the plane of projection will he 
the same. 

From the usual considerations we know that the cosine of the angle hotwcen the projections 
of a meridian and a parallel is proportional to 

et? dS dtj dfj 

d^ To'^do) db 
aud if thia angle is right, we have the condition 

d^ d^ dij ^i__f. 
dm do'^dm do 
which, combined with 

d^dri_dSd^_ 
do, do dodaj'~ 
. removes the indeterminate nature of the functions F and /, If the angle is not right, we have still 
the relation 

dS dij d^ dij 
_ dmdb~dO dig 

~rf? dS drj di) 

'dtoM'^'Sm'S^ 

The arbitrary fuactions of the problem might also be determined by the condition that the 

meridians and parallels, should be projected into curves of a given kind. The general solution of 
the problem in this case would be extremely diflScult, if, indeed, not quite impossible, though par- 
ticular cases are readily solved. Suppose, for example, that we wish the parallels to be projected in 
right lines. Take the equator for axis of ?, then -q must be independent of the longitude, and thus 

Therefore in the general formulas it is necessary to place F (f)=0, and to have the differential 
'- independent of ai; that is, S must have the tbrm 
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then 



from which 

and consequently 
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/('')=;^^^ 



are the equations of the problem. These become for a spherical earth 
For a spheroidal earth they are 



— (l_^im^O)V'{(i) 
If n ia any arbitrary constant, we can write for the simplest value of ij 

r^^nrO~ip {0) 
from which y' {0)—nr, and consequently 



?=i^ 



cos (1— g^) 



f'siu^cf 
or, for a spherical earth, 

^^r<;^eos_« ,=«r(^ 

n 
If we place n=l we have a projection in which the lengths of the degrees of the parallels are 
conserved upon the projection. This is Sanson's projection, ordinarily and improperly called Flam- 
steed's. It has been often employed to represent the entire surface of the globe. The general 
appearance of the projection is that of a species of oval, with the major axis twice the length of 
the shorttir. The angle of intersection of the representations of meridians and parallels is seen 
to be right only upon the,icentral meridian and the equator, 



d^dd'^dmdo~ 



^ ^ , -/_ -v=_a5„ cos si 
the equations for the projection being 



and this is zero only for v/=fi or c=0. The value of the right-hand member, ordain 2" increases 
very rapidly with 0, and the angle of intersection consequently changes very rapidly from its value 
of 90^^. For the equation of the projection of the meridiaus we have 

ri=roi cos- 
a transcendental curve. 

The co-ordinates of this projection are now, for a sphere, 

c^ — wr cos l> 11^^^ '■ rO 

180 ^ 180 
for a spheroid they are 

-„ w yiM cos =_!L '''^0- — ^') 

180 (1 — s' sin' 0)\ ''' ISO (1— £=sin^c)a 

If a is the complement of the angle between a meridian and parallel 

tanc=:f^, iHSiud 
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If B 18 the angle on the sphere formed by a meridian and any other curve, and ^ the projection of 
this angle, we have 

tan (jS_a)=taii B— tan oi^^igj^"") 

cos B C08 a 

For the element Ha of a meridian ou the projection we have 



Us being the corresponding length ou the sphere; this is, for a sphere, 

do-=j-do Vl+(u' sin' 
and cohsequeutly 

This is an elliptic integral, and depends for its solution on the rectification of an arc of an ellipse 
with serai-axcs=r-yi+^ and r respectively. 

If the meridians are to be projected into right lines perpendicular to the equator, we must 
mate ? a function of ta only, thus: 

and 

tf' ((?}—« cos 
then 

This projection is a projection of Lambert's, called by Germain " Lambert's isocylindrie projection." 
For n=l aud a radius of r these formulas are 



We have thus a projection consisting of a series of equidistant parallels, straight lines at right 
angles to the equator, representing the meridians, and another series of parallels at right angles 
to the first, whose distances from the equator vary as sin f, representing the parallels of latitude. 
The value of 9 is, for the sphere, d=r^ cos c, and foi- the spheroid 

^^r' [X-^ ) cos 
(1— b' sitf Of 

or 

If :; is to vanish with s, c must = 0. Developing the value of -q, 

=l+£'sin=i'4-E'sin*tf-f e=' sin'^fl+ 



1 — e' sin= 

1+e sin 0_ 



s s!n(J+^ E^sin'O+l £^8in*f'4- _ jii+i gini^+i o^ . 



2i+X 

Neglecting powers of e higher than the thii-d 

J3=r(l-e')"'((s;:if+|- e^sin'^) 
or 

5j=r sin P—re' sin [\ —% sin' 0) 

Another simple example of the use of the general formnlas is to write 
rio C08 



S=pto= 



VX~^ s 
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Then 

autl consequently 

This is, of course, an elliptic integral, but as it is quite simple we may reiluco it a little furtber. 
Passing at once to the usnal notation employed in elliptic functions, 



,„(i-^)/j^ 



[A(»)f 
£ is the modulus, VI— ^^ is the complementary modulus, and as usual write it s'; then 



,i n do 



Writing, for 

and thence by integration 



do ^(0) 


[Am- 


convenience, A instead of A(0), 




J d sinO eosO_r\* 


— i.''' e'^ 



-J^dO- 



Denoting as usual the elliptic integral of the second kind by E(fl), the modulus beiiig understood 
to be e, we obtain for ^ 

v=mo) ^'— 

The further discussion of this general value of sj would only be interesting from a purely 
mathematical point of view; so we shall not dwell any longer upon it, but will expand A in order 
to get the approximate value of )?. Expanding A and neglecting higher powers of e than the third, 

/VT=?"smM do=fd0[\.-^ ^ fsin^ 0]=fdO[l—l e'+J £> cos2ff]={l-i e) 0+\ ^ mi26 

also, under the same conditions, 

Vl-T^sin^^" ^^ 

Thus we have for >?, if the constant of integration be assumed =0, 

vi^r(l-J £>>) &-I re^ sin2(? 
which, for the sphere, becomes 

■^=ro 
and also 

S=rai cos 

the Sanson Projection. We have seen that the isocylindric projection of Lambert bad the equator 
divided into equal subdivisions, and the ceutral meridian into divisions the upper (or tower, if 
below the equator) points of which were at distances from the equator proportional to the sine of 
the latitude. This would obviously not be a very advantageous projeclion for countries which, 
like America, have their greatest extent in a north-and-south direction. For such a case, Lambert 
proposed, so to speak, to turn the preceding projection through a right angle, dividing the central 
meridian into equal parts and the equator into parts depending upon the sine of tie longitude. 
This projection is Lambert's transverse isocylindric projection. The couditioDS of the problem ai-e 
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that for (u=:0, f =0 and ^=0; and tliat for y=0, $=isiii w and 7;t=0. These rec[uiue for ^ the value 

f=r sill (u cos 
This gives 



As Tj is to be =0, for c=0 wo must have F(=)=0; theu 

/Gonodo . .sine 

Vrcos^O-?^ -/l-f^ 

The equations for the transverse isocylindric projection are then 

sinf* 



^=rsintucosC sin.,— — 

v-l- 






Vl— *"^ sm^iu 

MUminating we have for the meridians the equation 

^^(l-ftan'j; cos*(w)=/*sin^ut 
and similarly for the parallels 

tau^ jj (r" cos= (?— f')=H siu^ 6 

These are transcendental curves, and in order to construct thenj a series of points must be found, 
and the curves drawn tlirough them. This projection is symmetrical with respect to the equator and 
the central meridian, and this allows us to obtain at once the four points which have for geograph- 
ical co-ordinates the same northern or southern latitude, or the east or west longitude. The formula 

^^rsiniu cos 

shows further that we obtain the same value of f for the points 



From the equation of the meridians we obtiiin for the tangent of the angle made with the axis of 
? by tlie tangent to any meridian 



d^_ 



~dH (cos* ui+tan* 6) sin m sin 
For (?=0, Si^^i ' which shows that the meridians out the equator at right angles- Foi' 0^90'=, i 



< (eos= <« tan^ 0) sin «' » HtaiFo''' y^" "'( f 
-{ (l-ftan^.)cos. r/)(--^-^{\o.X 

or, at the poles, the meridians make their true angles with the principal meridian. In like manner 
we And for the pa.rallels 
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Por«. 



, df_ 



, <^V_ 



=0, or the parallels are perpendicular to the central meridian; andfor w 
whicli shows that the parallels are perpendicular to the meridian of 90°, or that this meridian m 
parallel to the equator. 

Considering the e.arth as spherical, let & denote the angle made with a given meridian by any 
other curve on the sphere, and let ST denote the corresponding angle ou the plane of projection. 
Of course this S has no reference or connection with the fnnction B already used in this chapter. 
For tJie determination of ^fwe have the formula 

ton r_*15^. 



As we already know, ¥t=9 for 6=0^ or B=Z- The maximum alteration at each point corresponds to 

tan 60= ± cos 
or to 

tauro=±^!^ 
cos 

The alteration ^0 then, or 'J'o— ^o; is given by 

This i8=0 for (1=0, and increases rapidly, with S becoming= oo for &=^. 

Resuming the formulas by means of which the parallels are projected into straight lines 

71=0 {e) 



mCOS g 

rcor 



let us find the equations of the system which permit the parallels to be projected into right 1 
and the meridians into a group of right liues, passing through the projection of the pole. 



Take O, Fig. 28, the origiu, at the intersection of the equator and first meridian, and let PA denote 
the projection of auy meridian passing through P, the projection of the pole. Then the equation 
of PA is 

6 denoting the ordinate of P. Now, since r)=0 ((?), 



{h-v)f{^)= 



The right-hand side of this equation is linear in w, -J? being a function of only; the left-hand side 



To 
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must therefore be also of the first degree, or / (0) =cO, c -being a coustaut. Clearing of fractions, 
we obtain the differeutial equation 

and by integration 

Now fj vanishes with c, therefore c'=0; and since »(=6 for 0=90*^, we mnst also have 



The equations of this system are thns 

2^,-^-^ = 6= Bine ^ = 2 {b-ri)'''^^a, 

M. CoUiguon determined the constant 6 as a function of r by making the projection fulflil the 
condition of being in the form of a square; that is, by malsing the limiting meridians compose 
the sides of a square. This is accomplished by assuming that for 0=1) and <u= ± " we must have 

S= i 6. On the substitution of these values we come immediately to the relation b=r i/t:, and thus 
the equations of projection are seen to become 



= --{ry/.-yi) 



5j2_2rv'ir'?+'rJ''sini'— 



Since Tj is always <r ^^, we need only to use the root 

or 

r,=r^/n\l- va sin J (i)Oo-e)] 

Tlie figure being symmetrical with respect to the equator, its construction is very simple, and we 
need not go into the details here. 

The next case that we shall take up is that of equivalent projection, when the parallels are pro- 
jected into concentric circles. 




Take O, Pig. 29, as the center of the projections of all the parallels, OM as the initial ]ine of 
a system of polar co-ordinates [p, a), and, for final simplicity, choose OM as the projection of the 
first meridian; then of course a=0, whence o>=0. The, area of the small quadrilateral, as AB, 
included between two infinitely near concentric parallels aiid two meridians, making an infinitely 
small angle, da, with each other, is pdpda. Equating this to the corresponding element on the 
surface, we have 

pdp da=6diu do 
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from which is obtained 

(lai~ dp 

''do 

For the integratiou ot this it is only necessary to note that /> is a I'tinction of alone, and as, for the 
surfaces which we are considering, the sphere and spheroid, 8 is also only a function of C, the right- 
hand side of this equation is independent of w, and consequently we have at once, by integration, 

the arbitrary function ¥{6) being added instead of an absolute constant; but we assumed <i=0 
when m=0, therefore *-f (c), and we have, for the equations defining this projection, 

'-a 

The simplest case that we can assume is when /> is a linear function of (?, or p=r{a' +aO), or 
simply /i=r»i+wtf. Then for the spheroid 

_j-^(l— E^)ni eoso 
'"*~ »!(i^7* mi? of 
and for the sphere 

_i^io cos 

The constants m, n, can be determined by subjecting the projection to further conditions. l-"ir8t, 
6 the projection of the pole for -the centre of the circles, then, since ('=^ gives ;O=0, we have 



and consequently 

or, since the absolute value of ^ is all that we arc concerned with, 

The simplest snpjioaition that we can make with reference to the constant n is n=r; then the 
equations of projection become 



-<i-») 



i^~o 



The radii of the projections of the parallels are in this case equal to the complements of the arcs 
of the meridians upon the sphere which measure the latitude; from the second of these equations 
we also have 

pa=roi cos 

or the degrees of longitude are projected in their true lengths. This projection was invented by 
Johann Werner, of Niirnberg, in 1514; it is obviously a desirable way of representing polar 
regions. Still another method of determining the arbitrary constaEts is to assume that for 0=0i 
we have p=p\. This gives 

/,!=»(+ wo 
Subtracting this from p=K-\-nO, 

P=p,+„ (0-0,) 
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If, in the case of a spliorc, we aaaurae for pi the value pi=r cot 0, and also n=—r, we obtain 

p=rcot(ii+r{0 — Ci) 

This gives us Boune's projection wliich has been treated at length in another place. 

Besume now the formtdaj which determine the projections of the parallels as concentric circles; 
these are, for the case of the sphere, 



The fnnetiod/ may be determined by introducing the condition that the meridians and parallels 

shall cut at right angles. Since the parallels are concentric circles, the meridians must cleariy be 
diameters of these circles malting equal angles with each other. If we assume that the angle 
between the projection of any two meridians is to the angle between the meridians themselves as 
1 is to )i, we shall have 



and, as an easy consequence, 
from which, by integrating, 



pdp=nr^ conO' 



The minus sign is necessary, for as p increases, diminishes, and thus dp and do have opposite 
signs. Since p is =0 at the pole, or for = 90°, we have for the constant of integration 



i;-=M-^(l— sin**) 

or, introducing the complementary angle <p=9(y='—0, 

pi=ir^n sin^ Z 
The equations of this projection are now 

p—'J'^n min^ Q— - 

the value of p is very easy to construct trom this formula, in which 2r sin | denotes the chord of 
the arc of the meridian which joins the pole to the parallel of latitude 0. 

The coefQoient tt being aibitrary, we can give it what value we please, or can determine it by 
subjecting the ptojection to some other condition. Kepresenting by the mean latitude of the 
region to be projected, required to determine n in snch a manner that the degree of mean latitude 
Oi shall preserve its true ratio to the degree of longitude. For this condition it is necessary that 



Now 
then 



pa 


=P^=P' 


lu sin yi 


P 


=2r^n 


j Vi 
2 


2r 


sin ^2' = 


:r sin 9>i 




1 
eos^tl 


2 




1 + COS 91 
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If we take ^1=45°, we find m=1.17l, and the entire angle at tlie pole of the hemisphere 
equals 307° 26'. This projection has been called by G-ermain "Lambert's isopherical stenoterio 
projection."* For re>l it is an actnal conic projection, i. e., one obtained by the development of a 
cone eitheir tangent or secant to the sphere. 

Before taking up the important case where j(=l it will be well to speak of Alber's projection, t 
obtained by developing a secant cone which passes through two parallels of latitude whose lengths 
it is required to preserve. Oail these two parallels and G^; then if A be the area of the zone 
included between them 

A=2;rj-^(sinCa— siufl,)=2;rj-^ cos-^-^ sin ' ' 
The area of the corresponding portion of the eoiie is 

A.'=7:rS (cos Sj+COS Si) ='ir.rS COS --. 



h+lh 



when cJ=/)| — p2 the difference of the radii of these two parallels upon the chart. From the c 
dition of equivalence A=A' we derive 

a=2r tan "^^ 

The radius p% is readily found to be 



and, siuee />i=;U5+5, 

These may be written simply 
in which 



eo-^ Ci— cosCi 



sin- 



Wc have, obviously, by equating the length of the arc {Oi) on the projection to the corresponding 
arc on the sphere, 



that is, the angles between the meridians are altered in the ratio 1 : ft, 

The area of the infinitesimal element of the conical surface comprised between two consecu- 
tive parallels, and two consecutive meridians is =zapdpi the same element upon the sphere is 
«,r^ cos odo^ then, as dp and do are of opposite signs, we have 

apdp=star^ cosOdf 

Substituting here for a its value j, we obtain immediately, on integrating, 

p^=2r^k{sia Ci— sin 0) +/>,* 

'Projection Isoaph^rique al^uot&re de Lambert. 

tCesobreibuiig einer neuen Kegelprojection, von H. C Albers, Zacb's Monatlicbe CorreeponOenz, 1805. 
8 T P ■ 
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Prom this we can derive the radius of the projection of any parallel ; for example, make 
the equator, then for the radius of its projection there results 



Again, the jjole is projected into an arc of a circle; for make 0=- and then 

^3=^,s_2r*t(I— sin ffi) 

When the difterence of latitude of the two parallels whose length is to be preserved is very 
small the alteration in this system is very slight. The distances in the central Koue are increased 
from north to south, and diminished from east to west, and the greatest error is upon the central 
parallels. 

CENTRAL EQUIVALENT PROJECTION. 

The projection that we designate by this title is spoken of by G-ermain as "Zenithal equiva- 
lent," but in adopting the above title the author has preferred to choose a term as rearly as possible 
like that atlopted by Colliguon when he described the projection. This was " Systeme central d'^gale 
superflcle,"* This aystem is founded upon the principle of elementary geometry that the area of a 
zone equals the product of the circumference of a great circle by the height, of the zone. The 
same law of area holding for a spherical segment or zone of one base, we have, calUng h the altitude 
of the zone, (area of zone or 8egment)=T2j-fe. But2rA={chordof half the arc)'; therefore the area 
of the zone is equal to the area of the circle whose radius is equal to the rectilinear distance from 
the pole of the zone to the circumference which serves as a bstse. If from the pole of the zone we 
draw two arcs of great circles including a certain definite angle, and from the center of the equiva- 
lent circle two radii including the same angle, the portion of the zone bounded by its base and 
these two arcs will be equal to the sector of the cii-cle cut out by the two corresponding radii. 
This gives us, then, an obvious manner of representing any portion of a given spiierical surface 
without alteration of area; any point can be assumed upon the sphere as center, so for simplicity 
the pole of the equator is chosen; the parallels are seen to be transformed into concentric circles, 
and the meridians into straight lines passing through the common center. 

Taking now the projection of the principal meridian as the axis of S, and as usual writing 
(0—90° — Of we have, tor the equation of the meridians, 



and for the parallels 






e2+,/^4»-' Si 


from which 






?=2r sin % cos «. 


and consequently 


2U-2..„|.„., ; 




^=2„i„|™. 


Substituting these in 


3nr genera! ditferential equation 



='2r sin S 8] 



^' do 



dS d-q d^dr/ 

dw do dodoi' 



-.2r^mif^ 



■j> -t- 2»-' sin ^ 



- Journal do I'EcoIo Polytechuiquo, cahierll; "representation tie In surface dii globe terrestre"; E.'Collignon 
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whieli Torifies our sopposition of equal areas. It is also easy to see that 

or the meridians aud parallels cut at right angles on the chart as on the sphere. 

ALO-'EBATION Ol^ ANGLES. 

The alteration oi' angles is zero at the center of the chart. At any point whatever of the 
chart, M, Fig. 30, draw a line MM' snch that the corresponding direction upon the sphere shall 
make an angle 8 with the meridian; we wish to find the angle ¥ upon the chart made by this line 




with the projection of the meridian, *. e., with the line drawn from M to the center O. Let and oi 
represent the geographical co-ordinates of M, and 0-\-4B, loArdv, the geographical co-ordinates of 
M' infinitely near to M; then 

^ ,. dm . dm , ,,. „ , <p dm 

tan 0=co8 -,- ==r. siu <p ,- tan '/'=2 tan f, sn 

do ^ do '2ido 

from which 

, „. tan B 



Since 



tan r— tan e 



UaS{ 



'Q-'^^l) 



l+tanrtaue .m , , ,, 

cos^g+tau^f 

the maximum of alteration 9^—6, or ^, corresponds to the direction for which 

and in seeking for the maximiun of this, since 1— cos^ ^ is constant, we need only consider the factor 

tan 6 
cos^ I + tan' 

Equating to zero the derivative of tliia with respect to e, there results simply 

tan#i=±cos2 
Consequently 
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the upper signs being taken together, and also the lower ones. Prom these follows 

tanfl tan ¥=1 
from which, as in a former case, excluding negative arcs and arcs greater than -^, there results, 

We can deduce from this that the maximun] deviation for the direction OM is given by 

taii(r-#)=J (tan '/^- tan e)=J tau ^ sin f 

The angle 9, upon the sphere, of maximum deviation is =45° for y=0, i. e., at the center of the 
chart; then decreases while ¥ (and consequently <f) iucreases. When if=~ 

tan=tf -- tan ¥=xf2 

-i/2 

The angular alteration is thus seen to increase continuously from the center to that point of the 
sphere which is diametrically opposite the assumed center. It is evidently useless to prolong the 
chart so far as that, and, indeed, the custom is, in this projection, to represemt the map in two parts, 
one for each hemisphere. 

ALTERATION OF LENGTHS. 

In the direction OM the projection substitutes for the arc on the sphere the chord of the same 
arc. Let f, as usual, represent the angular distance OM; then the length of this line upon the 
sphere is =rp and its length upon the chart, t.e., the length of the chord of the arc OM, is =2rmtif-. 
Differentiation of each of these gives us the lengths of the element of the meridian upon the 
sphere and upon the chiirt; these are rdtp and r coe^ df. Thus the meridional elements are re- 
duced upon the chart in the ratio cos ^ : 1. The converse is true concerning the elements of the 
I)arallels; they are augmented in the ratio 1 ; cos ^ j this is obvious on account of the necessity 
for conserving the areas. 

Suppose now that upon the sphere we take any element d« making the angle with ihe merid- 
ian OM; its projection upon MO will. =(?s cos ff, and perpendicular to MO will be =ds sin 6; 
similarly, if da correspond upon the chart to ds upon the sphere, da cos 1'' will be the projection of 
dir upon the radius OM, and ds sin ¥ will be the projection of the same element in the direction 
perpendicular to OM. Now, since the i»rojection does not alter the right angle at which ds cos 
and ds sin cut each other, we will have 

ds costf cos f,=dt^ COR '/'■ d>< winS -^—=d<T sin ¥ 

cos ^ 

from which, by squaring and adding, 

<^=dN^/cos^ cos^ t + sin^ — -\ 

Now the expression in parenthesis reduces to unity when upon the sphere, 



or, when upon the chart. 
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that is, for tlie direction of Diaxioium deviation. This direction then possesses tlie remarkable 
property of (Unserving the lengths. 

Now, through any given point upon the sphere, and upon the chart, as M, we can draw two 
curves which shall cut all the meridians MO of the sphere, and the radii MO of the chart under 
the angles 6 and '/'"in such a way that the distances on these two curves between any two corre- 
sponding points shall be the same. The curves so constructed are called by OoUignon " isopeviraetric 
cur\'es.'' The curve upon the sphere passes through O', the antipodal point to 0, and winding round 
the sphere becomes indefinitely near to O, a logarithmic spiral which cuts the meridians at au angle 
of 45°. Upon the chart, the isoperimetric curve for small values of p, that is for points near tlie 
center, is very nearly the logarithmic spiral which cots the radii under the angle of 45^; for 
increasing values of ip, also increases and is =90° for ^=180"^; the curve then touchea Ihecirclw 
into which the point 0' has been transformed and is continued beyond this point in a branch 
symmetrical to the first. 

To obtain the polar equation of the isoperimetric curve upon the chari, take />=(?»( and « the 
angle between p and some fixed axis. Now 

da ^ „, 1 
p-,-=tan'/'= - 

'^z' cos| 

but 

f,~2r sinij 
therefore 

the difi'erential equation of the sought curve. For the integration, observe that we have 

dp=r cos ^d<p 
which, substituted in the first written equation, gives 



aud by integration 

<i=logtan^-f- e 

This equation joined with /j=:2r sin ^ gives the means of constructing the curve. 
For the element of are of the isoperimetric curve we have obviously 



?=..^, 



»^eos^i^+4»^sii 



^4sin^; 



ds=rrf^Jl+cos^^ 
If we write | =0, this equation becomes very simply 

ds=z yf'i r 71— JsiTi^ dO 



-.V'2 



r i £^{l;0)(lo k=Vi 



an elliptic integra.l of the second kind, which gives the rectification of the arc of the ellipse, 
whose eccentricity is=^V^, 
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The element of the isoperimetric curves is, in poliir co-ordinates, 
^ p' da=r^ sin '^A<p 



and the integral of this is 



=;coust,— 2r^ cos % 



TRANSFORMATION OF A aUEAT OIKOLK. 

The angle between the planes of two great circles on the sphere ia measured by the arc of a 
great circle joining their poles. This property aflbrds the means of determining the differential 
equation of the curve upon the chart which represents the great circle on the sphere. 




Take 0, Pig. 31, for the central point, and P for the pole of a great circle which passes through 
a point, M. The same letters accented denote the corresponding points upon the chart. It is i)ro- 
posed at M' to draw a tangent to the curve which passes through this point and represents the 
great circle through M. Join O' and M', and call 0'W=p and M'0'P'=a, the line O'P' being taken 
as the initial line. Let S, upon the sphere, denote the pole of the great circle OM, which passes 
through the center, O, and cuts the given circle at M; this point S will be found in the plane of a 
great circle, OS, perpendicular to that of OM at the point O; the angle V" is measured by the arc 
SP. We have now, in the spherical triangle OSP, 

cos 8P=:Cos OS cos OP+sin OS sin OP cos POS 

or, since 08 is a quadrant, 

cos SP=8in OP cos POS=sin OP sin a 

OP is a constant arc ihat we may call k, then we have 

cos V=sin^siU'! 

e corresponds with V upon the chart, and the connecting rela- 

cos" J" 



The angle V on the sphere of c 
tion is 



f being the angular dist-ance OM. But taking the radius of the sphere as unity, 



tan V'=ef^± 



;H=3 sin I 



Eliminating "V", V, and tp between these tour equations, we will arrive at the differential equation 
sought. The first of these equations affords the relation 
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and, conyeqaently, 



tanV= 



ein X sin a 



The coiistant of integratioB will be determmed by observing that the great circle of which P 
is the pole passes through the pole of the great circle OP; so,forfl=r^or ^,weshonldLavep= -/si 

The equation of the projected great circles can be better arrived at in another manner, to the 
explanation of which we shall now proceed. 

Conceive, flrst, that a stereographic projection has been made — that is, the parallels and merid- 
ians have been constructed — with the point of sight at the center, or the antipodal point to tbe 
center, of the proposed central equivalent projection. 




Let El (Fig. 32) denote any point of the stereographic projection, and O, the center, or point of 
sight, represented on the central equivalent projection by 0|MiN„ the meridian through O rei)re- 
eented on the other chart by MN ; OiM, is equal to the radius of the sphere. lEequired to find the 
position of the point on the central equivalent projection represented by Ei on the stereograpbic 
projection. Lay oft' at the angle MOE=MiOiEi. The point souglit is on the line OE, ami the 
distance OE is consequently all that has to be deiermined. Draw the diameter PiGi perpendic- 
ular to OiEij join F]Ei and produce it to Ht; join G,Hi; then GiH, is the distance required. 

Another method for constructing the central equivalent from a stereographic projection is as 
MIows: 
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Iq Fig. 33 the length KW is the distauoe on the central equivalent correspondiiig to SV o 
the stereographic projection. The similar triangles KWL and VSL give 

SV:KW::LV:KL 

Dividing through by ST, the radius, and observing that LV= v/SV^+SL*, we And 



SV KW 

ST"' ST 



^=V'<||y. 



- as a function of v^-. Calling the former of these ratios C, and the latter 
S, we have for the formula of transformation from the stereographic, or S, projection to the central 
equivalent, or 0, projection 

]f we write S=tau '/'', we have 

C=2 sin r 

We are now prepared to solve a much more general problem than the one proposed above, viz, ■ 
to find the equation of the central equivalent projection of any circle of the sphere, whether jgreat 
or small. Denoting as usual by f, >; the rectangular co-ordinates on the lequired projection, let 
f, I;' denote rectangular co-ordinates on the auxiliary stereographic projection. The circle of the 
sphere will be a circle upon the stereographic chart, and if its center is at «', ^', its radius p' will 
be given by 

But according to the proposed plan of transformation 



^'-4 



Consequently we liave for the equation of the curve on the central equivalent projection, which 
represents a circle on the sphere, 

(f^/4^=JJ.4:^)— ') +('Vlfi=J+-rt-''') ='•'" 

or, transforming to polars by means of the formulas ?=/> cosC, ■q=p sin 0, 
frp cosfl _S-\,f^P^^_.r'\^„fl 

A still further simplification is possible by writing 

fc= v'u'^+^'^ r=tau-^ ^ 

The equatioti becomes now 

This is merely the polar equation of the circle in which the stereographic radius vector p, has been 

replaced hy its value -7 7---— as a function of the radius vector in the central equivalent system. 

^/ir'—p' 
The equation in Cartesian co-ordinates shows that the curve is of the fourth degree. The equation 
in polar co-ordinates enables us readily to determine the condition that the curve shall represent 
a great circle of the sphere. Make 0= W then 
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t m^f 
\^'j 



Tills affords four real values for 
quantity are to be taken in this manner 



The signs + and — in the numerator and denominator of this 



Now, in order that the polar equation shall represent a great circle of the sphere, it is necessary 
and sufficient that the sums of the squares of the two values of p obtained by taking p' first with 
the + and second with the — sign under the radical stall be equal to 4»-^, or that we shall have 




Fig. :(4. 



That this is a correct formula is easily seen from the following simple geometrical considera- 
tions. Let (Fig- 'Si) denote the center, and AMBNr the orthographic projection of the sphere? 
P is the point of sight of the orthographic projection, and the plane MN parallel to tJie tangent 
plane at P is the plane of this projection ; let AB denote the trace of a plane cutting a great circle 
from the sphere; and finally let A'B' denote the projection of this great circle; then we have 

OA'=fc+^' CB'=k-p' 



and also, since PA'^=CP^+CA'''7 






:-J^' =cos'PB'0 



But APB=A'PB' is a right angle, and consequently PB'C and PA'O are complementary angles, 
and the sum of the squares of their cosines is equal to unity, Q. E. 1). 

LOXODEOMIC CURVES. 

The i)ol6 being taken as center, it is very easy to obtain the loxodromic curve. Denote by ff 
the angle made on the sphere by such a curve with a meridian; then, ^denoting the corresponding 

angle on the chart, we have 

tanir=tanO —- 



Now, tan 9 is constant, and, for r-. 
of the curve is then 



from which follows 



=1, 2 sin ,y-=/i, and also tan iP'=^.". The differential equation 



tantf 



<-0 
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and integrating 



PEOJBCTION UPON THE PLANE OF A MERIDIAN. 

We will now take up the case of the projection upon the plane of any meiidiau of the paral- 
lels and meridians of the terrestrial sphere; the center will be upon the equator, and the given 
meridional plane will cut the equator in two points, distant each 90'' from the center. 

A few definitions will be adopted, both for brevity and clearness of language. 

The eentral station is the point of the sphere chosen as center by the map ; this we shall desig- 
nate by O upon the si»here, and by O' upon the projection. 

The central distance of a point N of the sphere is the ratio of the length of the arc MO of a 
great circle to the radius of the sphere; this we shall denote by ^; it is the quantity that, in the 
case of the pole being taken as the central station, we have heretofore denoted by 50. 

The radius vector p of the point N' upon the chart is the distance O'W of this point from the 
central station. As usual, r denoting the radius of the sphere, we have 

p^2j-sin .J J 

The animuthal angle of the point M upon the sphere is the angle a fornfed by the arc OM with 
the meridian through O; upon the chart it is the equal angle formed by the right angle O'M' with 
the meridian through O', which is also, as we know, a right line. 

Now, having given the position of O, we wish to determine the values of p and a in terms of 
the geographical co-ordinates (6, 01] of any point whatever, as M. We have already resolved the 
problem for the case when O is assumed as the pole of the sphere, and a veiy simple transforma- 
tion of co-ordinates enables us to resolve it for this more general case where O is taken upon 
the equator. 




Take OP, Fig. 35, for principal meridian; m is the longitude of M with respect to this merid- 
ian; the portion ON of the equator included between O and the point of intersection of the equator 

with the meridian through M is measured by <«, and the arc MN is measured by 6 ; the angle MON 
is the complement of a, and finally OM is^^. Now, since N is a right angle, we have in the tri- 
angle OMN 

cos i=C08 ui COS tan a=8in m cot 

which determine ^ and a; f is determined by 

^=:2j'siu^^ 

It is obvious that ^, and consequently p, remains the same for all values of 01 and which give the 
same value for cos w cos C; for example, for the two points of which the latitude of the one equals 
the longitude of the other. 
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Take for the axis of c and ^ tlie right lines representing respectively the equator and the first 
meridian, and wo have, in consequence, 

S=pSVaa rj=p cos a 

or 

iO= v'saJT^a tan a= _ 

But 

p=2rs'm^k cosA=uo8<«cosC tana=siiiwcot c 

The second of these relations gives 

smj; ^ = ^ . 

so that 

and 

f=rj sin <a cot 

These are the formulas of transformation from angular to rectilinear co ordinates. The elimina- 
tion of between these equations gives us tlie equation of the meridian whose longitude is <", and 
the elimination of lu in like manner gives the equation of the parallel of latitude 0. 

EQUATION OF THE MBKIDIANS. 

The result of the elimination of ff is the equation 

;■+,■=!»• A—, ^^'- ^ 
V v?^+5i^sin^(u/ 

By clearing of fractious an<l radicals this becomes 

S'+ (2+sin= ^) ,« >-,^+{l+2 sin^ a,) f* ,^+siu»«. ^i^-ir^ (^+,* sin* ») 

— 4r* (1+sin* <u) J* V+4*^ (^+1^) sin^ ■"— *> 

This equation of the sixth degree is easily factored into 

The factor to he suppressed here is obviously the binomial $^+r,\ as equating tliat to zwo would 
on]y result in giving an imaginary locus (or infinitely small circle), and, in consequence, would bo 
of no practical use. We have, tben, remaining a biquadratic equation in ? and ij. 

If we write c^=f' and r;*=i;', the equation becomes one of the second degree in $' and r/, viz: 

?'^+(l+sin^<o)f'r/+y/* sin'iu— 4r*$'— 4r^ 8iu'iui/+4)-* sin^'"=0 

This last is the equation of an hyperbola whose center is at the intersection of the lines 

2;'+(l+sui^ «-) y-/-ir^=Q (l+sin'«.) f'+2 sin' <ar/~4r^ sin«<a=0 

or at the point 

Calling OT| and m^ the angular coefBcients which determine the as,vm[)totes, these quantities are 
obtained as the root's of the equation 

m^ sin' w+(l+sin^<u)m4-l=0 
From which 

I 
' sin* w ' 

Confining ourselves to the region when S' and ij' are both positive, we can readily construtit this 
hyperbola, on any chosen scale, for each value of i«; then construct the required curve whose co- 
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ordinates, measured on the same scale, are the square roots of i' and tj', the co-ordiuates of each 
point on the hyperbola. For ))=0 we have 

$=±2r8iuJ f=±2»-cos| 

For ?=D we have 

Since sin'(a=ain*(~o') and the equation of the curve contains only sin* a», the equation represents at 
the same time the projections of the meridians of longitudes o> and —oi respectively ; these two curves 
will be symmetrically situated the cue to the other with respect to the axis of v;. If on the axis of ? 




we take (Fig. 36) OA=2r 8in|and 0B=2r cos^, and on theasisof j; takeOP=OP'=:rV2, the 
curve Trill pass through the four points A, P, B, P' and the entire locus will be composed of this 
curve, and the curve A'PBP' symmetric to the first with respect to the axis of ij. 

EQUATION OF A PAKALLEL. 

To obtain this equation we eliminate lu by the relation 



f-+,.=...(l_c„».Vfc9»l^) 



By clearing this of fractions and radicals, we arrive at an equation of the sixth degree 
the fourth in S-, which will contain only the even powers of the variables. As in the 
equation of a meridian, this will contain the factor ?'+!j^, and dividing out by tliis factor 

obtain, as tlie resulting equation of a parallel, 

Substitute again f^=«' and 5i^=r/, and we are conducted to the equation 
■ij'^+^'r/—ir\'+ir' sin^C=0 



7 and of 
le of the 
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which is of the second degree m $', r/ and, as in the former case, representing a hyperbola. The 
center of the hyperbola is on the axis of 5' and is given f'=4r^; one asymptote is parallel to and 
therefore coincident with the axis of f. The same construction being made as before, we obtain for 
the projection of the parallel of latitude s the curve AEBS (Fig. 37) and of latitude -V the enrve 




A'B'R'S'. These two curves are symmetrically situated with respect to the axis of f, and the 
sum of the squares of the intercepts made by any line OM' with one branch of the curve is con- 
stant and equal to the square of the diameter of the sphere, )'. e., 

OM''+OM'=4r' 

y seen it we trausform the equation of the parallels into polar co-ordinates, 



The truth of this is & 
that is, write 

The equation then becomes 

Making the obvious reductions, this is 



-4r^) p 



=!> sin X 



Calling the roots of this pi and p^, we have |Oi*=OM^ and ^,*=OM'*; and from the known principles 
of the theory of equations 

mollweidb's PROJEOTION. 

This projection was invented by Prof, C. B. Mollweide, of Halle, in 1805, and in 1857 a num- 
ber of applications of it were made by Babinet, whose name thus became attached to it, the pro- 
jection being known commonly as "Babinet's hoinalographic projection." The problem proposed 
tijr solution here is to represent the entire surface of the earth in an ellipse, the ratio of whose 
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major and iniDor axes represented by the equator and first meridian respectively shall be 2: 1; 
the parallels are to be projected in parallel right lines and the meridians in ellipses, all of which 
pass through two fixed points, the poles, and each zone of the sphere to be represented upon the 
chart in its_true size. 

Let b and 26 denote the axes of the limiting ellipse, then the included area will be=26^n; but 
this is to equal the entire area of the sphere, or i^cr^; this condition then gives us for the axes of 
this ellipse 

l,= V'Jr 2b='2-\/'2r 




The area (Fig, 38) of the elliptic segment ALK=area of circuhir segment LAJ multiplied by 



-, that is, by ^. Now, the area of LAJ it 



1 to the sector OAJ minus the triangle OLJ, or 



LAJ=J (2r /2). CO,- J^^^J^^^t^ cos- ^^ -2., 

and then for the elliptic segment we have only to divide this by 2; add to this result the area of 
the rectangle OLKH or ?>;, and wc obtain, finally, 

OAKH=2r'cos-jjf^„+J5, 

Assume for the angle AOJ the symbol X; then follows 



and consequently 



0AKH=2*-^l+y^si 



This surface is, however, to be equal to the area of the semi-zone between the equator and par- 
allel of 6, or equal to nr^ sin P. Equating these, and we have for the fundamental eqaation of the 
MoUweide projection 

!r8infl=sin2 A+2-1 

The values of X or sin X have to be obtained from this equation for each given value of 0. Lay off, 
then, on the semi-ininor axis of the ellipse, the lengths rV2 siu ■/ measured from the center, and 
the points so obtained will be the points of intersection of each parallel with the principal meridian 
or minor axis of the limiting ellipse. Through these points draw parallels to the equator, and they 
will represent the parallels. For the construction of the meridians by points it is only necessary 
to divide the equator and parallels in parts which correspond exactly to the points of division of 
these lines on the sphere. For example, if it is desired to draw the meridians of every ten degrees, 
we have only to divide the entire equator, and also the meridians of the chart, into 36 equal parts, 
and through the corresponding points thus obtEiined draw the ellipses representing the meridians. 
For the computation of i from the above equation, (he following method of approximation 
answers very well. Assume a value X' such that 

sin2;/+2;'=j:sine' 
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wbeii 0' difi'ers but little from 6; call s the correction to ?■', tiiat is, i'-{-S=X; tlien 

sin '2 (X'+3]+2 (i>+S)=!z sin 8 
Subtracting tlie first of tliese equations from the second, we have 

sin 2 (y +3)— sin 2 ^'+2 d=« (sin C— sin 8') 

01' 

2 cos {2 a' -\-'')-\-2 d=ir [sin Ii—s,m0') 

As -y will be a verj' small quantity, we can write 

sin (5=3 coa(2A'+5)=cos2:i' 

Writing, then, for sin its value, we obtain for 3 the approximate value 

^_ir siu y— (sin2 A'-f 2 A') 
2 (I+C0F2T') 

This method of approximation can of course be carried as far a.e we choose, or until we reach any 
required degree of exactness. Table VII gives the values of sin A for values of & differing by 30', 
This was computed by Jnles Bourdin, and is more accurate and extended fiian the one computed 
by MoUweide himself for the values of A. 

We may just observe before leaving this subject that the equation 

irsinO=:;sin2A+2A 

isi readily derived from the differential equation for equivalent projections. This equation was, in 
our assumed case of the sphere, 

dw do do do, 

writing, for convenience, r=l. The equation of a meridian whose axes are V2 and — — , is 



equation 

By integration this leads to 

,; V2—~r^+2 sin-'-T^ = Jt sin C+c 

Since, however, 3j=0 and 0=i) at the same time, we must have c=0, and so 

, v'2"^;iV2 sin-' -J- =B sin C 

in which we of course take the smallest are whose sine is =-'-.. This equation shows that, since ^ 

^2 
depends only on 0, all points of the spme latitude lie on a line parallel to the axis of ?. Writing 
ri= •J2 sin A, we deduce at once the fundamental equation 

wsiuC=sin2J-|-2A 

In conclusion we will examine briefly a projection proposed by M. Collignou, in which he repre- 
sents the central equivalent projection in the form of a square. Suppose that, as in Mollweide'a 
projection, the parallels are parallel right lines, and that the meridians are also right lines, parting 
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128 TREATISE ON PEOJEOTrONS. 

from a common point, the pole. Let ft represent the ordinate of the point taken as pole ; then the 
equation of the meridians will be in the form 



The origin is supi>osed placetl at the foot of the perpendicular from the pole upon the equator; the 
l'uuetiou/{iu) is independent of i). As in the Mollweide projection, :; is a function of only, or 



and, consequently. 

The condition for the conservation of surfaces now becomes 



Tliis would give /'(w) as a function of 0, which is contradictory to the previous assumption made 
concerning /(w); the interpretation of this is, since /'(<") does not contain «, that /'(«■)=/«, a con- 
stant, and so/(w) is a linear function of the longitude w, or 

f{w)=m.o-\-n 
The equation of condition is thus 

from which, by integration, follows 



•(^'-0= 



c+r* sinii' 



Since for C=^ we have )!=&, we find c=^ mW—r'; and again, since C=0 gives i^sO, c=iO or J mk^=r'^. 
Finally, since we. wish the extreme meridians limiting the chart to form a square, it will be neces- 
sary, sineeO=Oand(u=i;^, that we have f=i:A, the corresponding signs to be taken together; but 

?=(A->,)(m^+w) 
In this, making ?=iA, and remembering that when fl=0 then !;=0, there follows 

Solution of these equations gives 

m=_ n=<i 

and so, by virtue of the relation 7*^= — , 
and finally the equation connecting 8 and -^ is 

The projection need, of course, only be constructed for the positive values of (', and then repeated 
symmetrically below the equator for the negative values of B. 
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§ VIL 
ON THE GENERAL THEORY OF OliTHOMORPHIC PROJECTION. 

We have already given some account of the general tteory of projections whicii preaerVe tlie 
angles, or, as we liave called them, orthomorphic projections; but as the object in view heretofore 
has been merely the representation of the sphere, or spheroid, upon a plane, it has not been either 
necessary or desirable to linger long upon general theories which are ordinarily interesting only 
&om a mathematical point of view. We shall now, however, resume the consideration of ortho- 
morphic projection, give a fuller theoretical account of the subject, and make one or two applications 
to problems rather more difficult than any yet attempted. 

Let the equation of a surface be given in the form 

X, y, s denoting rectangular, rectilinear co-ordinates. It is well known that the position of each 
point on this surface can be given in terms of two independent variables, say m and u, so that in 
general a definite point of this surface will correspond to certain definite values of « and t), and 
conversely. For brevity, we write now, as usual in this case. 

The element of length Hs^ is given now by 

ds'=daP-Jr4f+dz^=^du^+2'Fdudv+Gdv'' 

Conceive now an elementary triangle on the surface whose vertices are given hyiifV; u+S^,v+S,; 
M+i5'„, 11+^'^ — where 5„ and fl'„ are infinitely small increments of m, and S^ and S'„ are infinitely 
. small increments of «. The rectangular co-ordinates of these points are 



"+71 



JS,^ .a.*, 



du av ' 



and also 
Again 



.... ^dv "' "^dw "^dv "' ^du "^dv " 
AB^=E5^„+2F^„,5„+G5*„ 

BO^=E(.7„~3'„f+2F(S„-3'„){3„— 5'„)+G(5,-5',)^ 

+(l'-+l'.)(l''-+l"-)<^+i;-)(t"-+^-) 

and this, by virtue of the last formula, becomes 

It is easy to obtain the equation 

A#.XO^ sitf BAC=4ABCP=(EG-E^) {3„ S\-3'„d;)^ 
9 T P 
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If we remember that 

=(ES„J'„)+2F(5„3',+ J'„5.)+Gc!„S'„)+(EG— F^)(!!„3',-5',3„)'=AB*.AO* 
Substituting this in the eqaation giving AB^ AC^cos* BAC, we find readily the value of siii* BAG, 
and this multiplied by the value of AB"\ AO^, gives the above equation. 

It is now clear that if we have another surface upon -which the co-ordinates (?, ij, C) of any point are 
also functiona of m, v, the corresponding elements of both surfaces will be similar if the new functions, 
which we may designate as E', F', G', are proportional to E, F, G; by corresponding points are 
meant points (ic, y, z) and (f , -q, Z.) which correspond on each surface to the same values of w, v. If 
the second surface upon which the given surface is to be projected is a plane, the problem is, of 
course, very much simplified. Considering ^, i; as the rectangular co-ordinates of a point in a plane, 
it is clear that they must be determined to satisfy the relation 

dS^-\-d7i^=w?{^ Ati?-\-2 F du ^+G dv^) 



(di) +G0 ="''^ (fv) -^(fi) 



duaw ' avav 



m denotes the ratto of alteration of lengths in the projection. 

Since the elementary quantitdes du and dv are independent of each other, and since d:+idrj 
and dS—id-q are lineai" functions of these quantities, we can define the quantities d^-\-idij and 
df— Mi; as linear factors of tlie quadratic expression 'Edu^+2¥dud'v+Gdv^, which are at the same 
time exact differentials. The same is true of the expressions which we may obtain by multiplying 
the quantities dS+id-ij and dS^idi] by any functions of f+i^ and J— iv; respectively. In order, 
then, to obtain S and i; in the most general manner as functions of u and v, divide the given expres- 
sion Edw^+SF^Mfir-fGdZ!* for the equal of the element of length into its linear factors, multiply 
each of these factors by the quantity necessary to render them exact differentials, and equate the 
corresponding integrals to arbitrary functions of l+ii and ?—ii}. 

SUEFACE OP EBTOLUTION. 

Apply this principle to the simple case of the projection of a surface of revolution upon a plane, 
plane. For such a surface, if z denote the axis of revolution, we have 



For one case, then, we can write 

x~u cos r, 
and then 



^=i+(IJ 



y=usmv «=F(«) 

F=0 G=# 



and the element of length is 

^Edu^+u'dv^ 
The integrable factors of this are 

VEdw , ,, VEdv, 

-i-idv 

u u 

Write 



-/^ 



then we have for the most general possible relations between S, ^, and m, v the equations 

F: (?+%)= 0"+))) 'P2{^-iyi)=V -iv 

If we assume that 

F,(f+j:,))=f+i> F^(f-»,)=e-i, 



Hosted by Google 



TREATISE ON PEOJECTIOiTS. 131 

we arrive at once at the relations 
Now 

and 

Ed#, ,„a 
,_ dW+dv' _'1 ^+'^^ 



Thia is the Mercator projection. If we assume 

Fi(f+i'j)=l0g(f+i;5) ¥^{S~ir,)=\og{S-iy,) 

we will arrive at the stereographic projection, 

PEOJECTIOK OF A CONE. 
In this case we have 

i»=M cos 'B ^=u sin V cos a z=u sin v sin a 

a. being merely a function of v. These equations represent a cone whose vertex is at the origin of 
coordinates. Now, 

B=i ]?=a u=..[i+,.(|)"] =..T 

therefore 

ds''=dv?-ir'a^Y dfl>'^ 
The two integrable factors of this are 

dv, ,— du ,- 

—+iVYaB -■-iVVd's 

Assume 

fVYdv= {"{drf+v^day^ta 

tlien for the most general determination of f and i/ as functions of u and v we have 

Fi (?+*'!) =l0g«+*'" 'p2{S—iri)=log U—ita 
If 

F,(e+i,)=l0g(?+i>j) F^{?-ir,) = l0g{S-ir,) 
there results 

S+irj — Uff" f— iij=wc— ^ 
and consequently 

From these it is obvious that f and -q satisfy the equation of a circle whose center is at the origin, 

and whose radius i8=M; these are, therefore, the conditions for the projection of a cone by actual 



If the surface to be projected is a cylinder, y is a function of «, or conversely, and z is inde- 
pendent of both X and y; write then 

a:='U, j/=F(m) s=v 

then 

^=E dv?+d^'' 
when 

is only a function of «. The two integrable factors of the square of the linear element ate 

VEdw+i^ ^/Bdu—idi) 
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Write 



f VEdu= f V{da!'+df)=<T 



tr being the arc cut from.the ejliuder by a right section, say by the plane of (x,i/); we are thus 
condueteti immediately to the desired general equations 



the equations for the projection by development of the cylinder. 

QUINCUSCIAL PEOJECTIOS OE THE SPHEEE. 

This projection was constructed by Mr. C. S. Peirce, Assistant, United States Coast and 
Geodetic Survey. The brief description here given of the projection is extracted from the Coast 
Survey Eeport for 1877, Appendix No. 15, and was written by Mr. Peirce himself. 

For meteorological, magnetological, and other purposes, it is convenient to have a projection 
of the sphere which shall show the connection of all parts of the surface. It is an orthomorphie 
or conform projection formed by transforming the stereographic projection, with a polo at iufluity, 
by means of an elliptic function. For that purpose, I being the latitude, and 1/ the longitude, 
we put 

J _ yi— cos^ I cos' P— sin I 
^~ 1+ Vl— C0B*'iC0S' 

and then J Ftp is the value of one of the rectangular co-ordinates of the point on the new projection. 
This is the same as taking 

cosfl»i(3:+i/-\/-l>(angle of mod. =45°) = tan^ (cos d + smOyf — l) 

where x and y are the co-ordinates on the new projection, i* is the north polar distance. A table 
of these co-ordinates is subjoined. 

Upon an orthomorphie projection the parallels represent equipotential or level lines for the 
logarithmic potential, while the meridians are the lines offeree. Consequently we may draw these 
lines by the method used by Maxwell in his Electricity and Magnetism for drawing the correspond- 
ing lines for the Newtonian potential. That is to say, let two such projections be drawn upon the 
same sheet, so that upon both are shown the same meridians at equal angular distances, and the 
same parallels at such distances that the ratio of successive values of tan | is constant. Then 
number the meridians and also the parallels. Then draw curves through the intersections of 
meridians with meridians, the sums of numbers of the intersecting meridians being constant on 
any one curve. Also do the same thing for the parallels. Then these curves will represent the 
meridians and parallels of a new projection having north poles and soulh poles wherever the com- 
ponent projections had such poles. 

Functions may, of course, be classified according to the pattern of the projection produced by 
such a transformation of the stereographic projection with a pole at the tangent points. Thus 
we shall have: 

1. Functions with a finite number of zeroes and infinites (algebraic fmictions). 

2. Striped functions (trigonometric functions}. In these t^ie stripes may be equal, or may vary 
progressively or periodically. The stripes may be simple, or themselves compounded of stripes. 
Thus, sin (a sins) will be comjiosed of stripes each consisting of a bundle of parallel stripes (in- 
finite in number} folded over onto itself. 

3. Chequered functions (elliptic functions). 

i. Functions whose patterns are central or spiral. 
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PROJECTION 01' AN ELLIPSOID. 

The position of a point on an ellipsoid is given in terms of the parameters of the two systems 
of confocal hyperboloids, and in general the position of a point on any one of these three quadrio 
surfaces is given in terms of the parameters of the other two systems of surfaces. Call these 
parameters ^,, ^j, l^, with the relation 

Now the co-ordinates of a point on the surface A,— const, are 

It will he noted that, in the determination of x, y, z, X will also appear in the values, but as it is 
constant for the given surface the truth of the general statement is not impaired. 
Assume now the system of orthogonal quadrio surfaces given by 



a^+:J2^6*+V ,?+^ 



=1, _,^>;.j>_fri 



The first of these represents the ellipsoid and the other two the confocal hyperbolide. We may 
assume, if we choose, Ai=0, to denote the particular ellipsoid which we wish to project j there would 
be, however, no particular gain iii doing so, but rather a loss by the expressions becoming less 
symmetrical. The tbllowiog formulas are too well known to require anything more in this place 
than the mere statement of them ; 

{a?+i ,)(a''+X^){a^+X,) {J^i,)ii^+j,-){b^+^) ((?+;j)(c^+_A4(c^+y 

In each of these formulas it is only necessary to place successively ^i, ^a, -is, equal to constants, in 
order to obtain the formulas for any particular surface, ellipsoid or hyperboloid. For the element 
of length we have then the three cases — 

Ellipsoid (A,=const.): 

Hyperboloid of one nappe (Jj=const.): 

d,^-(X -X \C _(^-^i) ^^t ^ _ (^A-^^) !¥ ^ 

Hyperboloid of two nappes (J3=const.): 
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The linear mtegrable factors of these are 



vV,(«'+J,)"(f+«(o'+W ' V>^(«'+»,)(S'+«(«'+«^"» 



A(«H«(t^+i,)(<*'+i>))'''''=''VC{#+i,)(;J+i)((?+i,))'''' 



W+i,)(S'+l,)(<?+^,)y' ' VV(«'+«(f>'+4)(<*'+4y " 

Write Li, La, Laj for the denominators in the above expressions which contain Ji, 4, ^3 respectively. 
Then we liave for the general determination of 6 and tj in the case of the ellipsoid — 

for the hyperboloid of one nappe — 

for the hyperboloid of two nappes — 

f^ik+ij^' <B.=l' (f-i,) 

We will confine ourselves now to the case of the ellipsoid, and \vrite, for brevity, 

The conditions 

are easily seen to be fulfilled if we choose for k^ the value, in terms of a new variable c, 

^~ (a*— c*) cos* C+ {a'—¥) sin^ 
This gives, for 0=:0, 

and for 0=^, 



For all values of lying between these limita the above inequalities are satisfied. Wo can write 
h in a different form, which will be more convenient for the purposes of transformation, vis: 



or, briefly. 



4=- 


»"+'*■ SC 


^^tan=fl 


^-t 


=|ta„.. 


l^=. 
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Now, for the iJetermination of U we find the following expressions: 






1+af 






-c')2xdx 



These sutistitutions made, give us at once 

u= f IW+M+ES? 1^ 

Eeturning now to the angle s, by means of which we defined x, viz,, 

a' — c' 
we tind 

(ft.+,.,)+(c.+,.)^^('''+^.)(»--«-)c.B-«+(c^+^.)(.--f)8in-» 

Writing for cos^ ", in the numerator, its value 1— sin' 6, this reduces to 



¥^}.,)^{o'+h)x-'^ 



{¥-\-h) (a^-c°)-(g°+^i) (6°-c^) sin^ e 



(«,= _C=) COS'S 



The remaining factor under the integral sign is 



Multiplying these together g 



2Ax 1 

dir=W-j-— ^ sec' ds 

1 _ («'— c°)cos^g 
l+ai'~(a»— c")— (5=— e*) sin» <? 



Tho result of the substitution in U of these values of its components is 



Ty=2 r '^[(ft'+'i)K-c°)+(«'+^i) (6^-c=)ain^g]^, 



U=2 11±1l 



(ffi=-e")-(i^-c')si 
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3 in both numerator and deuomiiiator ; in tlic numerator we Imve also 
the factor ^-X^. This may be written as 1+ ^ ~ , ami in this form gives, for J.i= cc, 

for ^1=0° it gives 

li'+i.—p-^ 
In the former of these cases there results 

in the latter 

This quantity being, then, either equal to or lees tlian unity, can be taken as the modulns of an 
elliptic integral, and we may write 

andj since the corresponding factor in the denominatot ia smaller than ft', we may also write 

^^~h sm « 

when 

■ , _ ¥+h 
"""^ a^+h 
and also 

cos' 3= '^'"'^' Vr=^ r-^= '^«'-"^ -^A» 



The substitution of these values in U gives again, on writing simply U for J U, 

U= P'^+h r Vl— A;°sin'f?(?g 
V a^-c" J l-fc'Bin^asin^f 



therefore 

Write now 
then 



^=^5¥^J l-fc°sin-.sin't; =*^^"^°J K,-/^'8m«cos«A«J ^x^rftiT u'.sin'gjAg 

*- J A^S ''- j A". 

U=tn a an a t~K^ sn a en a dn (i J -- — ,, . , ^— r— r 

J (1— fc^ sm'a Sin'fl) AC 
or 

T-r i 1 . /'7c^snfflcnadnasnffisn'i«i( 
TJ=tnadnffl*— I = — j - .- , - - ■ ; ■■ - 

The quantity under the integral sign is the elliptic integral of the third tind, or 77 (f, a) ; therefore 
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Now we have the formula couueeting the three Jacobi functions Z, iJ, 0, ? 

..j.,,,-.„.T, -,"'-'— "5 

which gives 



U=["(tii« ana-Za) t-^ logfj*-:^]] 



or placiug 

ConcerniBg ft, we can readily place it in a different form 

7t=tnaduffl— 2a=— ^log(S«,cn(t) 

since 

„ 8'a 
0a 
but, introducing the II function, 

log H (a~K) =log -J^T+log cn«+]og 0a 
and consequently 

Introducing the q function defined by the relation 

wo have (Cayley's Elliptic Functions, page 295) 

e('^?-t'^=l-2q cos 2('+22* cos ii'~2<f cos 6£'+ ... 

Ilf'^_^('^=2</g(3in('-93Bin3('+g« sinGC— 5'=8in7('+ . ^.) 
or writing 

t= — (' a= — a' 

these may be expressed in the brief form 

fft=l+2I'-'^ q^ COS 2jt' Ht=2 Vg^'"'"' s'""" 8in(2i-l) f 

and consequently 

g(t+ft} ^ l+2g-"Vcos2j(i'+«') 
e(i-a) l+22i-'>^g''co8 2/(«'--«') 

and _ 

H{«.+K)=3 Vs ■i'g'i^" cos(2*— 1) a' 

From the above expression for a we have 

±^^ d. 

da~2K da' 
and therefore 



, ;r J(2/-l)g«-"8iD(2j-l)a^ 

2K 2'g^"cos(2/-)ffl' 
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By changing ).i into ^3 the expression for U becomes =iV". The quantities K, a, do not depend 
on either Ji or ^3, and in consequence are unaltered by this change; the same is, of course, true of 
the constants a, a', h which are functions of K, a, and constants. The only quantity, then, which 
can vary is t^ and in this case, on account of the prescribed limits of ^-3, t will become a pure 
imaginary, say i(K'+r) and so 

(i=ami(K'+r) 
"We have now 

1 CT ^+;..i &^+Ji 

K'su*(iK'+tr)-aH^ S^+Ts 
but 

sn^):(K'+r)=^-g^^ 
and 

sn (ir, K) ^~^j^-^y =1 tn (r, K'} 

the above equation is therefore equivalent to 

-sn (i.)_t.n (^,i^)-(^3+j^^(^.+i^, 



Writing in this, if =am(T,K'), Tre derive 

COs2<^=^^,_^,jjj^_.^j Sin2^- j^53Fj-(i;=I7) 

and for the complementary modulus W, 

from ■which 
and 

Now we read for U the value 

<■ e((-o) 
or 

Now (Cayley's Elliptic Functions, page 156) 



and we have seen that 
therefore, since t=i(K.'+r), 



and therefore 



As we are to equate 0+fV to an arbitrary function of f and ij, there will be no gain in retaining 
the pure constant AK', so we shall omit it and write V in the form 

V-fcr-U^ l(,r.^(<*+*^)-ft.4- f„^-,C0Sa'{e^^-^)-g^C06=«'(^^^W:=^)+ . . . 
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Eesume now the formulas 
and suppose 

We have then, ou wiitiug V=/tr+tan-'' Q, 

loge"'7||^j+/fer+*taii-'Q=log(?+.'>;) 

lose"^^-jgj-ar-ftan Q=Iog(f-i,) 

Observe that 

log(f+*'?)+Iog(?-ii?)=log(f^+,')=log/ 

iog(f+%)-log<e-i,)=log ^^^±^=log/^= 

where 

$=pmiif ))=psmp 

Now, adding and subtracting the above equations, we obtain 






Ar+tan~'Q=y 



These conditions give the projections of the lines of curvature on the ellipsoid, arising from its 
intersections with the system of hyperboloids of two nappes, a series of straight lines in the xy 
plane passing through the origin of co-ordinates. The lines of curvature due to the hyperboloid 
of one nappe are projected in a series of concentric circles having the origin as center. 
The point ou the ellipsoid given by the polar co-ordinates (p, f) is of course 



(ffl^+i,)(a^+J,, )(ffl^+J,3) 



_{6M:M(^!+M(&!+^ 






when i] is constant, and 



— Fsin^asitfe 

la 1 1 _ («'—&') sin'" sin' ^ 
-t- s— I_ia8inaa8in^e 

. _(«'-<) sin'acos'o 
or, introducing tlie notation of elliptic fiinctions, 



l}^-\-h~- 



_ KP^) si^^_ 
■sin^"o-fcos^aSin''(& 

_( ffl°— &')sin'acosV 
'ain'o+cos^asinV 
(ct'— c^)sin^ a£x^(ij>,h') 



These may be written 



e=am ( 



(i=am(r. 



6'+Aa=(a'— 6')8n'a8n^(-T-6^+^3=(«^— 6')sn^(icn'(T, fc')4- 
t'^+Ai=(((^— e^)8n'aetf^-t-e^+^3=(a''-— c^)su''adn^{r, A')-7- 

whero denominator =l—sn^«sn^i for 1st column, and=l~sn*«sn'(r,S;') for 2d column. A num- 
ber of interesting relations can be obt-ained from these formulte, bnt it is not in the province of 
this work to take up subjects entirely foreign to projections. Observing, however, the following 
relations, given in another place, 



(b^-<?) ~ K' 



(^ 
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and substituting in tbese for A a its value du a, wo can write for x, y, s: the. foIlowiDg values : 

3;=G. dn^ttsn (-rj/c') J/— G-. dii'(isii'«8ii!icn(T,fc') ss=Q . ^'sn^Mcnedn(r, A;') 

when 



G=- 



Vtt'+^i 



dn<tV(i — fc^Sll'ttS!l^S)(8!l^(l+Cli^«eQ*(r, fc') 

The angle a has been defined by the relation 

^ _W±h 
From this we have 

and we can also find quite readily 

_ {ffi^+^i)fc"sitf a 
'^+''^- ^^^c 

The equation of the ellipsoid can then be written in the form 

a^J^\'^{a?-\-i.i)sm^a.'^{a'-{->.i)h'''m\^a 
or 

a^+/ cosec' a+s* coaee' a -j^" =(1'+;., 

or again transforming to elliptic functions 

' sn^ a A™ sn* a 
If the ellipsoid ie one of rotation around the axis of a;, the following conditions hold: 

l)=c h=<i 3=0 K=^ 0=t=V a=a,=a/ fe=tana 

Further, since ^f'=am[T, &')and 'k=l, 

and 



For the position of a poiflt on the plane corresponding to x, y, 2 on the ellipsoid of revolution we 
have, then, the polar co-ordinates 

^—gtana.s p=tau alogtan J{90^4-^')+tau~'cotosin^ 

the point on the surface being given by 

i(f=:G-sin^ i/=Gsin'asinOeos^' ^=0 sin' a cos C cos ^ 

where 



G=: 



■/sin' d+cos' a sin' 41 Vsin' 0+8in'acos'^ 
and for the surface 

a'+-ti'''(fl'+;.])sin'a 
or 

The case of an oblate ellipsoid is not arrived at quite so readily. Ae the general ( 
approaches the form of an oblate ellipsoid, the quantity Jc' becomes smaller, Jc gradually approach- 
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ing its limit of unity. The transformation to this case is as follows: Denote tbe complementaiy 
functions of those that we have been dealing with by the same letters with a suffix, e. jr., 



and also write 
then 

—SI 


*i= 


t\=h amai=ai 


--JS 


«-=-||±S|S! 




{b'-<f~]{h-h) 


--isrs 


and for the equation of the ellipsoid 






3? 


T+J 




=1 



a' + ^l (0.'+Ai)cOS^ai^(«=+i,)cOS^«, 

or 

it^+^^A^CTi 8eC*aj+jJ* sec'(ii=«.^ + ^l 

the co-ordinates x, y, z becoming readily 

a;=G-iAV^''i smip y=G\ cos^oi cosOi cos ip «=Gi cos^«A^«, sinCiA(^;i,fc') 

■where _____ 

AaiV(l— ft sin «! sin flj)(co8 ai+fc' sin ai sin ¥•) 
The product hi was before given by the equaMon 

and now becomes, on substituting for t and « their values, 

Ai=^logn(«,)(K-i.) 
and also 

'9{b—a)~e{tj—d,) 
so that TJ now assumes the form 

or merely 

since the constant may be neglected without any loss or change in the conditions of the problem. 
Furthermore, we have for U* expression 



/lO do 
l^ sin' a sin= 



cos a Jo 1- 
This becomes by the transformation from,((?, a) to (Cj, a,) 

„__if= cos«iA«_i rf dOi —^^^"j^iLi /•" ■ ^Oi 

~~ sin«i J ^^(A'aiA'Ci— 7i? cos' til cos'Ci)Afl, ~ sin ai J g^{l—k' sin^aj sin' f,) AC 

Since the integi-ation I *only differs from I by a constant, we may write for U the integral 

cosQiAo^ r'> _dOi 

~'~s~inai J (|(1— ft' sin'ai sin=o)ACi 
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This expression can be cltanged into another liaving an imaginary argument, and for modnlns tlie 
complementary one to Tc, tliat is, k'. We have, however, hy immediate reference to the Jaeobian 
notation 

Now 

or simply 

We can write at once for hi its expanded value and have 

' 2K' e"'i_e-»'>-39'°(e^'--e-3a'.)+ . . . 
We have, furthermore, 

and again writing as above 



i'^=r,ir 



we obtain finally 

'''+/(g^"''+'''")+g-^"'"^"'"+ ■ ■ ■ 



U=Ji,yti—^\os-j^^::^^ 



+e(''.-'''''+§"{e»<^'-»'.')+e-= 



For Oi=Q there results (i=0 and consequently this value for TJ becomes =0; the same is true of 
the integral expression for U, and those two solutions are identical. If we write again 



we obtain the transformed expression for V 

V-;,-X2 ^ lo^ H (CT+ir )_ 1 n(K-tti + ir) _ 1 0(r-|-Wf^i') 

T=fe.+2 . log g-^__^ _ft.+2 . log H(K-«,-ir)-'*^^+^ i ^^S ^(r-fai,ft') 

=A, ^+fran-' g' (e"'''-e-'°'') sill 2T'~g'''(e^"''-e-*"') sin 4tH . . . 
l_5'(e2»'i^.e-2*'.)oos2r'+3^{e*''''-e*«'')cos4T'+ . . . 

For the oblate ellipsoid we have now 

a'i=ff,,=log tan J(90o+ffii) t'i=(=Iog ta.ii.|(90o+(?) 

tan^(90°+° i)+cot |(90o+ai) . „„o 

^=tan i (90O+ «:) -^,i (90o+,.0 ^"^ tan J (90 +tf,) 

_, ] tan^(9 0o+ai}taD^{00°+g])+cot^(00o+ai)cot^(90°+g i) 
^ *cotf(9(K>4.„j) tanJ(9(P+fli)+tanJ(91P+a,)cot^(yOO+Ci) 



= -.-- logtan^(90o+c,)-Jl< 



- log tan i-{COo+0,)— J log 



sm ^^(gi+"i)+cos4(0i-«i) 
cos=i(tf,+a,)+sin^J(Oi-«0 

2+sinai sinfli 
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If wo substitute for G| (which entered in the expressions for values obtained for the co-ordinates 
X, y, z, of a point on the oblate ellipsoitl) the quantity G'l cos' «i, these values become 

a;=Gi' cos Oi sin <j> 3/=Gi' cos cos ip s=Gi' cos^ a^ sin^ Oi 

when 

' VI— sin' «! sin' Oi 
and for the equation of the surface there ia 

The angle ip is here the longitude and C; the eccentric anomaly of the meridians. 

The preceding projection of the ellipsoid ia due to Jacobi, and is to be found in a slightly 
differing form in Crelle's Journal, vol. 59. 

In what has been said up to this point, we have taken the plane as the surface upon which 
the projection has been made; that supposition, of course, simplifies much the actual forms of the 
results, but, as we shall see, does not have much effect upon the more general theory, though the 
steps to be taten in order to project one surface upon any other are more numerous than when one 
of the surfaces is a p3ane. 

Let Xj y, z, as before, denote the co-ordinates of a point upon one of the surfaces, and $, j;, C, 
the co-ordinates of a point upon the other; the two independent perimeters, in terms of which the 
coordinates of a point on any surface can be given, are m, v for the first surface, and U, V for the 
the second. We Itnow that it is necessary to determine U, V as functions of m, v, though not as arbi- 
trary functions, since the projection is to fulfill certain assumed conditions; in our case the condi- 
tion is that the projections of the elements shall be similar to the elements themselves. 

Since ce, y, z, and f , >?, Z are all functions of «, v, we have by differentiation 

d<c=adu+a'd'o dy=bdu-\~h'(!n dz=cdu-{-c'(}v 

d;=adw+'i'dv dvi=[idu+fi'dv dr=Zdu-\-y'dv 

a,b ^W being determinate functions of u, v. 

The condition of this projection ia fulfilled, as we already know, first, when all the linear 
elements that go out from a point of one surface are proportional in length to those that corre- 
spond upon the second surface; second, when the corresponding elements make the same angle 
with each other on both surfaces. 

The linear element of the first surface is given by 

V["(a^+ ?/+(;') du''-\-2 {aa'+W+fc^jdu'dv^+{a''^'+b'^+c'') dV] 
and of the second by 

V [p'+if^+pya^+s i^>+fij/+yf)du dv+(a"+fi"+f') dv'\ 

■where, as we know, 



E=«-+4>+(i' 


F=o. 


a'+JiM+cc' 


ii~a 


«+S»+«» 


aud similarly 










W=,'+p'+r' 


P'=. 


•-'+m'+n' 


G'=, 


/■+,!»+?'" 



'Now the first condition is satisfied when, independently of du and dv, the quantities E, P, G bear 
to E', F', G', respectively, the same definite ratio, say m; that is, when 



This quantity m is then the ratio of the lengths of two corresponding elements on the first and 
second surfaces; or, if the elements of length are respectively ds and du, we have 
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■which expresses an increase or diminution of length according as 

Tills ratio is in general different for different points; in tlie special case, however, where m i 
constant, the projections' of regions of finite extent will also be similar to the regions j 
and if jb=1, the areas will be eqnal, and the first surface will be developed upon the second. 
Consider two linear elements through the point given by u, v, their extremities being 

M, v. u+du, v+dv M, v. u+3u, v+6v 

The cosine of the angle between these two lines is, iu rectilinear rectangular co-ordinates, 



E du du+2V {du 3v+du dv)+Gdv By 



V[(E du'+^F du dv+Q dv^)'(E"dTi'+2¥ SuSi+Q Sv^)] 

The cosine of the angle between the two corresponding elements on the second surface differs from 
this only by having E, F, G replaced by E', E', G'; we see then that, in order that these two 
quantities may be equal, E, E, G must be proportional to E', F', G', which is precisely the con- 
clusion arrived at in examining the first condition of the projection; the two conditions are then 
identical, a fact which is indeed obvious from a priori considerations. Write for brevity 

Edu^+2FdH dv+Gdv^=ii 

We know that the equation i2=0 admits of two separate integrations, inasmuch as we can divide 
tJie trinomial into two linear factors, either of which equated to zero must satisfy the equation 
i3=0, equating the two factors thus to zero and these results to integrations. As we already know 
the factors will be of the forms dp+idq and dp—idq; and these equated to zero give 

p+iq=coQSt. j>—ig= const. 

where p and q denote real functions of w, v, and consequently 

Q=n (dp^+dq') 

where n is a certain finite function of (m, «). 
The same process leads us to 

P+iQ— const. P— iQ^const. 

as the two separate integrals of 

Q'=B'du'+2F'd7j dv+G'dv^=0 
and also 

where P, Q, N denote real functions of U, V. 

The difficulties of integration being supposed surmountable, these integrals that we have 
indicated conduct us to the general and complete solution of the problem. The condition of the 
projection has already been obtained as 

wliich gives us 

{dV+idQ) ( dP~idQ )_mH 
(dp+idq) (dp—idq) 'W 
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Tlie numerator of the first member of this equation is divisible by the denominator in two 
ways ; either when 

ilP+idQ is divisible by dp+idq^ 
and, 

dP—idQ is divisible by dp—idq 
or when 

dP+idQ, is divisible by dp—idq 
and 

(JP— i^Q is divisible by dp-\-idq 

In the first case dP+idQ will vanish with dp+idq, or P+tQ will be constant when p+i$=const., 
which ia equivalent merely to saying that P+iQ is a function of p+iq, and also P— iQ a function 
of p—iq. In the second case the converse holds; P+)Q being a function ot'p+iq, and P— iQ a 
function of p+iq. The solutions are then of the form 

F+iQ=W{p+iq) ¥-iCi=.l^(p-iq) 

P+i(l='P^{p-iq) r— (Q=s6,(p+/(7) 

but the secoml of these functional signs is not arbitrary; if the function F, is real, the function F^ 
must be identical with it; if, however, F, is imaginary, F^ differs from it only jn being its conjugate 
function, or function obtained by changing i into — i. The same reimirks, oi course, also hold for 
the functions ^i and #2 ; tius each of our Koliitious contains only one arbitrary tunetion, which may 
be either real or imagina.ry. 

We have by solution of the first two of these equations — 

F=i-P,{p+iq)+i-p,{p~iq) iQ=iiF,{p+iq)~iF,{p-iq) 

or P will denote the real and iQ (in the second case — iQ) the imaginary part of ihe function Fi. 
Solution of these last equations will now afford us the values of U and V as functions of u and v, 
and so solve completely the problem. Denote the derived functions of Fi and Fa by F'l and F'a, 
so that 

dF, {t)=F'i {t) dt dF^ {t) =F'a (t) dt 

Then we have 

dp+idq ^-^ " dp~idq ^^^ ^' 

also 

The ratio of enlarg'ement is therefore determined by the formula — 

This will be reverted to in another place. 

Assume now that the two surfaces under consideration are planes; then 

x=u y=v 2=0 f=U 7j=V C=0 

We have manifestly 

E=G=1 F=0 

and 

ii=.du^+dv''=0 
which conducts to the integrals 

M-f iD=const. w~j»=const. 

In like manner 

Q'=dU^+dV^=0 
gives the integrals 

U+*V=const. TJ— *V=eonst. 

IOTP 
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146 TREATISE ON PEOJECTIONS. 

The two general solutions are now 

(I) U+iV=F,(M+it)) \}—iY=F2(u~iv) 

(II) u+-iV=F|(M-i>) V-iV=F.,{u+iv) 

Tbese results can also be expressed as follows: / denoting an arbitrary function, we equate 
the real part of V(x+iy) to f and the imaginary part either to i; or —:;, as the case may be. Intro- 
ducing the derived functions F'l and P'^, write 

F\{w+iy)=:SL+iY F',(a^-%)=X-iY 

when X and Y denote real functions of a; and y. We liave now for the first solution 

dS+i(lri=^(X.+iY)(dw+idy) (?J~Jdjj=(X— »Y)(^— W?/) 

and consequently 

d?=:Sidx-Ydy dy,=Ydx+Xdy 

Make now 

X=8. cos G Y=S. sin G 

iix=d« cos g dy=ds sin g 

d~-=dn cos Y dri^di? sin y 

when ds denotes a linear element of the first plane, and g its inclination to the asis of a; ; d^ denotes 
in lUie manner the element of the second plane corresponding to ds on the first, and y denotes its 
inclination to the axis of ?. Tlie above equations give then 

(?<T cosy=Sds COB (G+(?) df7 sinr=S5s sin {G+g) 

from which follows, regarding S as positive, 

da=S> ds r=G+& 

It is clear, also, from this that S denotes the ratio of alteration of the element d^ to its projec- 
tion d/y, and further that S is independent of g; and the independence of the angles G and g shows 
that all the linear elements proceeding from a point of the first plane and represented on the sec- 
ond plane by elements which cut each other under the same angles measured in the same direction. 

If we choose for F a linear function of the tbrm 

F{p+iq)=A+B{p+iq) 

when the constants A and H are of the forms 

A=«+«6 B=0+?e 

then we shall have 

F'{i>+w()=B=e+ie S= v'(^"+^ G=tan-'? 

The ratio of alteration is therefore constant in all parts of the plane, and the projection of the first 
plane is throughout similar to the plane. For any other value of F the similarity would only hold 
for infinitesimal portions of the plane. 

Enough has been said in the previous pages on the projection of the sphere upon a plane, so 
that we need not allude to that subject here; but we will once more obtain the formulas for the 
projection of an ellipsoid of revolution upon a plane, solving the problem directly instead of deriv- 
ing it as a particular case of tho more general problem of projecting the ellipsoid of their unequal 
axes upon a plane. 

Denote by a and b the semi-axes of the ellipsoid; then 



4-1=1 
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is the equation of the surface, and we can write 

a:=(i cos M sin » y=amuusi]iv z=b<MSV 

ii now takes the form 

Q=^a' sin' vdu^-{-{a' cos' v-\-b^ siu'ii) dv' 

and the differential equation ii=0 assumes the form 

dM'+(cot' v+l—s') dv'' 
when (assuming that &< a) 

This gives 

dM^idvi/[coV v+l—s')dv=0 
Assume 

^/(l_e2j tan tistan <a 

where, in the case of the earth, 90°~<u denotes the gt^ographical latitude of a point and u denotes 
ite longitude; this equation now assumes the form 

du T i (7<u . - — - -~^^—, — 
' (1— e^COS'iu) sm w 

the integration of which gives 



Denoting now by/an arbitrary functional symbol, we must equate ? to the real part of 

/[.±no,e„H.(;-=;^-;:):] 

and ir/ to the imaginary part. If we choose for/a linear function, i. e., write 



then we have at o 



,=l„4»t-(ir;-;|»--)']* 



which gives a projection analogous to Moreator's. 

Assume now for/ an imaginarj' exponential function, or 

then we have at once 



5=}c tan' J «. /-l+^cos^Y ^^ ^„ j^ ^^^>^ ^ ^ /l+rcos^V.' sin in 



which, for l-=.X, is analogous to the stereographic projection. 
For the case where V>a, we have 

a'-6»<0 
and e consequently imaginary; but 

\1 — E COS <oJ 

will be real. "Write 

y-a" — ' 

then, for the determination of m, we have the equation 

Vi+e" tan v=lMn la 
and the differential equation of the problem becomes 
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giving the integral 

M±»' (log cot ^+t' tan"' s' cos u,) 

and this gives for I the real and for -^ the imaginary parts of 

/ 1 "+t (log cot ^+e' tan"' s' cos (u J 1 

Assume first, /, a linear function, or 

f(t)=kt 
We have, then, at once 

f=fcM jj^ft log cot ^+^' tan"' e' cos 

Secondly, a^^a^lme 

/(()=/<-e" 
Then we find 

?=A: tau^ -^ e— '' * '™ '' '^"^ " cos Am 5;=A: tan* ^ e"" 

Suppose that wo have given a sphere -of radius A, viz: 

and iin ellipsoid of revolution 



required to project the latter surface upon the fonner. The co-ordinates f, i;, Z are given in terms 
of the geographical co-ordinates U, V, by the equations 

?=AcosTJ8inV );=A sinU sin V ^=AcosV 

The differential equation arrived at is of course precisely the same as in the last example; and 
so, calling/ an arbitrary functional symbol, we have merely to equate U to tlie real and i log cot^V 
to the imaginary parts of 

/(»+n„g[c„.^(i^i|51£)=J) 

The simplest solution is, of course, for the case 

, . /('!=' 

and gives 

U=M tan A V=tan Jt ^P^ ) 

formulas of great importance in geodesy, 

The rectilinear rectangular co-ordinates of the point on the spherical surface corresponding to 
that denoted by w, «, on the ellipsoid are then 



'''^"2(r-rcos-^, j 

.+tan'^r"^+i^-'"Y 
' 2 V,l— E COS uij 

2 \1 — e COSm/ 
, ^ „<u /'l-fsCOS»\' 

J w /"l +e COSfli V 
2 yi -s cos m) 

2 \l~i cos m) 
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wheu 01 is retained for brevity, instead of its value tau"' (tan v ■/!— j')- By means of the formulas 

. -I '/ _i 2 

M=tan - iJ=cos , 

X b 

we may transform these into relations giving the rectangular co-ordinates of the point on the 
sphere corresponding to a point on the ellipsoid in terms of the rectangular co-ordinates of this 
last point. These results show the great desirability of finding co-ordinatea peculiar to the sur- 
faces under consideration, and by means of which the relations between the chosen co-ordinates 
on the surface of projection and those on the surface pvojecteil may be as simple as possible, the 
ordinary i-eetangular-rectilinear co-ordinates evidently giving most complicated expressions. 
If, instead of assuiniug 

f{i)=i 
we write 

/(() = ;+ const. 

there is clearly no gain of generality if the chosen constant be real, as in that case we would !i;i\'c 
for V the same value as before, and the values of U and m would only differ by this constant, if, 
however, the constant is taken as imaginary, say, —i log A:, the results are fijuite difl'erenl. We 
have in this case 

Determine now the ratio m of alteration; we have for that purpose the formulas 

•#'4* ^=wim' "-VCf/'C+wAiJ— -3)) 

13=# sinf(?w'+(rtcos'B-+-6^sin^r) t?i;' 
A'f--\-iiifi==.tM-\-i cot^i!-| — ^ \(iv^ 



Now 
and 



Similarly we find 
Now we have 



N=A^siu^V /(*)=! 



LsinV .- jTV^a — _-^ ^■{1 — e' COS^w) » 

cos^^(l — £ coaui)*+^ s:n°^{l+s cosui)' 



Vl- 



a ratio which is dependent merely upon the latitude wliieh is given by W^—u,. The smallest 
possible deviation from perfect similarity is obtained when fc is so determined tha^t m possesses 
equal values at the extreme limits of latitude of the region to be projected; in this case m will 
have its greatest or least value at the mean latitude, or nearly so. Calling lu, and m^ the extreme 
values oft", and equating to each other the values of m for these limits we come readilj- to the 
expression 

-^ {\ — t COSioO' cos' -j^(l~s C08i"i)'l 
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(1-.'co»>«,)'t [ 


f8in>yil+.cos»,y 


' sin"-|(l+tcos»0'( 


\ (I_Jcos.,)'f 


{1— £^eos'i.3}"2- ) 
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In order to determine at what latitude m has its greatest or least value, observe that we have 

•^'w I T7- J M J , ^^ eoB ui eiu <u dia 
--^eotV av — eotdi aa»H ^,— - -..--„___ 

and 

dV _ f7m _ _ ;^»m<^d«> _ {l'-s^)dia 

sinV~~'sinai 1—:' cos'u>"^(i— £^ cos'ai) sin <u 
from which follows 

dm (!—£*)(?« , -,, , 

■=^-. ~i — ' - ■■■■ „ - , -('iosV — COSw) 

m em cu(l— £^ oos" w) ' ' 

Now we see that, for Y=;iu, 

'" 

i. e., for V=(u, m is a maximum or minimum. Denote this value of i« hy W, then will 



W in terms of ft, 

1-h' 



sWy* 



W= 

from which W can be determined when k has been computed by means of the above formula. The 
quantities U, V, and lo are connected by a relation which now becomes 

tan i V=tan "Q'-' °°'Z\'n^' °°"l)' 

^ 2\(l+e C08W)(i — e COS i")^ 

It is easy to see that, for iu<W and Y><u, co8V<C08iu, and consequently -^ will be negative; 

7 
be a minimum and 



If we choose the radius of the 



^/(i-.'cos^"W) 



the representation of the ellipsoid at the latitude of 90°— W will be not oidy similar in infinitesi- 
mal portions, but also equal; for other latitudes, however, the projected elements will be greater than 
the elements themselves. We can expand the logarithm of m in a series iiceording to ascending 
powers of cos V— coa W, of which the first terms are 



logm- 



(A \ r* Vis* c/ifl W 

- (1 ~e= cos^ W) )+„-,-,-■ -,, (cos V — COS W)^+^ ,,- "(cos Y-cos AV)^+ . 



From what has preceded it will be easy to obtain the foimulas for the projection of the general 
ellipsoid upon a sphere. Denote by K the radius of the sphere; then its equation will be 

and for the ellipsoid whoso semi-axes are a, i, c, 

a? 't s^ ^ 

The co-ordinates $, )?, K, are given in terms of the two independent variables U and V by the relations 
?=E cos U ein V jj=E sin U sin V £=E cos V 



Hosted by 



Google 



TREATISE ON PKOJBOTIONS. lol 

If Xi and Xi denote the variable parameters belonging to tlie two hypt-rboloids, confocal to the 
given ellipsoid, we have for the eqitations of these surfaces 

aud the co-ordinates x, y, z are then given by 

_(^{^X,)_(a'+X^) _¥{b'^X,)(b-'-\.l,) e{&-^k){<l'+h) 

and the element of length on the ellipsoid by 

The equation ii'=0 thus becomes 

■"iT 1^~ 
writing, for convenience, 

Li= i^K+^i)(6'+Ai)(c"+Ji) L.= ■»^(«'+^j)(5m-"47(<^^7) 

and the differential equations are 

If we find one int-egral of these in the form 

l'+iQ= const. 

then having in the case of the sphere the integral 

U+ 1 log cot J V=eonst. 

it is only necessary to eqaate U to the real, and i log cot J V to the imaginary part of /{P+^Q)>"' 
order to obtain the most general solution of the problem. 

The method of transformation here employed is the same as the one previously used in the case 
of the projection of the ellipsoid upon the plane. The limits of ^i and l^ are 

;erms of the new variable is 

_ ft'(a'— c')co8'f/+c'((t''— b^j sin't? 
^~ («'— o") cos^ C+ (ffl^— ft') sin" 



The same reductions that have been already employed will conduct to the equation 



and, on writing 

b' . ^ a^b'-c^ ,, b'-~-<f 

«' b'ar—i? a'— c* 

this is 

2 sin a da 



1-^^sin^asin'fl 
V(t^— e^ V a? 
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If we call I tlie eccentricity of the section of tlie ellipsoid by the plane xp, it is clear that 



It will be a little more convenient to write P for JP, and thereby drop the factor 2, which will 
otherwise mn all through the work. Introducing elliptic functions by means of the equations 







t= 


rdt) 

J At' 




f da 


we can 


. write for V at 


ouce the value 












P=. 


=ilog* 










A=tn 


«dna- 


-Za=4- 
da 


logH(a+K) 


and in 


terms of the q 
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2{2j-l)q'<^-'>sm{2j~l)af 
' Sq'i'-'icos(2j-l)a' 



The ratio of the functions is also 

0(t+a) _ 1+2 l-{-y^ cos 2j{t'+a' ) 

0{t-a)~i.+2I{-yg^cos2j{t'-a') 
where 

In Hie case of the Q integral we have seen that it is necessary to write 

P=ajnt(K+r) 
i(K+T) being the new value of f; by change of the modulus fc into the complementary i' we intro- 
duce the new amplitude tp, defined by 



im(rfc') 
giving, finally, 



5 = ftr + tAn- 



i-£(-)^'g^'J-'"(^'-e-"«-")co8(2j-l)fl' 
v:(_)J-Yii^>i(e^i+e-i^-»)8in(2j— l)a' 



The complex quantity P+iQ is now expressed in elliptic functions by 

in which the real and imaginary parts are not separated. Writing for P and Q llicir values in 
terms of the q functions, the conditions of the projection are satisfied by equatiog U to the real 
real and i log cot J V to the iaiagiuary parts of 

f fi 1^^ ,u. l+2H-yg^C08{2j-l)(f+a' ) l(- y-YC^n(e(^^n.-_^..^m-)cos(2j-l)«' \ 

/ V^S «>ge i+2i:(_yg''cos{3j~l)(*'-a')''' "*■ i(_)J-ig«J-»(e<«-')''+e-^-'i-') sin {2j-l)(i'J 

If the function / is taken as linear and of the form /(v)=i', we find 

U=P cot^V=e'* 

By the first of these, all curves dependent only upon ( are projected into curves dependent only 
upon the longitude IT, or into the meridians; but 



/ d» 
AS 



Hosted by 



Google 



TEEATISE ON PEOJEOTIOMS. 153 

and is again a fuiicfciou of A, m that i is a function of A, and the curves whicli depend upon t are 
the lines of cntvature cut out by the hyperboloid of two nappes; these lines are then pngeoted 
into the meridians of the sphere, and the remaining system of lines of curvatnre is projected into 
the parallels of latitude. The quantities entering in the solution of this general case are so com- 
plicated that, as the problem is scarcely a practical one, it does not seem desirable to continue the 
research any further. It may be observed, however, in eonelusion, that the ratio of alteration m 
is given by 



-2. 



Ee^ p^cn^t+ c'A'flSn^t 6^ [cn'( r, A')-sn^ {r,fc)n 






I'+e^-''' L cn*i-i- A^ asn^f 8n=(r,i')— sn^o en^(r,fc)J 

We have seen that in general there are two solutions to the proposed problem of the ortho- 
morphic projection of one surface upon another, viz, 

(I) V+i(i=Mp+iq) ^-i(i=Mp-iq) 

{II} P+i"Q=*.(p-'9) F-iQ=^,{p+nj) 

It can now be shown that in one of these solutions the positions of the difterent parts of the sur- 
face are in the projection exactly similar (o their positions on the given surface, while from the 
other solntions results are inverse similarity. 

It is to be reraarked first, however, that we can speak only of exact and inverse similarity in 
so far as we may speak of the upper and under sides of the surlaces considered. As, however, by 
this way of speaking, it is perfectly arbitrary which we call the upi>er and which the under side 
of a surface, it is clear that the two projections have no essential points of difference, an exact 
projection becoming an inverse projection when the side of the surface previously considered as 
the upper side is made arbitxarily to become the lower side. 

The upper and lower sides of the surface will be defined as i'oliows: If ^"=0 is an equation 
satisfied by one of the surfaces, iP' is a given function of the co-ordinates x, y, g, which for all points 
lying on the surface is equal to zero, and for every other point is greater or less than zero; that is, 
is either positive or negative. By passing through the surface in one direction, ¥ changes from 
positive to negative, and by passing in the opposite direction the converse takes place. The side 
of the surface on which ¥ is positive will be called the upper, and the side on which it is negative 
the lower side of the surface. 

Let the equation of the second surface be «P=0 ; the same remarks of course apply to this sur- 
face as to the surface ¥=0. Differentiating these two equations gives 

whence (,, »Wi, m, are functions of a;, y, z, and .1,, in, ^i are functions off, ij, Z. 

The projection of '/''=0 upon cP=0 admits of having six intermediate and simpler projections 
inserted between the beginning of the operation. These are given in the following table: 

Co-ordinates of corresponding points. 

(1) The surface 'F-^ii x, y, z 

(2) Representation in the plane x, y, 

(3) Eepresentation in the plane m, v, 

(4) Eepresentation in the plane p, q, 

(5) Eepresentation in the plane P, Q, 

(6) Eepresentation in tht! plane U, V, 

(7) Eepresentation in the plane ■ c, ij, 

(8) Projection upon the surface <l'=(i ?, ij, f 

Leaving to the side the alteration undergone by the projection, we may now consider the rela- 
tive positions occupied by the infljiitesimal linear elements of the surface upon any two represen- 
tations. We shall call two representations similar when the linear elements that proceed from a 
point and lie on the right hand in one representation correspond to linear elements lying on tlie 
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right hand of the corresponding point in the second representation; in the opposite case the pro- 
jections will be spoken of as inversely-similar. As regards the i)lanes upon which (Nos. 2-7) the 
intermediate projections are made, we will merely call that side where the positive values of the 
third co-onlinate are found the upper side; the lower side will then correspond to negative values 
of this co-ordinate. The surfkeee * and W have already been mentioned as liaving their upper 
sides corresponding to positive, and their lower sides to negative values of * and ¥ respectively. 

It is quite clear that for any point of the first surface at which we consider x and y invariable 
and increase s by a positive increment, if we come to the upper side of this surface the representa- 
tions in (1) and (3) are exactly-similar, or an exactly-similar representation is obtained when » is 
positive, and an inversely similar representation when n is negative. 

In the same way, if C be increased by a positive increment, exactly-similar representations are 
obtained in (7) and (8) when i-i is positive, and inversely-similar representations when vi is negative. 
In order to compare (2) and (3), consider in (2) a linear element ds, the co-ordinates of whose ex- 
tremities areic, j,a;+(iK, y+(iy; and denote by/its inclination to the axis of a^; then 

dw=dsfiosf dy=(fesin/ 

In {3) let da and f represent the corresponding quantities; then 

dv,=-da cos <p_ dv=da sin ip 

but 

dx=a du+a' dv dy=hdu+b' dv 

consequently 

ds cos/=d<r(» cos p+ffl' sin f) ds sia f=d>r{b cos ^+b' sin f) 

and 

tan ^— ^™'^y+^'sinp 
<tcosy+«'sinf 

Regarding x and y as constant and/, ip as variable differeutiatioo gives 



{acoti^+a'tii'av'f+{bpasy>-\-b'siQ<py j , 
The sign of ^ manifestly depends only on that of the determinant 



:;|a)' 



6, b' I 

If this is positive,/ and </> increase together, and if the determinant is negative these quantities 
vary in an opposite manner, /' increasing while ^ decreases. In the first case the representations 
(2) and (3) are exactly -similar; in the second case they are inversely-similar. The combination of 
the results now obtained gives that {1} and (3) are exactly -similar or inversely-similar, according as 



**j b, b' I 
is positive or negative. 

Upon the surface '1^=0 obtains 

or substituting the values of dx, dy, dz an functions of du and dv 

{lia+mib+nic)du-^{l,a'+m^b'+niv')dv=(} 
but dw and dv are independent, and so we must have 

lia-\-mib+n}C=0 lia'-\-mib'+nic'=l 



Hosted by Google 



TREATISE OK PKOJECTIONS. 

and consequently I, m, n are proportional to 
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bc'—h'ti _ca'—c'a _ab'—u'b _ 
l\ ~ rtki ~ ftx ~ 

Any one of tliese can be used as the criterion for the ujiture of the representations {1} and (3), 
or better still, replaeiug these thus by 

!?+»,■+»,■ -' 

and then mnltiplying throngh by the positive quantity ^i^-l-w^i'+jti", we Iiave as the sought criterion 
the determinant 



Similarly, tJie exact or inverse similarity of (6) and (8) will depend upon the positive or negative 
values of 

fny'-yfi _yo.'-Y'a_ a,S'- a'^ 
i, rn ^1 

r upon the determinant 



In like manner the condition for exact or inverse similarity in the representations (3) and (4) 
depends upon the positive or negative sign of 



and in (5) and (6) upon the sign of 






In the projection of one plane upon another by the first solution, L e., by 
(I) P+iQ=/. [P+n) P-iQ=/. il'-n) 

it was found that exact similarity resulted, or, that the elements proceeding from a point in one 
plane and making «ertaiu angles with each other had in the second plane the corresponding ele- 
ments making the same angles with each other, the angles being measured in the same direction. 
The second solution 



(II) 



p+iQ=<p, ip-n) 



P-iQ=(/i,, (j)+ig) 
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will only differ from the first in giving us a result tliattlie angles between corresponding elements in 
the two representatious will be equal, but measured in opposite directions. These considerations 
afford lis the means of determining the relation between the representations (4) and (5); these are 
exactly-similar for the first solution 

(I) P+iQ=/. ip+n) F-iQ=f, ip-iq) 
and inversoly-similai' for the second solntiou 

(II) {P+iQ)=^, Ip-iq) V-'Ki='P^(p+i(i) 

Kow, iQ order to determine whether the projection of 'P" upon <P has not only its elements sim- 
ilar, but similarly placed, it is necessary to take note of the negative signs of the quantities 



dp dp 
dtt dv 


dP 
dU' 


dP 

TV 


dq dq 

dti ~dv 


dQ 
dV' 


dH 



If there are uone, or an even number of negative signs, the first solution must be chosen to give 
the desired result; if thei'e is an odd number of negative signs, the second solution must be adopted. 
The reverse of this method of choice will give an inversely- similar projection. 

As we already linow, the transition from a stereographie projection to any other orthomorphic 
projection is mei-ely a particular case of the solution which we have indicated as 

V+iQ=f, ip+iq) 

— it is of course not necessary to write — iQ=/j (p— i(/)— so that if w, y denote the co-ordinates of 
a point upon a stereographie projection, and ^, >; the co-ordinates of the same point upon some 
other orthomorphic projection, we have 

f, of course, denoting the arbitra.ry function derived from the integration of a certain differential 
equation. If the operation indicated by the functional symbol / is only the addition of a con- 
stant, the map is simply shoved along. If it is the multiplication by an imaginary root of unity, 
the map is merely turned round. If it is the multiplication by a modulus, the scale of the map is 
cbanged. If the operation raises the quantity to an integral power, the result is Sir J. flerschel's 
projection; if to a fractional power, the result is a many-sheeted map, that is, one in which the 
earth is only covered by a number, finite or infinite, of separate sheets of the map; and on these 
sheets the whole earth may be represented only once, or several times, or an infinite number of 
times. When / is an integral algebraic function, the result is a map Laving a finite number of 
north and south poles, and the problem to construct a map having north and south poles at given 
points is resolved by solution of the appropriate algebraic equation. The relation f(z]=e^ is 
Mercator's projection, and other projections of infinite variety may of course bo obtained by a 
suitable choice of the ftinctional sj mbol. 

Suppose, as a final problem, we take the expression 

the meridians being projected in right lines passing through the point a on the axis of x and the 
parallels by circles having their centers at this same point. Call S the angle under which any one 
meridian cuts w, then 

{x~a) tan f^=i/ 
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is the equation of this line, or, as it may be written 

i?=tau~'^_^ 
Tlie equation of a parallel of rartius p is in like manner given by 

Cojisidei- tliiw latter equation first. It may be written in the form 

and, since 

again, as 

[(S+i-or-a] [(f-i:^r-a]=p' 

or, if each factor ia divided into its factors, 

'T'[(.-<^e„.f)+.(,-»^.„?)][(.-»ioo,?)+<,_.^.„f)]=.- 
Or, again, this is obviously equivalent to 

77 r('e-a^cos^y+(^^-«¥sin^^-^]=:^* 

TTof course denotes the continued product of all the terms following it, obtained by giving to_j all 
of its value from to n—1. If we connect each of the points ?/« to a point S+ir/, the length of the 
connecting line will clearly be given by 

Substituting each value of this in the above equation, it becomes 

P1P2P3 P„=P^ 

Of course we would have obtained the same result had the circle been drawn about any point a, b, 
or a+ib, and so we can state the following 

Theorem: When n is real, integral, and positive, the projection a;+):i/=(=+ti3)" changes the 
circle r=p around the center a+ib into the curve pjp^po • • • • i>,=/'^when p denotes a radius 
vector through each of the points {a-^ib)«. 

For the case »=2, the system of concentric circles is projected into a system of confocal lem- 
niscat^s with the foci at Va+ib; and in the general case we can say that the circles are pro- 
jected into lemuiscates of the nth order whose foci are at the angles of a regular polygon. 

The meridians are transformed in a similar manner; we had for their equation 

ii=tan-'-?L. 
It is known that 

2itan- l- = log?+t? 

x—a x—iy—-a 
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and so 

j=~-i (f+i^)— «"( cos-^+i sin -~- ) 

= loe /T — ^:^ - ^-^ 

'-" (f-t^)-ffl"(^cos-^-+i8m-^-J 

J— 1 Q-'^~" ™s |- ) +i Qi ~a ' sin ^J^) 



or, finally, 



*=' S"' tan-' !- r— <." 



If, however, any point f+ii? is connected with the n points given by y^ the angle which eaeli 
of the connecting lines makes with the axis of f is given by 



and consequently 

{^=Ol+ei+ o„ 

and we have the following 

Theorem : If from any point a+ih, lines are drawn making angles with the radius vector though 
a+ib of fl=T5, these lines by the projection iK+ti/=($4-*^)" — n positive, real and integral — are trans- 
formed into the curves o,+02+0:,+ . . . 0„=&, where the quantities denote the angles made by 
the radii vectores to the curve from the points Va+ib make with the radius vector of any one of 
these points. 

For «=2 these curves are equilateral hyperbolas, and in the general case we can speak of the 
cur\'es as being hyperbolas of the n order. With these definitions of the preceding systems of 
curves, we have the theoTem that the orthogonal system of coafocal lemniscates of the wth order 
is a group of hyperbolas of the nth oi-der though the n foci of the lemniscates. 

The only alterations to be studied in this kind of prQJection are the alt€rationa of lengths and 
areaa> the former being denoted by the quantity m, the latter by m". The value of m has been 
already shown to be given by the equation 



•^=^~(^M^+iif2 ip-ii)) 



For the projection of a sphere upon a plane, it has been seen that 



R denoting the radius of the sphere, and the latitude of a point. 
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Tchebycbef has based a discussion concerning the most advantageous choice of projections 
upon the followiug considerations: 



Now the equation 
has for its integral 



log m=i log/',(p+i,f) +i log A (p-»5)-3 log G 






'^=vi{]>+n)-^n{p-~n) 



■when pi and <f2 are perfectly arbitrary flinctional symlxils ; as then /[ and ft are also quite arbi- 
trary, the above expression for log m, varies only as the diflference between the integral of 

and the function J log G. The properties of this equation show that this difference is a minimum 
inside of the space limited by any curve whatever when the value of P— J log G has a constant 
value over the curve which bounds this region. The integration of 

gives under this condition 

F=J log/'i {]>-\.iq) +i log/', (p-iq) 

from which, with exception of a constant, the values oif\ {p-\-i^ and/'s (j*— *9) may be determined. 
Before leaving the subject we may just notice the form of ds employed byEour in his memoir 
on the deformation of surfaces. The element of length ds is given by 

d^=Edp^+2^di) dq+Gd(^ 

wheu E, P, G- are functions of (p, q) and of the form given in the beginning of this chapter. 
Suppose that for a certain system of values {p, q) there results 



ds'=i{dp''+d^) 

The e ves ^=constant and q'^constant are in this case known as isothermal curves; they are 
lea Iv o thogonal, and geometrically they divide the surface into a series of intinitely small 
qu-^ es It is easy to show geometrically that there exists upon any surfiice an infinite number of 
f m 1 es of orthogonal curves which enjoy this property; that is to say, an infinite number of sys- 
tems of o ordinates which conduct to the form 



=i{a^+d^) 



Suppose, now, that we place 




p+iq=2a 
then 


p-iq^ 


dp-i-idq=2as 


dp-idq: 


and multiplying these together gives 





ds^=i>.dadi3 
This equation, like rfs'=i {dfi'-\-dy^), has the advantage of being symmetrical with respect to a, / 
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It is to be observed here that the expression 

ds^^U da dp 
is equivalent to 

if we make 

E, F, G iiow being given by 



ds^=¥Af+2Vd])aq-itGdq^ 
B=0 F=2J G=0 

<£y+(S)"+(i>« 



-^_dje d^ dy dy d£ dz_n, 
aa.Ap'^dadfi'^dad^- 

•>=(I>GI)'+G1)'=» 

The subject of these isothei'mal hnes is very fully and elegautly treated by M. Haton de la 
Gonpillifere in the Journal do I'fioole Polytechniquo, vol. 22 ; the same volume also contains Bonr's 
memoir. 

The method of geodesic co-ordinates might also be employed in this problem; they are 
defined by 

B=l E=.0 ds^^df+iidf 

The line 5=^con8t. is here a geodesic line upon which the lengths dq are measured. The line 
P=const. is perpendicular to the former, and its element of length is Viidq. 



§ VIII. 

GENERAL THEORY OF EQUIVALENT PROJECTIONS. 

In this chapter we shall consider principally the alterations that take place in an equivalent 
projection, and also give the equations for the projection of an ellipsoid of revolution upon a plane. 
We may first, however, obtain the general condition for the equivalent projection of any surface 
upon a plane. 

Let X, y, s denote the rectangular co-ordinates of any point of a surface and pq the two inde- 
pendent pai'amcters, in terms of which x, y, z can he separately given; then writing, as before, 



-p^dx^ dydy dz^d^ 
~dp dq^dp dq^dp dq 

«KS)"<I)'<S)' 



we have for the element of length 

s^=Edp''+'2Fdp dy+Gdq^ 



and for the element of area 
where 



dTi=Ydpdq 
V'=EG~F' 
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ie, be -written as a symmetrical determiuant, and in fact is given by 



p dq djt dq dp d 



/■^A' /'%\' /^V ^ ^^o,^ ^y^ ^ ^ 



dp 



dq'^dp dq'^dp (Jg VS^^ '^\tq) '^\dqj 



Tlie co-ordinates of the four points at the angles of this small parallelogram are, upoji the surface, 
The corresponding points on the plane are, taking ?, -q as rectangular axes, 



- , 5? , , (if , 






The area of this projection ii 



dp dq 



dp 



Equating this to the corresponding element on the surface, we obtain as the condition of equiva- 
lent projection the differential equation 

dp dq dqdp~ 

Nothing of interest can be obtained by attempting to discuss this very general form of the 
differential equation. It does not seem possible to reduce the question to one of quadratures, 
except in the case of a surface of revolution, when V will be a function of only one of the variables 
(p, q). If, in considering surfaces of revolution, we define latitude as the angle made by a normal 
to the surface with a plane perpendicular to the axis, we can speak of q as the latitude of a point 
and, longitude being measured in the same manner as upon the sphere, p the longitude of the 
same point. In this case V is a function of g alone, and one which we may suppose known. 

Let PH" (Fig. 39) denote the axis of revolution of a surface whose meridional curve PM is 
supposed known. Let s represent the are of a meridian measured from P, u the distance PI, v the 
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distance IM. The curve PM is in general determined by an equation between u and v, and from 
this equation tlie values of v and s can be determined as functions of p. It ie easy to see that in 
this ease we must have 

dq 

the minus sign being necessary because the arc s increases as the latitude p decreases. Eesuming, 
however, the differential equation 

dS di] _di drj _^ 

dpdq dqdp~ 



write for brevity 
t>heu 



dS_ d:_ 

dp~"' dq~ 



This partial differential equation leads by Lagrange's method to the system of ordinary differential 
equations 

dq__ d-p^dij 

The first of these equations gives Pidp-i-qidq—O; therefore/(^, q)—c is the result of integration, c 
being an arbitrary constant. Again 

Now if f{p, q)=c is solved for p we will be able f« substitute in pi tlie quantity p by its value in 
terms of q and c; writing this form of pi asj»i(g, c), we bave by integration 

which reduces the problem of finding i? to a simple quadrature. In order now to determine the 
integral of the proposed partial differential equation, it is necessary to establish a relation between 
the constants c and c*. Remarking that/(^, §)=$, we have immediately 



f =/(?,«) '!=r(5)+ 






In the quadrature, f is, of course, to be regarded as constant. Wc have already studied this 
problem at some length in considering the sphere as the suifaee to be projected, but a remark or 
two more on the subject will not be out of place in this chajiter. For the sphere of radius r we 
know that Y=r^ cos q. That being the case, if it Is reqnired to find the equivalent projection 
upon the tangent cylinder" at the equator, wo must place /{p, q)=r'p; thenpi=^r, or jpi is constant; 
again, making F(?)=0, we tind 

If \Te take the pole as center of a central equivalent prcijection 
^=f(P, il)=^*' sin i (l~qJcosp 

If in this projection the ratio -l is independent of q, we can place 

?=v{(i)n{p) ■'i=f{i)MP) 
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The 5 will be eliminated by division, and differentiation will conduct at once to ^''ifs— 

Y 
(a constant) and fy'=—; then 



-.^.,.jm 






where ^2 is perfectly arbitrary. The particular equations of the centra! equivalent projection are 
obtained by a-S8umiug 

If, inversely, - is to be only a function of g, the required conditions are obtained by writing 



These conduct to the relation 



and, '/a being an arbitrary function, 



= ■</cp-\~Cy 



*.=c..-^f^ 



Of course, in both of these cases the quantities c, Ci, c^ aie to be regarded as arbitrary constants, 
of which any desirable disposition can be made. 

Designate by a and b the seibi-ases, equatorial and polar, of an elliptic meridian, and seek to 
determine the formulas for the homolographic projection of the spheroid upon which the meridian 
is found. Suppose that areas upon the spheroid are reduced upon the projection in the ratio l:ft. 
The member h is clearly the ratio of the half surface of the spheroid to the area of the limiting 
ellipse of the map. In the general differentiaJ equation it will be only necessary to place ^f V for 
y in order to take account of the impressed condition. The solution of the problem requires the 
determination of i; as a fnaetion of q alone, and the representation of the meridians by ellipses 
having for semi -principal axes the length on the ](rojection of the polar distance q. Take for axis 
of rj the straight line on the map which joins the poles, and for ? the perpendicular to this at its 
middle point, which of course represents the equator. The general fomi of solution that satisfies 
all the conditions is given by the group 



■f=Ap+B 



P{f)+ 



'Ydq 



/Y<i 



and for this case it ii 
giving 



E(,=)=0 



$=Ap 



■fl~ 



Longitude being counted from the meridian represented on the map by the axis of $, it is clear 
that the quantity B should be made equal to zero. The value of V lor an ellipsoid of revolution is 



The meridian of longitude^ is represented by an ellipse, of which the principal axis ii 
tion of Tj is =26; call the other axis 2a' ; then the equation to the ellipse is 
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in whicli a' is an unknown fanction of f only. Differentiate this for 3 



The ratio, then, of the only two quantities that contain j> is constant, i, e., ^^^ is constant, and we 

may place 

a'=mp 

■tn lieing a constant which has to be determined. Substituting mp for a' in the preceding differen- 
tial equation, and it becomes 

AdA~ — £5 vd-n 



and on integration 



e 
Adri='^Ydq 



c being a new constant to be determined again. The equation which gives i? becomes on differen- 
tiation 



^V*^— y* 1 -h{\-o-'sm^qf 
Make 

mil . , 
-J =c suj A 

Then the first member of this equation becomes 

= — cos' A ffl i 
m 
of wliich the integral is 

Now, g=0 must give A=0 and 1— 0, and for 9=^there must arise )j=6; we have then 

2A-Ksin2;=^^J^ -(1-Vsih'# 
In the homolographic projection applied to the sphere, the supposition 3=^ giving rise to r^^fi 
gives also k=^. Analogy then leads us to make c=)», and thus obtain for the only remaining con- 
stant the equation 

_4A c^ co^qd' 



_4A r, coaqdq _'Za 
~^Jb (1— c'^sin^^)^" ^ 

._26 pi cos qdq 
« Jo {l-c^sin^""^ 



The result of the substitution of the values of c, m, k is the following equation, in which neither a 
nor 6 appears; 

2;^siT.9J-, (' " ""^^'^^ - ^ rl_cmqdq^_ 
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ALTERATIONS. 

Upon a surface of revolution the distance between the points whose co-ordinates are (p,g) and 
{p-\-dp,q+dq) is given by •^Fdp'-\-Qd^, P and Q being known functions of 2- Upon the map this 
distance is represented by -^di^+dtjK If h denote the ratio of the first of these distances to the 
second, A is a variable quantity, being different at different points of the surface, and also depend- 
ent upou ™. We have in general 
da 

¥dp^+Qdff=k\dS^+dri-) 



in which 



or briefly 



, „ dj , (i? , , dr, , dii -, 



df =j)i dp+qi dq dri=p2dp+q;i dq 

It is required to find the value of the ratio f- which will render ft a maximum or minimum in 
d^ 

any given point. As the point is absolutely arbitrary iu position, we have merely to regard ^i, p^, 
§1, 29) P and Q as constants, and consider A as a function of ^ or, better, of the tangent of the 
angle which the direction sought makes with the meridian; if we call this angle (9, there results 

(id(i 
Wc have for A* the expression 



"• = — J"! 1 J_a ■ — 



dS-'+dri' f^h^\in« ,^9.m^^ «iT> «.n« H^^+Sl 



i« ^+3 ^J^/^ sin ^ COS ^+^^^ cos^ ,9 



The maximum value of h will occur for the minimum value of the denominator of this section, and 
conversely. Differentiating the denominator with respect to ;?, and equating the result to zero, 
there follows 



P+&'-'"-^.«i']»n2,H2 



Ml+?#, 



tan 2 /S=-n>-"i^'*'.t''?f-?^- -.1 

This equation gives a single value, of tan 2/3, but two values of ^, lying between 0° and r,, and 
whose difference is =^- 

By differeutiatiDg the above expression again for ,9 and substituting the two values of (i, and 
;?+^, it will be found that the results will have contrary signs, which shows that the two directions 
upou the map, corresponding to these two values of ,?, are the directions of the greatest elongation 
and the greatest diminution, respectively. 

The result of these considerations is the following 

Theorem: The elements of length which, in their jjrojection, have i-eccived the greatest alter- 
ations, make right angles with each other upon the surface of revolution. 

In order to find the angle between the corresponding elements upon the map, it will be neces- 
sary to write for the first 

dS'=p^dp+q,d(i=(^PitAi\fi+qAdq drt'=(^p.^i&uii-\-<ii\dq 
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For tlie seooud, replace j3 by (S+i^, 



«"=^-pl>lC0t/^+4,^*I <lr,"=(-J,p,<xtll+q^dq 






then we easily obtaia 



J (Py-QV) sin 2 /?-PQ g^ga cos 2 J? 
■j (P^gi^— y^pi^) sin 2 ii-~PQp,qi cos 2 ^ 



i 


P', 




tan2,!-PQM, 


1 


P", 


Si* 


taQ2jS-PQp,q, 



Tlie iast is true, as is easily seen by substituting the value of tan 2 ,3. The equation 

tan )•' tan^"i=— 1 
shows tliat the angles }■' and y" (litter by ^ ; so tbat we come to the followiug 



Theorem : The elements of length which suffer the greatest alterations have, upon the map as 
well as upon the sphere, directions at right angles to each other. 

The results are of course of a perfectly general nature, and can readily be applied to equivalent 
projections. At any point of a surface of revolution, and in the directions of the greatest altera- 
tions, take two infinitely small lengths equal to nnity. The square constructed with these two 
elements as sides will^ be an element of the surface of revolution, and will also be nnit of area. 
Now, calculate the two values of k' and k" from the general formula for h, which correspond to 
the two elements upon the surface. The square 1x1 will be transformed upon ihe chart iuto the 
rectangle h'xh". The condition ft.'A"=l gives then the required equivalent i)rojection. Still, 
considering h' and and h" as values of 7* for two directjons at right angles to each other, observe 
that 



_Fl'+P2^ 



sin= ,9+2-^-^'^]^^ sin ;3 cos ;H '^^s— *^'*^^ /* 









Addition of these gives the remarkable property 

1 , ■J__i'iM-i'/ . ffiHSs' 
;^Va+/jm-- p^ + " q. 

a relation independent of the angle ft. From this we see that if, in any point, there is no alteration 
in lengths, i. e., if 

h'=h"=l 
the function 



P^ ■'' Q' ■ 
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Eeciprocally, if at a point of au equivalent projeotion this function equalB 2, there is no alteration 
of lengths around this point, for the equations 

give 

h'=l h"=l 

The fuuetion 

is a characteristic function of equivalent projections; its value computed for different points of the 
map shows, according to the difference between these numbers and their lower limit 3, how mncli 
alteration there is in any given point. Place, for conveuience, 



Then, multiplyiug these together, we have 

Ao_ (3>i'+j>a ' )(gi'+92') _(j>iQi+J'^gar+(Pig^-i':igi)'_(j'igi+P;!g)°+V' 

In this equation P, Q, V are functions of g which, for a given point, have fixed values, so that AI! 
must evidently have the least possible value for2'igi+i'a92=0; that is to say, for the case when the 
projections of meridians and parallels cut at right angles. For the sphere 

P^Q^=R' con^g V^=E^ coa^q 

therefore upon this surface the ratio pj™ is =1. Now at all poiutsof the central projection when 
the pole is taken as center 

and, consequently, in this case AB is always equal to unity. We have, then, simultaneously 

A'ft"=] 1^.+1-~AB AB=1 

consequently, we can write 

or, taking f for the co-latitude, 



In studying the central equivalent projection we called 8 the angle on the sphere between the 
principal meridian and the arc any point M to the center O ; the angle npon the chart was designated 
by ^, and the distance OM by p; resuming those symbols, let 6'. f, f' denote the corresponding 
angles for another direction; the angle on the sphere between these two directions is =e'—0; 
the corresponding angle on the cliart is = ¥'— ¥. At every point of tlte sphere and tlie projection 
there is an infinite number of groups of two directions which ma7:e tlie same angles between each other 
on the sphere and on 'he projection. Directions which enjoy this property are called conjugate direc- 
tions. The condition for conjugate directions is obviously 

¥—e='i"—0' 
Then foUows 



;7'+F 


-=AE 




-7. 


h'' 


1 


»■=»< 


h" 


1 

= COS" 



tan '/'■— tan^* _ ta.n'I''~tan0' 
1+tao ^'taittf " 1+ tairrBnS' 
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But tp being the distance from the arbitrary point M to the center O, we have 

,„ tan B ^ „, tan B' 

tan !r= tan r= 

co8^ ~ cos'' ^ 

These values substituted in the previous equation give, after easy reductions, 

tan 8 _ tan 0' 
co8^^+tan^^ cos' ^+ tan* 9' 

au equation of the second degree for the determination of (*', It is satisfied obviously by 

tan y=tan ff' 
which gives 

neglecting negative angles or angles greater than 180°. The other root of the equation is 

cos* I 

tane'=- — 5- 
tanS 

or, upon the sphere, the condition for conjugate directions is 

tanS tane'=cos^^ 
In like manner is found for the projection the condition 

tan!P= ^ 



cos* I tan if 

tanr tan'F= ^ 



The product tan S tan %' is constant for a given point M, and consequently the corresponding 
directions belong to the conjugate diameters of au hyperbola which lies in a tangent plane to the 
sjihere and having the point M as center, the tangent to the arc OM as oue of its principal axes, 
and whose asymptotes make with this axis the angle whose tangent is 



Fpoii tlie chart tlie conjugate directions are also those of the conjugate diameters of au hyperbola 
having the radins OM for a principal axis and whose asymptotes make with this direction the 
angle wliose tangent is 



In other words, upon the projection, as upon the sphere, the asymptotes of the hyperbola which 
defines the conjugate directions at a point are simply the directions of maximum deviation which 
have already been determined. 
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§ IX. 

GENERAL THEOEY OF PROJECTIONS BY DEVELOPMENT. 

The subject of development ia so inseparably connected with the higher parts of pure analytic 
geometry that it seems almost impossible to give much of an account of it in such a treatise as 
this. An attempt ■will be made, however, to give the most prominent points in the theory, referring 
always to the original sources from which the information has been drawu. Considering, as we 
do here, development in its most general sense to signify the application of one surface to another 
in such a way that the first shaU in every point be made to coiucide-with the second without either 
rupture or stretching taking place, we have to find first the differential equation of all suri'aces 
which can be developed or deformed in such a way as to coincide throughout with a given surtkce. 
The idea of defining a surfe.ce analytically by means of three equations which serve to express the 
three rectilinear co-ordinates of a point in terms of two independent variables is a very old one 
and is referred to explicitly in the writings both of Lagrange and Euler; but the glory of perceiv- 
ing the full importance of the conception is due to Gauss alone, who, in his celebrated "IHsgwisi- 
tiones generales circa superficies curvas," made the whole theory of surfaces, and especially that 
part of it, which pertained to the curvature of surfaces, depend upon these two new parameters. 
Among the most remarkable of the theorems obtained by Gauss is the one relating to the applica- 
tion of one surface upon another. Gauss, in a certain measure, arrived at this theorem by 
accident. He was endeavoring to express the measure of curvature of a surface (that is, the 
reciprocal of the product of the principal radii of curvature at any point) as a function of the 
quantities p and q (the two independent parameters) when he discovered that this quantity 
depended only on the functions E, F, G, which serve to express the linear .element of the surface 
In the form 

dsP=^^p^+2Fdpdq+0rd^ 

From this Gauss was enabled to conclude that if two surfaces are applicable, the one upon the 
other, that is to say, in such a manner that to each point of the first there corresponds a point of the - 
second, the distance between two infinitely near points on either surface being equal to the distance 
between the two corresponding points of the other, then the functions E, F, O are to be considered 
as having the same value for the two surfaces and the measures of curvature will also have the 
same value for both." This theorem, first stated by Gauss, has led many eminent geometers to 
undertake the tbundation of a theory of surfaces applicable to any given surface; this theory has, 
of course, its simplest application when the surface upon which the development is to be made ia 
a plane. In the first investigation which follows it is desired to find a means of ascertaining whether 
or not two given surfaces are applicable, the one to the other. We may, for brevity, speak of the two 
surfaces as S and 9'. Let 

denote one surface, and 

denote the other. Suppose. x,y,sto be expressed as functions of two independent variables ji and 
q ; for the linear element of this surface we have then the well-known expression 

<?s2=E«Zp'+2 F dp dq+G d<f 
where 

„_/'«^Y /-(Tj^Yj. /''^Y ,^_dwdx dydy dzdz r_/<'^Yj_/'''^A'j./^'^^Y 

\dpj '^Kd'pJ '^KdpJ ^ -dp 'dq'^dpdq'^dp dq \dqj '^\dqj '^\dqj 

Denote byp', g' the independent variables which serve to determine x", y', 2'; then for the linear 

element of this surface we have 



ds«=E' dp'^+2,¥dj>' dq'-\-G dq'' 
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-(s;)'<i)V(i;)' 



and 80 forth. If, now, the two surfaces are applicable the one to the other in such a way that 
the distance between two infinitely near points on the first is eqnal to the distanee between the 
two corresponding points of the second surface, there must exist values of p' and q' expressed in 
terms of ^ and g, which will satisfy the equation 

B ap^+2 F dp dq_-\-Gdt=W dp'* +2 W ip' dq" + G ^g'» ' 
whatever be the values of p, q, dp, dq. Gauss has shown in his memoir upon ortbomorphic pro- 
jection that there always exists upon a surface particular vahieM of the variables^ and g, which 
make 

E=G 1^=0 

These have been already referred to in the chapter on ortbomorphic projection, so nothing more 
need be said of them here. Calling them, however, {m, v) and (m', v'), we have as the new form of 
the above equation of condition 

k (d'u^-^dv^)=k' {dn'^Jrdv''') 

A being a function of (u, v) and A' of («', «'), Factor these expressions and ^rite 

w-\-iv=a u~iv=jS u'+w'=a u'—iv'=!i 

We have then simply 

<p^ da.di3=^''' da' dp' 

f^ denoting the value of ). in terms of a and (?, and y'^ the corresponding value of A' in terms of a' 
and [}'. 

A very remarkable consequence follows immediately from this equation, viz, that a' depends 
on only one of the variables «, /3, and ^' dei)end8 upon the other. Write 

, , d«' , da' .^ .,„, dfl' , , dS' ,^ 

da ' d^ ' ' da ' d^ 

The above equality thus becomes 

'■^•*'=-"(£<^+S'*)(*-'^+l*) 

Now, da and d/^ being quite arbitrary, there cannot exist in the second member of this equation 
any other quantity than dadfi, with its coefflcient; that is, the coefficients of da^ and d^ must be 
equal to zero, or 

da^d^^f. da'diV 

dada' d,? 4,3 ■ 

From this ioilows that, a and ,3 being iiidependent variables, 

.'=/(.) ,»'=/, (i!) 

or 

Take the first result, and the equality immediately becomes 

Irom which 

log ?^=]ogv'"+log/ (a)+log/, {&) 

Differentiation of this function with respect to « and (i successively gives at once 
^Jogje*_^logV^ 
dadS~ dad[i 
or 

#l0gj|^_^l0g^ 
dad^ ~ da'd^'^ ^"'-^^ ^^' 
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1 #logy*_ 1 d^logv'^ 



We have then the remarkable property that if two surfaces are a]>plicable the oue to the other the 
fuuction 



has the same value for the two surfaces at the corresponding points. In order to arrive at the 
geometrical aigniflcancc of ft, we proceed as follows: Resuming the variahles «, v, we have 






Multiply this by the superficial element of the surface, or by 

and integrate throughout the region included by an arbitrary closed curve traced upon the surface, 
thus 



'./■/"-//'■«'"'*+/'./'' 



Now, denote by the subscript numerals 1, 2, 3 . , . .2™ the even number of points in which the line 
)j=constant, produced in a positive direction, meets the closed contour; then, considering the term 

and integrating for m alone, we have, if we disregard the second iutegration for the present, 

//^r**=*[-cs-x'r).-(^). 

/<?logA\ /-51ogA\ -1 

■*"■■■ V rf«"A»^i V "'i't'AJ 

where! — j — ) denotesthevalueof thisquantityatthepointrj. Supposethat, in traversing the 

closed curve, the points of the curve following the points 1, 3, 3 . . . 2to— 1 are ou the side of the 
line D towards which « is counted as positive, and that the points following, 2, 4, C , . . 2)«, are ■ 
on the side of v towards which « is counted as negative; Fig. 40 illustrates what is meant, 
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the portions 1«3, 3c4, &c., lying towards the direction of the positive u, and the portions 263, id5 
lying towards the direction of the negative u. Denote by j the positive angle formed at each of 
the points by the closed curve and the line v, and hy ds the element of the closed <!iirvei we have, 

obviously, for the odd points, 1, 3, 5 , . . 2m— 1, 

VJdv—siujds 

and for the even points, 2, 4, 6 . , . 2m, 

■\/y.dv=— sin jds 
The above expression now becomes 

the summation extending over al! the points 1, 2 . . . 2m, where the closed curve is encountered 
by the line u=const. In effecting the integration with respect to v, which we had for the moment 

disregarded, we iind at ouce for the reduced value of the term j '^udv' ^'"' *^*' ^'^^ simple integral 
extended all round the closed contour. A similar transformation gives 

and so for the equation under consideration 

or again 

/ ( ^sinj dcosj J 

2 rfM.= /\ / ] y^ -4-- c <'»- fC—^ f +'-i^^f > 

JJ ^ ( ''« ^'» ) J V V^ "^^ V^ '^«/ 

If now du and dv denote the increments, positive or negative, which the quantities « and v 
receive in passing from the first point of the element ds to its last point, and du, Svi the corre- 
sponding incrementiS of M and v for a displacement dn in the direction of the exterior normal to 

the contour, there will result then, at any point of the contour, 

( VJ^du=coSijdii y/^-dD—f-mjds 

I ^/Jdu=—8hijdn -^li '1v=coB j dn 

froTH which 

lb) t ds ^ , ds , 

^ ' du-=^^<iv dv= — j-H 

dn dn 

These relations (a) permit us to express the above relations in the form 



dy/x . . d-Jl \ds 
-'--dT'^^OT 



and (h) give 



J J ° J \3u ds Svds J J\du88^dvS8j 

^ f {\ , f/'d.ds du . d.d8 Sv\ds f/'dj du , dj dv\ , 
-J J **= J b« S+TiT liM-j {Uii+lili)'^ 
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dj beiug the incremeiifc, positive or negative, which j receives while passing from tlie first to the last 
point of (Js, and Sds the increment of His for the displaeemont Sn in the direction of the exterior 
normal to the curve. Furthermore, 

/<?j=A+B+0 + -(K-2);r 

A, B, being the interior angles of the contour and n the number of these anglesj there 



'//"■=/, 



Snds 



ds-A-B-C- 



.+(»-2)!r 



We can illustrate this formula by a very simple geometrical construction. Suppose that the 
closed contour under consideration is only the small parallelogram BACD, formed by the lines 
p! 1i P+i'IP' ?+<^3 (^P ^^'^ (^ to be positive). The expression for element of area is well known 
to be of the form VeG-— F^/Tjidg. The integral _^ft^, of course, reduces in this case to a single 
element, and is, in fact, 




In this case, of coarse, 
there results 


we have 


tt=4, and if the angle between the lir 


and consequently 




'^="+|*+S''«+S*''« 




-A 


-B-C . . . +„-2),_-||*,J 
" VJ3G """ BO -' 


Now, as is also well known, 



and forming the expression for ^, from this we have very easily, for this last quantity, 

dq la VES^^F'Ve #+G '^ '^J ^P^^J 

For future convenience we will write 
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rinally consider the integral of -— ^- ds. This reduces to four elements corresponding to the 
four sides of the curvilinear parallelogram BACD. The element relative to the sideABhasfor its 
value (_- ^'B'-AB)AB ^^ A<B'-AB ^^, ^^^ gg, ^^. j^^^^^i ^^ ^g ^nd EA'FB' denoting the 

AA'.AB AA' 

linep+^j>; but _^__^ 

AA^=AE sin ^='^^^~^' dp 



a then for this lirst element 



Lrs^iS-.a]^ 



From what precedes we can deduce at once that the element corresponding: to the side OD is 

which gives for the sum of the two elements relative to BA and OD 

In like manner, for the sura of the two elements relative to AC and Bli there is found 

dri /dB ,¥ dE „ dF\ ~\ , , 
djlw(j4'^S df-^dpji'^^i 

The integral ( —4 (fe has then for its value 
J 8nds 

^ r 1 rdG , F dG ^dF\ n ^ , drl /dE , FdE „dF\-l , ,„ 

The equation 

2jJ*&=//^*-A-B +(,-2). 

then becomes 

d ri /''iG, F^ „^"\1 , ^ri /^_F^G\ -] 
*^^~aj)Lvv# Gd<( '' dqjydq[y\dq QrdpJ J 

This formula gives the value of ft as a function of the arbitrary parameters p and g. 

It is now quite easy to determine the geometrical significance of k, and to show that, disregard- 
ing the sign, the double of this function expresses the measure of curvature. If j> and q denote the 
two rectangular co-ordinatt-s x and y, we shall have, since a is the third co-ordinate, 

E=l+i 



\d^J ^'~da:dy '^K.dyJ 

y\dp'^0:dq dqj~r 



dz (Pz 



Mi)']MMJ<S)' 



1 /dE F dG\_ 
VKdq OdpJ' 
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and cousequently 

( (fe A^z 



V^<S)-<l)"rT^<S)']V'<£)'<S)" 

dz ^z 

, ^ dxdxdy 

^y r r dz\'-\ f 7"(iK\ s""~?W\ = 

( ■ dz 

- d*» d d^ 






■which becomes, on developing aiwi reducing, 

^^^^ 

which, apart from the sign, is the expression in terms of x, ?/, z, for the reciprocal of the product of 
the principal radii of curvature. 

The result of what precedes is expressed by saying that when two surfaces are applicable, the 
one upon the other, their measures of curvature at the corresponding points are equal. 

This theorem of Gauss's constitutes a necessary but not sufficient condition of the applicability 
of the two surfaces considered. It is to be observed, however, that when a first relation has been 
obtained between the corresponding points, it is Eilways easy to find a second; we can then calcu- 
late the values of j/ and g', which alone are admissible, and on substituting them in 

^d^+2¥d^dq+Gdq^^Wdp^+2Wdp'dq'+Qdq^ 
determine whether or not the surfaces are applicable to one another. If & is a function of p and q, 
and ft' of p' and q', we must have, if the surfaces S and S' are applicable, A=fc'. By Gauss's the- 
orem we kuow that the quantities k and Jc' are the respective measures of curvature for S and 8'. 
Differentiating, we have 

dk , dk , dkf , , dk' ,,„, 

or, as we may write for simplification, 

(a) mdp+ndq=:im'dp' +n'dq 

This equation combined with 

{0) Ji<}p''+2Fdpdq+Odq^=FJdp^'i-2Fdp'dq'+Gdq^ 

serves to determine dp' and dq' as functions of dp and dg; but the values of dp' and d^ should be 
expressed as linear functions of dp and dq, since jp' and qf are expressible as fiinctions of ^ and q; 
it is evident, from theforms of the-two equations from which the determination of dp' and dq' as 
functions of dp and dq is to be made, that this can only happen where there exist certain deter- 
minate relations betwe^ the quantities E, F, G and E', F', G', and the quantities m, n and m', n'. 
In order to determine this relation, square equation (a) and add it to equation [(s), previously 
multiplied by an indeterminate quantity A; we will thus have 

{m^-\-iB)dp''+2{mn+iF)dpdq+{n^+m)df={m'^+XW)dp'''+2{m'n'+i'P')dp'd(/+{n'''-^>.G')dq''' 



Hosted by Google 



176 



TREATISE OS PBOJECTIONS. 



If now tfae iiidetermiDate X is determined by the condition tbat tlie first member of this cqnation 
shall be the square of a binomial of the first degree iti dp and rfg, it will be necessary that the 
second member be also the sijuare of a binomial of the first degree in dp' and dq' ; or, in other 
words, the values of ). which render the two members perfect squares must be equal; we have, 
then, by simiilo algebra 

^ 2P, G 



V» 



This is the sought relation, whieb, for brevity, we shall write in the form 

H=H' 
and we have then the two differential equations 

JTT ,7TT JCT/ 

mdp + nd(i=m'dp'+n'dq' 
corresponding to 



K=K' 



H=H' 



and between these four equations we can d^^rmine p', q', dp', dq' as functions of p, q, dp, dq, in 
such a way that whatever be the values of p, q, dp, dq, if these are siibstitsted in equation {;5) we 
will have the final necessary and sufficient conditions which must be fulfilled in order that the two 
surfaces S and S' may be applicable the one upon the other. If we subtract from the square of 
equation [a) the product, member by member, of (;3} and the equation H=H', we have 



Y2 



[(Em-E)m) dp+{¥n-(hn) d 



;s[{Wn'-F'm')dp'+{F'n'-Q'm')dq'\'^ 



f\ I/, 

Up+\ 



V'=f 



\dq= 



f I 



Wa 



\f, 



w 



^}>+-aq^^=d^'^'+d^^ 



This equation combined with 

mdp-'i-ndq=7n'dp' -\-n'dq' 

affcrds ns the means of eliminating dp' and dq'; we have, in fact, 

[(e'n'-fm')u—lfii~gm)m']+--[-(e'n'-fvi')m+{€n-fm)m'] 



E 



-(/«- 



'~2fmn-\-gm' "' dp' 

n'] + -~[-[fn'~g'm')m^(en-fm)n'] 



from which is readily deduced 



ejt?—2fmn+gm' 



n-j — 'w-j— 



dp dq __ dp' 



\/f (f> \dR 



-2fmn+gm' e'n'^~2fm'n'+g'm, 






en'— 2/wn+stm' 



-2/m'«'+ff'w'^ 
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a. account of the eiiuality H=H', 



an 


an 




^H' 


dW 


-#' 


■d^ 


1 

=y7 


w 


dq' 


m, 


n 




m', 


n' 



(II) 






'>f] 



-^''«') ^ 



(I) and (II) combiDcd witli (III) 
and (IV) 



H=H' 



aftord the moans of completely solving the problem ; for the values of j>' and q' obtained by solving 
any two of these four equations must satisfy the other two, whatever be the values of ^ and g. It 
will not be necessary to carry further these general considerations, as the mathematical reader 
who is interested in this moat beautiful branch of geometry will naturally seek the original 
memoirs for full information. 

A brief account of the method of determining all the surfaces applicable to a given surface 
will now be given, under the supposition that the linear element ds of the surface s can be repre- 
sented by 

a and jS being the imaginary variables already defined, and ^ a known function of a and ,9. Rep- 
resent by f, 3j, C the unknown functions of a and j9 which express the rectangiilai- co-ordinates of 
the points of any surface 8' applicable to S; the square of the linear element of this second 
surface is 

Equating the second member of this last equation to the second member of the preceding, it is 
clear that we must have the conditions 



((DV(|)'<|)'=» 



(B) 



)dl_ 



lis 


dS d, d. 


«(it 

3;* 


■) 






».-» 


,■■ 




,1, 

3,!- 


m"-, 



These values satisfy identically the first two equations (A), and for the satisfaction of the third v 
have to insert the condition 

\m, n \ 
(0) =i^ 



Difl'erentiating the first row of equations (B) for (S and the second for «, we see that the following 
conditions must also exist: 



<?/? da 



(rf-rf) (».»--»») 



^m«)^^(5/»') 

dji da 
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whicli conduct to the following : 

dm , dm' dn , dn' dm , dn , dm' , d 

dfi da dfi da d[i ' dfi da ' ( 

and, with reference to 0, these give 

1 dm 1 dm' \ d% 1 drt' m" d n m'^ d n' 



(D) 






m' dfi~ 


m 


S^ 


n' d^ n da »j. 


Sliminating n' 


'by 


means 


of C, 








(E) 












dm , dm' 
"^ d^~^ da 


(F) 












d n_ i d ip 

da m~ mdam 


(G) 












d n ip d 1 

dfi m m' dfim 



Equation (E) shows that m' and w" are the partial derivatives with respect»to a and fi of some one 
function of (a, ^)- we can then write 



(H) 
(F) and {G) then become 

(I) 



(J) 



d n_ i d f _ ip ■ d 1 i dp 

da m~ Vqi So Vp~~ Vgi da Vpi Vpq da 

d M_ iip d 1 



Differentiating the first of these with respect to ^ and the second with respect to a, and equating 
the results, we obtain 

J 1 , y , 1_ , 1 , y 

Vpi v'gt I j^_ #y d^ Vyigi _ vpi _ i/qi 
d^ dfi ^Piqi d^~fi d^ dfi dfi da 
or 

(K) „rf-,.)-2|j.n-2|>A4-4«,^=0 

where 

_d?z _ d^z *_^^ 

*'-3? *-d^ ^-'dfi'' 

The solution of the pi-oposed problem is thus made to depend upon the integration of equation (K) ; 
for, if we know 2 as a function of a and (i, equations (H) will determine m^ and m'^ as functions of the 
same variables; (F) and (G) will determine — and Ji, and 1%' will be found firom (C); finally, then, 
m, m', Ji, m' being known, simple quadratures will suflce to determine ?, j?, C, for we have 

(Jf =i (m^4- w^) (i«4-* (™'^+«'^) dfi 

dr,={m^—n^)da+{m'^—7i'^)dfi 

dZ =.2'mvAa -^-2m'n'dfi 

Another more general investigation may be made which shall lay no restrictions whatever 
upon the original parameters p and q. It p' and q' are the corresponding parameters for the 
face, we know that the relations 
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can be established, which will enable us to write an expression for the element of lengtli upon 
this surface, -which shall depend only on^ and q. Let the equation of one surface be 

and let j> and q denote the independent parameters in terms of which the values of x, y, « may be 
expressed. We may, of course, consider p and g so determined that j»=con8t. and 5^^=con8t. shall 
be the equations of the lines of curvature, in which case 

/=con8t. j)=const, (/=const. 

will denote the equations of the orthogonal surfaces. The expression for the element of length 
on/ is 

where 

dx dx dy dy dz ds 
dp dq dp dq 



P) i'=s 



-(I>(S")<I)' 



Now, suppose a second surface to exist which is developable upon the first. Call 6, -r}, C the co- 
ordinates in this case and dir the element of length. If this second surface can be developed upon 
the first, it will be necessary and sufficient that the points of the one he mado to correspond to 
those of the other — that we shall have d^=da in every direction around two corresponding points. 
This equality must hold, then, whatever be the values of dp and dq, which define these different 
directions. Now, for dtr we have 

d<^=Wdi)''+2E'dpdq+G'dq'^ 
and, for dT=d-s, we must have 

B=E' F=F' G=G' 

It follows from this that the three new variables f, 15, Z are three functions of p and g, such that 
being substituted for w, y, 2 in equations (2^, these equations shall be identically satisfied. Con- 
versely, every solution of equations (2) will fiirnish a surface which may be developed upon the 
given surface. It is only necessary to eliminate from these equations any two of the quantities 
X, y, z in order to find the desired equation, which will be the resulting differential equation sat- 
isfied by the remaining quantity, say by z. We have, now, from the first and third of (2) 

Q)"+(D'=--Q" aD"+(l)=''-(D" 

For convenience, write 

,4, .=E-(|0 ^=a-(|J 

then we may replace these two equations by the four 

The second of (2) now becomes 

a[i (cos cos ?+ sin 8 sin p) =T'-^| g^ =r^& 
or ^_^ 
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Dift'erentiating tlie equations of the first row of (5) for q and p respectively, and subtrattiug, ^e 
eliminate so; the same operations performed upon the second row eliminate y; we have then 



dq dp 



da 



Multiply the first of these by cos 3, the second by sin 0, and add; then multiply the first by cos y 
and the second by sin^, and add; we have thou 



dq dp 



(9) 



Il(f-O) 



dp 
dp^lr di3 dal 



■o)^^^^i.-o)^ 



. , „.d,o 1 rdiS da-\ 



=1-^^ 



'dp~^l'^dp 

Eor brevity we may also write 

Then, since cos (y — 0)=/-, 

Equations (9) are now written 

a<p A an II 

(10) Tq=-, ir; 

Erom the expression cos {p—o)^y we have, by differentiating, 

' ' d^-rV~dqJ dp-.V-^J 

Pinally, form the expressions for -.-*'- from 10 and 11, and equate the results. 



(12) 



T 3g ^lq~t\dji dptlqj t"v'' dq) dq 



<Jt_ 



-A 
'if 



Jr 



From the relation 1— ^=t=, we have 

(13) 
Equation (12) now becomes 

' ' \_dq dp+dfdq}'- ''^"y dq "dp+dpdqj 

which contains only E, F, G, and the diil'erential coefficients of these quantities and s with respect 
to ^ and q, and is eonseiluently the differential equation sought. 

Denote now by k the Gaussian measure of curvature given by the expression 

«^^,, T7iM rl /t^F dQ\l,drl/dF dE\-]) ^, 
(15) _2V.*=V.|5-[^(j^-^^-)J + ,-[^(^-^)]J-VV 

when V^=EG— F*, and p denotes the determinant 

E, G-, F 

^E ^G- dF 

dp' dp' dp 

dE dGr dF 
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Again, denoting for Ijrevity the minora of tliis determiaant corresponding to any element by 
placing tliat element in brackets, thus: 

JG-d'e_dGdF ^^ 
* ^~dp dq dq dp' 
also, write 

~dp dq ~dq '"dp 

Substituting now in (14) the values of J, /', t, f, a, /?, we fiitd, afcer some rather tedious bnt not, diffi- 
cult reductions, the following form for this equation: 

where r, s, t denote respectively the second derivatives 



It is to be observed that this equation is linear in {rs—f) and in r, s, and t, and is in fact a partial 
differential equation of the secoud order, of the form 

Ef+Ss+T(+U(rs-t=)=W 
where R, S, T, U, and W are given functions of x, y, z, ^, ^-, or of p, q, i--, ^. A general inte- 

' "^' ' dp' dq' ' dp dq 

gration is of course impossible, so we will note only a few special cases. If we consider now that 
the three surfaces/,^, g are orthogonal, then the curves givenbrieflyas j)=const. audg=;con8t. cut 
at right angles, since they belong to the two different sets of lines of curvature, and for this case 
F=0, and equation (16) takes the form 

fd.W&s pdB(fe:\ ^ ,r^\ d — dE ^ f? 1 tiUI/'^Y 



For E=G- this becomes 






/ \A>) + { * ir +'' w '^ ^*r ] W 
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Suppose in equation (16) that E=G=0; this requires that the quantities denoted by a and j? shall 
be imaginary, or 

It would be convenient in staitiiig from this hypothesis to use the imaginary variables defined by 

a=p-\-i^ ^=]}~iq 

Of course these letters, a, /?, have no connection with those previously employed. Using these 
variables, Bour has treated the problem very fully in the Journal de I'ficole Polytechnique, vol. 
22, We will return to that point, however, but may observe, retaining our variables p and q, the 
form assumed by the equation under the assumed hypothesis of E=G=0. Write ¥==20; then we 
have 

i"-'^l-<Pdqdq'^''^dp'dp'^+^yy^dp^q iPdp <UjJ dpdq^\_^d.p dq dpdqjj 

Add and subtract 

1 d^ d<^ dz &^ 
~^^ dp ~dq dp dq 
and this becomes readily 

~"^\dpdq~ J dpdq ""^ +\^ dp dp J\ dp dq ) 

Make in this equation 

dz dz _ 
dp dq~ " 

and we find that the equation is satisfied; therefore 

dpdq"' 

is a singular solution of the differential equation. 

If we mate E=l, F=0, and G a function of p only, we come to the case of the development 
npou surfaces of revolutiou, a particular case of which has been studied by Weingarten in vol, 59 
of Orelle's Journal. There are several other suppositions which might be made, and which would 
conduct to interesting results, but the object of the investigation has been attained, and so we may 
leave the subject here. It is quite possible that a singular solution might be found for equation 
(16) or equation (17), which is a sufficiently general form, which wonld prove valuable in studying 
the general geometric properties of this class of surfaces. 

It is to be observed that for E, F, G all constants (of course including the case F=0), the gen- 
eral equation reduces to 

the simplest class of developable surfaces, viz, those which can be developed upon a plane. 

This equation is deduced from K by the supposition f =^con8t., and as we know has for its 
general integral the result of elimination of a between the equations 

(«) z~aa-f{a)!l^f{a) ~'—f{a)fi=/\{a} 

where ti is a function of a and yS, and/and/' are arbitrary functional symbols. By successively dif- 
ferentiating for a and (S, we find 

Also 
from which 



J M' 
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and further 

■if a ^ -"^ 'J ■^/{a Va 
Finally, m, n, m/ n* being thus known as fttnctioiis of a and also of a and fi, by virtue of 

«=/(,.) ^=-fia) 

we can obtain the values of ?,-q, i: by the equations 

d!i^2mnda+2m'n'dji 

The quantities m, n, m', n' being fauetions of the same quantity ffl, a function of a and (9, we deduce 
readily the equations 

mm'd7i?=7m'dm^ mm'dn'^='nn'dm'^ 

mni'd,2'nm={iim^+n'm)d.mi' t>un'd.2m'n'm{mii'+n'm}d.m'^ 

and consequently 

*•(»■+»'=« Sss'—"" a..(»"+..»)=.^-Ti7-'/',W<i« 



The ecfuation 

now can be placed in any one of the three forms 

ad.i (m^+n^)+fid.i (w"+m") = -»^^^^^Vi(«) da=^dn 

ad.i(m^—w')+^dA[m'^~ii'^) = ——, — f{a)da=dv 

ad.2mn+lid.2m'n'== -^^^^^/i(«) da=dw 

M, V, w being fnnctions of a, which are detenninable by simple quadratures. 

The equations giving d?, di^, dZ can now be integrated by parts giving with reference to these 
last three relations, 

( C=2Ml»la+2jW'r('j?— M 

We have thus only to eliminate «, j9, a between equations [a) and {b) in order to obtain the equa- 
tion of the required surfaces. The elimination of a and ^ is readily effected. Take three quan- 
tities, I, It, V, fiinetions of «, multiply the equations of group (h) by these quantities respectively, 
and add the results. 

(e) .i^-i-//,vi-i-v{M.M)C=ft^(W^+#)+/i^)»*— «P+2vm>l]a 
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Mnltiply the same equations by di, d/i., and dv, respectively, and tlie set giving du, dv, and dw by 
—A, —p., —V, respectively, and add the resulting six equations giving 

(d) SdX+Tjd!i.+ Zdv=[d.U{i)^+n')+d.ii.{'m'^—n')+d.)'2mn]a 

-\-[d.U{m'^-\-n'^)-\-d.jx{m'^—n'^)-\-d.y2tn'n']^—d.Xu—d.!tv—d.'iP 

Now sinw J, fi, y are indeterminate, we may write 

which gives 

^=ft(»im'+MM') ft=k{mm'—nn') y=:k(mm' -\-n'm) 

k being any quantity whatever; a and (3 tlien disappear from equations (e) and [d], and these equa- 
tions reduce to 

[e] XS+!nj + y^=~-{Xu+liV + yW) $di + ->idif.+>:dy = ~-{dht,+d/iV+di'W) 

If we wished to determine the equation of tlie required surface in rectangalar coordinates, it 
would be necessary to eliminate a between equations (e); but since the first of these is linear in f, 
7j, c, and the second is the derivative of the first with respect to the parameter a, it is obvious at 
once that the surface is the envelope of a moving plane — ^that is to say, it i»a developable surface. 

Bonnet has given a very elaborate discussion of the surfeces which are developable upon 
surfaces of revolution, and in volume 59 of Crelle, Weiugarten has giveu an investigation of a very 
curioas class of surfaces applicable to one another. The principal theorem which he pro.ves is, that 
the surfaces of centers of all surfaces for wkiek at any point one prirmpal radius of curvature is a 
fwnction solely of the other, form a system of surfaces which are all developMe upon one another. 

As the intention of these last three chapters is merely to give the reader a slight idea of the 
more general theory of projection by different methods, it is not at all necessary to go into the 
subject with any more fullness, either for the purpose of deducing other new principles or of apply- 
ing any further those already obtained. Enough has been said to meet all the requirements of the 
reader who merely wishes a slight acquaintance with this subject; all others would naturally go to 
the original memoirs and discover for themselves the geometrical gems which abound in the writ- 
ings of Gauss, Jacobi, Liouville, Bonnet, Bour, Codazzi and a host of others. 



Hosted by Google 



F^RT II. 



CONSTRUCTION OF PROJECTIONS. 



j by Google 



Hosted by Google 



TREATISE ON PBOJEOTIONS. 187 



CONSTRUCTION OF PROJECTIONS. 
STEREOGEAPHIC PROJECTION. 

The stereographic projection is one in whict the eye is supposed to be placed at the surface of 
the sphere, and in the hemisphere opposite to that which it is desirable to project. The exact 
position of the eye is at the extremity of the diameter, pa-ssiiig through the point assumed as the 
center of the map. 

It has been shown in the first part of this paper that only the scale of the perspective projee- 
tiou is altered by an alteration of the position of the plane of projection; this being the case, and 
it being jnore convenient to take the plane as passing through the center of the sphere, we will 
hereafter assume the plane of projection tcf be such a diametral plane. 

The stereographic projection has been also found among the possible orthomorphic projec- 
tions, i. e., projections which preserve the angles; so we need here merely state this property, 
leaving it for those who wish a proof of it to refer t« Part I. 

In Eig. I, Part I, let C denote the center of the sphere, V the point of sight. Op the trace of the 
plane of projection upon the plane of the paper, P the pole of the equator, and M any other point 
in the sphere whose latitude is and longitude <y; PZZ' denotes the first meridian. "We have now 

«'=2PM 90O-(?=PM r=GZ VC=0 

to these add 

PZ=^_a MZ=y PZM=<^ V0=0' 

Taking O, the projection of Z, as the origin of co-ordinates, and p, the projection of P, as another 
point of the axes of a, draw OT perpendicular to O^, and we have the axes to which it is most 
convenient to refer the projection. Assume m as the projection of M; then 0«=a!, m«=j/. We 
have already found for x and y the values 

cr (sin a cos co s iq—imb a sip a) c'rcosdmn/a 

~c+r (cos a cos cos lu+sin a sin S) ^~c+r (cos a cos cos w + sin « sin &) 

For the case of stereographic projection, we have c=r, and, since the plane of projection passes 
through the center of the sphere c'=r, these formulas become 

_ r (sin g cos cos w— coa asin d) r cos sin ■» 

~l+cos a cos e cos lu-fsin a sin o) *~l+co8acos Ocosiu+sinasinO) 

By elimination of and to from these equations, we would arrive at the equations of the meridians 
and parallels which would be found to be the equations of circles (see Part I). By varying the 
angle a, we can make the plane of projection assume any position that we please, and as the above 
equations are true for any value of a, we are enabled to say that all circles of the sphere are, in stereo- 
graphic projection, representeA iy circles. Two particular forms of this projection are of special 
interest and value, and we shall now take them up. 

STEREOGRAPHIC EQUATOKIAI. PEOJECTION, 
The plane of the equator is here taken for th« plane of projection, and, therefore, in onr tbrm- 
ulas we must write a=^; this gives 

^ reoao cos w r cos S sin ™ 



1+sinfl " 1+sine 

C=90O—fl 
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then, from these equations, we can obtain for the meridians 



and for the parallels 

The meridians are thus seen to be projected into right lines passing through the origin, and the 
parallels are projected into concentric «;ircles, whose center is at the origin, and the radius of each 
of them is equal to the radius of the sphere multiplied by the tangent of half the co-latitude of the 
point. The radius of the equator ov bounding circle of the projection is found by making 0=0, Le., 
Z—QO, and is consequently =r. The constrnetion of the projection is now very simple. Talie any 
point as center, and with a radius (on the proper scale) equal to the radius of the sphere describe 
a circle; this will be the loounding circle of the map. Now, divide the circumference of this into 
equal parts of 5^, or 1<P, or whatever subdivision may be moat desirable; the diameters drawn 
through these points of division will be the meridians. The parallels are all circles concentric 
with the one already drawn, and can he constructed for any latitude by multiplying the radius of 
the sphere by the tangent of one-half the complement of the latitude, and taking this quantity 
as the radius of the parallel required. Table I is constructed by means of the' formula 



P denoting the radius of the projected parallel. The values of /> are given for every 5° of latitude 
on the assumption of r=l. This projection, and others closely allied to it, La\e been very fully 
worked out in Part I ; and as it is designed in Part II to give oidy the most elementary and neces- 
sary principles connected with the construction of the various projections, it will not be necessary 
to say any more upon this particular case. 

STEEEOGEAPHIO MERIDIAN PROJECTION. 

This is the projeclion generally employed when it is desired to represent an entire hemisphere 
on the map. The eye is supposed to be placed at some point of the equator, and the plane of the 
meridian 1)0° distant from this point is taken as the plane of projection. For terrestrial charts 
the plane of the meridian of Greenwich is usually taken as the plane of projection, the eye being 
then situated at the point on the equator whose longitude is 90°, or 270'^. The meiidian passing 
through the eye is taken as the first meridian in reckoning longitude. Por maps of polar regions 
th^ stereographic equatorial projection is obviously to be preferred to this, bnt this gives an 
excellent and simple metliod of representing the two hemispheres on two separate charts. We 
have, in this case, a=0, and therefore 



~l-l-eos cos w ^^1+cos cos <u 

The meridians are circles given by the equation 

3f+f+2yr eot<«— f*=0 
The centers of these circles lie on the axis of y at the points given by 

?=0 5; = — r COtiu 

and their radii are given by 

R=r cosec ta 

For the bounding meridian iu=QO^ and E=j\ We have then merely to draw a circle from any 
assumed point as center, whose radius =r (on the chosen scale), and this will be the bounding 
circle of the map. Draw two diameters of this circle at right angles to each other and they will 
denote the equator and first meridian respectively. The distance from the center of the map to 
the intersection of any meridian with the equator is given by the formula 
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If now on the line representing the equator we lay off the distances ± »• cot oj to the right and left 
of the first meridian we will find the centers of the projections of the meridians; it is then only 
necessary to draw circles from these points as centers with radii =r eosec m, and the meridians will 
be couatructed ou the map. For the parallels we have the equation 

x'-{-ji^-\-2rx cosec 0-{-r^=(i 

which represents circles having their centocs on the axis of x at the points given by 

?'=—»• cosec i* v;'— 

n=r cot 



and whose radii are given by 



For the distance from the center of the map to the intersection of any particular parallel with the 
first meridian, we have 

d'=r tan = 



The construction of the parallels is similar to that of the meridians, the centers merely beiag 
taken on the projection of the first meridian. One thing is, however, to be obstrved in construct- 
ing these curves : For the meridians it is to be noticed that the formula ^^ —r cot e> gives, when 
the real sign of this is minm, the centers of meridians that lie on the + side of the first meridian; 
and when the sign of r/ is positive this formula gives the centers of the meridians lying on the 
negative side of the first meridian. In the case of the parallels, however, the formula ?'= d= r cosec 
gives the centers of those parallels which lie on the ± sides of the equator, respectively. Germain 
has given a table which facilitates the construction of this projection. In using it the following 
points are to be observed: Calling p„ the radius of the projection of a meridian; p^ the radius of 
the projection of a parallel; (?„, ;;„) and (f,,, ij,,} the co-ordinates of the centers of the meridians 
and parallels respectively, and B„ and d^ the distances from the center of the chart to the inter- 
sections of the meridians with the equator and of the parallels with the first meridian, we have, 
tor all these quantities, the formulas 

P^=r cot 
Pp=r cosec u» 
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We see from these that /j" is the same function of lu that ?p is of (7; the same relation holds between 
^„ and /)p and between a„ and S^. On this account it is only necessary to have one column in the 
table for each of these pairs of quantities. The following problem is solved in Part I, but is of 
importance, so the solution is repeated here. 

TO FIND THE DISTANCE BETWEEN TWO POINTS ON THE SPHERE AND ON THE MAP. 

Let d denote the distance ou the sphere between the points A and B, iV the distance between 
A', B', their projections. Assume a point M such that 

MA=« m;b=)/ 

and similarly 

M'A'=ic' M'B'=i)/' 

"We have thus a spherical triangle MAB, and a plane triangle M'A'B' with the angles M and M' 
eqnal (since the stereographic projection preserves the angles). Now, in the spherical triangle 
ABM we have 

cos S=GOS X COS y+sin x sin y cos M 
and in the plane triangle 

S'=^x'^-\-y"—2x'y' cosM' 
We know, however, that 

a^=j-tan^ j/'=:rtan^ 

and therefore, after elimination of M, we obtain readily 
_ r sin J 5 

~COS jiKCOS^l/ 

From this it follows that if x and p are constant, e. g., if they are assumed to remain npon the same 
parallel, then is S' proportional to 2 sin J 5, or to the chord of the arc AB upon the sphere, what- 
ever be the value of M. If M^O, 

S'=x'~y' 8=x—y 

and consequently the chord of 3 

x'—y' 

From this the value of 5 on the sphere ca.n be found for every corresponding value of S' on the 
chart. This expression cannot be employed when x'=y' or when x' differs very little from y'. For 
this case, however, we need merely to make M=1S0°, then 

chord 5=3' Sh^^i^l 
x'+y' 

from which the value of & can always be exactly obtained. 

TO FIND THIS LATITUDE AND LONGITUDE OF A PLACE FKOM ITS POSITION ON THE CHART. 

The general equation of the meridians in the stereographic projection is, aa wo have seen, 

^ . 5 n i i. cot<u , „ 
it^-f^ — Sirrtana—Syr r~0 

that of parallels is 

" ana+smO 8in(7+sma 

For brevity write x'-\-y^=fi^; then from the first of these equations we have 

cot<»=^^.cosa+-sina 

and from the second 

r^— n* . 2x 

Sma — :; - — iCOSa 



r^-^p" X+fi- 
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These equations give us the means of finding and ai when x and y are known. 
For the stereograiphic equatorial projection 

a=90o cot<u=- sin 0=*^^ 

For the stereographic meridian projection a=:0, and consequently 

GKOMONIO PKOJBCTION. 

In this projection the eye is at center of the sphere and the plane of projection is a tangent 
plane to the sphere. All great clceles will be projected iu straight lines, with the exception of the 
equator, which will obviously he projected in a circle at infinity. On this account the gnomonic 
projection can only he employed for a portion of the sphere less than a hemisphere. The general 
formulas, as found in Part I, for the coordinates of a point on the projection are 

__r (si n a cos ^ cos m— cos « sin e) 



lu+sinasin^ ^ cosacosCcosMi+isnasiufl 

For the gnomonic equatorial projection we have <i=90, and so 

x=r cot cos ui y=r cot sin fu 

Elimination of from this gives as the equation of the meridians 
y=:a;tan m 

which shows that the meridians are projected in straight lines, making the same angles with each 
other as the meridians themselves do on the sphere. 
The equation of the parallels is 

x^+^=r^ cot' // 

These lines are thus projected into concentric circles whose radii are proportional to the cotangents 
of their la-titudes. The construction (see Fig, 5) is extremely simple. Divide the limiting circle 
of the chart into any convenient number of parts, and join the center to the points which express 
the latitudes counted from the diameter AA' perpendicular to the flrst meridian; these radii pro- 
longed meet the tangent TT' parallel to this diameter, and cut oif on it distances equal to the radii 
of the parallels. 

GNOMONIC MERIDIAN PROJECTION. 

For this case «=(», and 

tan . 

x~—r v=''tanu» 

COSw ^ 

The meridians have for eqiiatioii 

y=rtani» 

which represents straight lines parallel to the axis of x. 
For the parallels we have 

a^cot'C— )/'-«'=0 

This represents a series of hyperbolas having their major axes lying on the axis of a:, and their 
minor axes perpendicular to the axis of x, which is taljen as the first meridian. The major axes 
are given by 

([=2rtand 
the minor axes by 



i=2r 



For the construction of these hyperbolas it is most convenient to determine a series of points whose 
8 are given by 
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aod then calculate the intersections of the parallels with the meridians supposed already drawn, 
by giving to c a certain value and to <« a series of va.lues, S'^, 10°, 15°, &c., or whatever may be 
most convenient. For a further investigation of this projection the reader is referred to Part I. 

ORTHOGEAPHir, PROJECTIOH, 

This projection is not used for geographical representations, but has been employed in the 
conatrnction of celestial charts, and is commonly employed for architectural and mechanical 
drawings. The point of sight in this projection is supposed at an infinite distance ftom the center 
of the sphere; this involves the writing of c=oo in the general equations for perspective projec- 
tions. We have then a cylinder replacing the cone which has been used in making all of the pre- 
vious projections. It is clear that all circles of the sphere will be projected as either circles, 
ellipses, or straight lines, according to the inclination of the plane of the circle to the axis of 
the projecting cylinder. On placing c=x in our general equations, we find for the rectangular 
co-ordinates of any point in this projection 

w=r(sma cos 8 cos™— cos a sine} 'i/=r cos ein m 

From these we have for the equation of the meridians, by eliminating e, 

a? sin^ <u—xy siua sin2aj+j^(l— sin^a sin^o/)— r* cos' a 8in*ia=0 

This equation represents ellipses having their centers at the origin of co-ordinates; the ellipses 
have the same major axis given by 

2a=2r 
and have their minor axes given by 

26=2j- cos a sin <u 
For the parallels we have the equation 

ic'+S^+ra cos o sinfl— »^sin(a— f)8in(t!+fl)=0 
This denotes ellipses whose centers are on the axis of a? at distances from the origin given by 

f=r cos a sin a 
and whose axes are given by 

2ffl'— 2j' cos 2b'='ir cos S sin a 

OETHOGEAPHIC EQUATORIAL PBOJECl'ION. 

For this case, we have, as usual, (1=90°, and consequently 

x=r cos cos to y=r cos sin <a 

In this case the meridians are straight lines given by 

Ij^x tan III 

and the parallels are concentric circles given by the equation 

ir'+j^^r' cos'fl 

If the celestial sphere is to be projected according to this method, it will be desirable to obtain 
the projection of the ecliptic. This is simply a great circle whose plane makes an angle of 23° 28' 
with the plane of the equator; the line of intersection has a longitude of either 0° or 180°. The 
required projection is simpty an ellipse whose major axis is equal 2r, and is coincident with the 
projection of the first meridian; the minor axis is =r cos 23° 28', and this is coincident with the 
projection of the meridian of !KP. 



Hosted by Google 



TREATISE ON PllOJECTJONS. 198 

ORTnOGRAPHIC MERIDIAN PROJECTION. 

As usual, we have for this case the condition a=0, and in consequence 
x=r sin 6 y=r cos sin ut 

For tho meridians, we have tlie ellipses 

r' r' sin'' m 
whose centers are at the origin and whose axes are 

2a=2r 2l>=2r siuw 

The parallels are ohviotisly given by 

x=r sin 

and are represented by right Hues parallel to the axis of p or, the same thing, parallel to the 
equator. The ellipses will in all the preceding cases be best constructed by points; the methotl 
of doing so when the formulas are so simple is too obvious to require any ex^auation. The plane 
of projection commonly employed for celestial charts is that of the axes of the equator and 
ecliptic, or simiily the solstitial colure. The projections of the equator and ecliptic, as also of all 
parallels to either, will then be right lines. The center of the projection will represent the equi- 
noctial points, and the solstices will be projected iu the extremities of the ecliptic. Declination 
circles of light ascension ^ — a, aud meridians of celestial longitude w, are projected in ellipses 
whose major axis is =2r, and whose minor axes respectively equal r cos a and r sin w. 

LAGRANGE'S PROJECTION, 

This is an orthomorphic projection, i. e., one which does not alter the angles in projecting 
Iheni; it also possesses the property of representing both meridians and parallels as arcs of circles ; 
in these respects it resembles the stereographic projection, which is indeed only a particular of 
Lagrajige's projection. The construction of the curves being so simple, it will only be necessary 
to give the different formulas for finding their centers and radii. Take for axes the meridian and 
parallel through the center of the map. The latitude of the parallel is Co, its colatitude po- Lay 
off from the center O (Fig. 42) on the axis of v? the distances PO=P'0=A; this entire distance PP' 
or 21 is, of course, quite arbitrary, but, when chosen, fixes the scale of the map. It will be observed 
that we before used the axis of f as in the direction of PP', but the present plan of using i/ can 
cause no confusion. The meridians maice at P and P' angles =2iu', r being an arbitrary constant, 
and called the coefficient of the chart. 

The meridians have for equation 

f2+y^2 + 2=iCOt2to — i^ = 

The center of each cii'cle is on the axis of ? at the point 



on ! he right of r^ if the longitude w is west, on the left if (u is east longitude. 
For the intercepts of this circle on the axis of ^ we have ';=0, and so 

$'=A tan ((«=0M ="=i cot to=OM' 

The radii of these circles are given V\v 

/"^=S^2(^ 
13 T P 
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To draw the meridians, it is only necessary to describe on PP' an arc contaiiiiug the augie 
180°~2to, the remainder of the circle being the arc of ISO^+Stw. The equation of the parallels is 




Fio. 42, 

The centers of these circles are upon the axis of:;, and are given by 

;^(1+F) 



Vo= 



1-i* 



The intercepts upon the asfs of i; are given by ^=0, and are 






."=yy^=.oN. 
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or substituting for k its value 



1+cot^tan-^ 



^1 ^^ I ^0 ^ 

I I l+cot-n tan-H 

I V'='' <r^~i 

■J |_l-cot-2''taii^ 



2J.fe _ 



The point N being given by the above formula, describe a circle upon PP' as diameter; at the 
poiut N draw HB perpendicular to PP' until it meets the circle in B; lay off OD=ON, and draw 
another circle through D and B, with its center on PP' ; thia center is of course formed by drawing 
a perpendicular to DB at its middle point, and producing it until it meets PP'j the intersection of 
PP' with this circumference will be the center of the sought parallel 

HE^=P0'-ON'=ND.DC' 

or 

It is to be remembered that, when the ellipticity of the earth is to be taken into account, we must 
use ; and ?o instead of p and y,,. The coefficient of the chart is determined by the formula 



We have found in Part I that the ratio of the corresponding elementary distances upon the 
chart and u])on the spheroid is, for all orthomorphic projections, independent of the direcitioqs of 
these elements. Denotiuff this ratio by m, we have tbr the value of this quantity 





-4« Vl-W 


cos^ss 




^ta„.; 


tau" 


C. 
2 
C 
2_ 




— + 2C08t«' 


+ 


tan* 


2 


tan' 



where it denotes the polar distance of the poiut corrected to allow for the ellipticity of the sphe- 
roid, or for a spherical earth, 



tan*' V 



The point for which m differs least from unity is situated hpon the meridian PP', from which 
the longitude is measured and has its co-latitude f, defined by the relation 






The ratio of the polar distances of this point is then equal to 

3(~CO8(0i 

2i-f cosfi 

In the neighborhood of this point the areas preserve very nearly tSeir true magnitude ; and since 
the infinitesimal portions of the surface to be projected are similar to the corresponding elements 
on the projection, the form of the regions near this point will be deformed the le 



Hosted by 



Google 



196 TREATISE ON PROJECTIOKS. 

will be clifarly advantageous in constructing a projection of this Idiitl to assume tliis ])oint as nearly 
as may be at the center of the map; the countries then very near tlie center will very approxi- 
matelj' preserve their true form. The construction of the prqjoction will tlieu proceed as follows: 
Choose the point — some important geographical position which it is desired to place near the center 
of the map; its eolatitude is ^i. Assume that the longitude is measured from the meridian of this 
point which is represented by a right line. Tlie coefficient of the projection is given by 



2t~ Vi+sin^i 

It is then only necessary to place this point anywhere upon the line PP' — say at K — and lay off 
, from K the distances given by 

PK_2(— cos^i 

P'lC^5?+cosn 

The points P and P so obtained are the poles. The distance PP' is of course arbitrary, and dcpenda 
merely upou the proposed scale of the map. For the latitude of the center of the chart we have 



(^„f)'=™(t..-)" 



Knowing now the poles, the center of the chart, and its coefficient, the remainder of the construc- 
tion proceeds iu the manner already indicated. 

PROJECTIONS BY DEVKLOPMliNT. 

The following section has been taken almost entirely from Part I and without any material 
change. The considerations are all of such an elementary nature, and the i)rojeetions treated are 
so important, that it has not seemed necessary in this practical part of the book to do more than 
repeat what has been given in Part I. In order that a surface may be represented upon a plane 
without any change of angles or areas, it must be such an one as can, by slitting it open along 
some line, be rolled out and made to coincide with the plane at every point. Such surfaces as the 
cylinders or cones obviously fulfill these conditions. The surfaces which possess this property are 
appropriately called developable surfaces. The sphere, however, or ellipsoid, does not satisfy this 
condition for exact representation, so that it is necessary to replace either of these surfaces, as 
nearly as may he, by developable surfaces upon which lines are drawn corresponding to the 
meridians and parallels. The construction of these lines upon the new surface must, of course, 
be of such a nature as to make them correspond in all ways as closely as possible with the original 
lines upon the sphere. The attempt to make projections of this kind has naturally given rise to 
two methods of solution: these are, first, by aid of an auxiliary cone; second, by aid of an 
auxiliary cylinder. Consider, first, Conical Projections. Conceive a cone passed tangent to the 
sphere ali>ng the parallel of latitude which is at the middle of the region to be projected. Also, 
imagine the planes of the difl'erent parallels and meridians to be produced until tbey cut the 
cone. We will then have upon the surface of the cone small quadrilaterals corresjtouding to 
those of the sphere; the magnitudes are different, but the angles are obviously the san>e. Now 
develop the coue upon a plane; the meridians will clearly become right lines from the vertex of the 
cone lo the different points of the developed parallel of tangency (or any other), and the parallels 
wdl be concentric circles, the vertex of the cone being the common center. The parallel of 
tangency is obviously the only one unaltered by the development. The quadrilaterals upoii the 
si)here are reproduced upon the square still as rectangular, but the magnitudes are different, as 
equal distances of latitnde upon the sphere are represented by distances which diminish towards 
the pole and increase towards the equator. The differences of longitude are all greater npou the 
surface of the coue than npon the sphere, except lor the parallel of tangency. The error in 
latitude may be completely (and that in longitude partially) eliminated by laying off along the 
middle meridian of the development the rectified lengths of the distances between the parallels, 
and throngh the points thus obtained, with the vertex of the coue as a center, describing arcs of 
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circles. By this means we obtain for tlie difi'erences in latitude their true values, and for the 
difterences in longitude values which are more nearly correct than those given by the first method. 




/ \ 




"*;/>.-.. 




\ 


^ 


mT" 


^ 



Fig. 13 shows both methods, the dotted lines corresponding to the second juethod. We have 
clearly from the first figure 

180° TU 



where Oq is the latitude of the middle parallel EM and a is the difterence of longitude of the 
extreme meridians which are to be projected; also, let V denote the angle of the extreme elements 
of the cone which appear in the development. The radius ViM of the middle parallel is given by 



and from figure (2) follows: 



180° _ V 
ttt cot li(,~ mm' 



Combination of these two values for mm' gives 



It is obvious now how to construct the projection : The angle V being determined, we have for the 
radius of the middle parallel YM=»- cot Co- Lay oft' ttom M the distances Ma' and Mb' as obtained 
by actual rectification. If the distance ab contains n degrees, 



and Mb', Ma' each 



Having then the center and one point on the circumference, we can draw the circles which repre- 
sent the parallels of latitude. If we call tr the angle between the projections of two meridians 
corresponding to m upon the sphere, we have clearly 
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The radius of the parallel at latitude o will be 

=r[cotCo-{('— So)] 

and the corresponding arc of longitude w will be 

=rm sin Co [cot 0^— {O—Og)] 

The error for each degree of the parallel will theu be 

=r{0—0^)mi8a 

Enler investigated at some length the theory of conic projection, and determined a cone fnlflll- 
ing the following conditions: 

1. That the errors at the tap and bottom extremities of the chart should be equal. 

2. That they shall be equal to the greatest error which occurs near the mean parallel. 

The cone in this case is obviously a secant and uot a tangent cone to the sphere. Let C„ denote 
the least latitude of the region to be projected, and 0„ the greatest value of the latitude; let AB, 
Eig. 14, denote the portion of the middle meridian comprised between these extreme latitudes. 
Designate by S the length of 1° of the meridian, and let P and Q be the intersections of- the cen- 




tral meridian with the parallels, along which the degrees shall preserve upon the map their exact 
ratio with the actual degrees of latitude; also call 0^ and C, the latitudes of these two parallels, 
upon each of which a degree of longitude has respectively the values S cos fl^ and S cos 0^. Lay off 
these two values of 1° along the lines Pj, and Q, perpendicular to AB, and join pq\ this line will 
represept the meridian, removed one degree from AB. The point of intersection O will obviously 
be the common point of meeting of all the meridians and the center of all the parallels. The dis- 
tance from O to any parallel is readily found ; since OP/) is a right angle, we have 

P"Q ~P0 
or 

S (cos lip— cos Cj) _ 6 cos dp 
'^''^o^e^ ~~P0~ 
from which 

pQ^ <iOSg^(ti^- g,) 
cos tf.— COS 0, 
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Having determined the center O, it is only necessary to draw an arc of radius OP, and upon it lay 
off lengths ~3 cos 0^,; these will give the points through which the meridians pass. Then laying 
off, along the middle meridian, distances equal to the number of degrees of latitude of the different 
parallels to be constructed, draw through the points thus foand circles having their center at O, 
and the projections of the parallels will be constructed. 

We will now determine the errors resulting from this construction upon the extreme parallels 
tlirough A and B. Eepresenting by w the angle POj*, we hud 

_ Pp _S (cos tfj,— COS C,) 



If we take 3=i.° and express the denominator in parts of radius, which is doue by making 
t> =0,0 17 45329, the value of 1"^ in a circle of radius unity. Let s represent the distance in degrees 
from the center O to the pole. The distance from P to the pole will be=90o~Wj,; from P to O 
will be=90<=— fp+s; the value of this in parts of radius will be 

It is easy to see now that we must have 

.= !".-A)??«4._90=+., 

C08C„— COSC, "^ 

The distance of the extreme parallel A from O will be iu parts of radius 

AO = y{90O_0„+s) 

Multiplying this by the value of <u, we have for the value of the degree upon this parallel 

,5(90o~ii?„+s) (cos c.— cos 0-) 
A._ ^-__ -. 

instead of S cos d^. The difference of these two values gives the error along the parallel through A, 
For B the error is the dift'ei'ence between 3 cos 0^ and 



Euler's proposition was to determine the parallels P and Q iu such a manner as to make the extreme 
errors at A and B equal. Equating these two errors and reducing, we have 

(".— *i){'!OS Cp— COS l',) + (0,—Op) (COS C„— COS 0^) = 

Eor tVie length of one degree upon the parallels of A and B we have 

o(90o— (J,+2) o> u (90O— Os+«) •« 

We have from these 

t.[90O-('„+s) <»-cos C„=t. (90<'-«,,+2i-cos '', 
fi'om which follows 



Furlhor, equate both of these errors to the greatest error which occurs between A and B, suppos- 
ing in the first instance that it occurs at the point X half way from A to B. The latitude of X is 



The en'or there is 
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its sign being opposite to the signs of the errors at A and E. The cooditioii is now expressed by 
the two ecEiiations 



"(«.-».) 



■-».+.),.-oo,».=c„s'^'-„(90o-"4"--.). 

■ — (7^+3) w— COS (/j = C08°-'T--'' — 0^90°— -^— — 2^ V 

find readily 



""" -Q^_Q—- --■ -■- -M>hw„+<,oe 2 

which reduces to 

(180O-I 0-:^ s,+2s)=-^^-J-^"— [cob s„+cos^J^] 

from which n is readily found. Aiiplying this to the coostriiction of a map of Euesia, it is only 
neeessaiy to write 

The formula for <u gives now at once 

CO840O— C0870O ,-,, ,,,, 



gives now 

(850-32)t.d,=1.33962 
Now, u(u=^0.0141; therefore 

„ 1.33962 

2^=0.0-14T- 



-850=100 3= 50 



80 far we have assumed that the maximum error lay at the middle of AB; but we will now 
find the correct point, and assume that for this place the latitude is 0; the error will now be 

„(90O-fl+s)<u-cosfl 

Differentiating this with respect to and equating to zero, we find for the position of maximum 
error 

sintf=«<=0.8098270 
or 

C=540 4' 

Equating the error at fl to those of A and B, 

<.{180O— ft„— C+3s)<u=cosC„+cosfl 
from which 

«=0O0'30" 

The values of z and difl'er very little from their assumed values of 5° aud 55° respectively. The 
errors at A and B are thus equal to 

vm (90°— fl,+«)— COS e„=0.0094fl 

A degree on the parallel of 40° is then expressed by 0.77550 instead of 0.76604, its true value upou 
the sphere. This degree is then about -^ greater than the true degree on the parallel of 40", and 
the degree on the parallel of 70° is about 3^ too great, its true value being 0.34202. 
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In n?ig. 15, let ff„ and Cj denote tlie latitude of two extreme parallels Aa and Bi, which limit a 
spherical zone whose projection is to be determined. The latitude of M half way between A and 




Mntdoch'8 pi-ojection consists in making the entire area of the chart equal to the entire area 
of the zone to be projected. In order to eftect this it wlU be necessary — supposing PN and po the 
radii of the extreme parallels of the chart (obtained by rectification) — that the surface generated 
by the revolution of OH'(=AB) about PC shall be =2!rr(«&), where r= radius of the sphere 
expressed in degrees. Let s denote the equal angles ijOM, CCM; we must then have 

2rrKfcAB=2jrr(ai') 

From the similar triangles K£h and MFC we obtain 

K^_KC 
FG~MO 



consequently' 



s.+^i 



Ei=r cos "- T"--' cos S 
and substituting this in the above equation, we have 



This gives for cos S the value 

*^^ fl~ ~0 ' " 

It is easy to see that, for the radius Kp=B of the middle parallel, we have 

„ O.A- 0, cos S 
Kp=r cos -^-' ^-j-^ 



The quantities which we have already denoted by -n and V are here connected by the relation 
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Murdoch, in order to draw the intermediate parallels, divided the. right line ON into equal 
parts, giving, for the radius of any parallel 0, 



a method which, although perfectly arbitrary, had the effect of dimiuishing the errors in the chart, 
Mayer, who resumed the problem proposed by Murdoch, gave the radii j»C and ^7 as 

p]j=pK—'Ki; pC=j)K+K:' 

aud, as Ki;=pKf =»■ sin J, 

»^=E— r siu^=:r ^— = i pZ=B,+riimS=r >- - .-— Z 

sin-^' ~ sm-^^— ? 

A second method of projection was given by Murdoch, iu which the eye is placed at the center 
of the sphere, as in gnomonic projection, and a perspective is made which is subject to the condition 
of preserving the entire surface of the zone which is to be represented. Lambert was the first to 
indicate a method of conic develo])ment which should preserve all the angles except the one at 
the vertex of the cone, when the 360° having upon the sphere the pole for ce(lter will obviously be 
represented in different manners according to the different conditions to be fiilfiUed. A full 
account of this method is given in the chapter on orthomorphic projections. 

bonne's peojection. 

This method of projection is that which has been almost universally employed for the detailed 
topographical maps based on the detailed trigonometrical sur¥ey8 of the several states of Europe. 
It was originated by Bonne, was thoroughly investigated by Henry and Puissant in connection 
with the map of Erance, and tables for Prance were computed by Plesses, In constructing a map 
on this projection a central meridian and a central parallel are first assumed. A cone tangent 
along the central paraEel is then assumed and the central meridian developed along -that element 
of the cone which is tangent to it, and the cone is then developed on a tangent plane. The 
parallel falls into an arc of a circle with its center at the vertex, and the meridian becomes a 
graduated right line. Concentric circles are then conceived to be traced through points of this 
meridian at elementary distEinces along its length. The zones of the sphere lying between the 
parallels through these points are next conceived to be developed each between its corresponding 
arcs. Thus, all the parallel zones of the sphere are rolled out on a plane in their true relations to 
each other and to the central meridian, each having in projection the same width, length, and 
relation to tlie neighboring zones as on the spheroidal surface. • As there are no openings between 
consecutive developed elements, the total area is unaltered by the development. Each meridian of 
the projection is so traced as to cut each parallel in the same point in which it intersected it 00 the 
sphere. If the case in hand be that involving the greatest extension of the method, or that of the 
pTOJection of the entire spheroidal surface, a prime or central meiidian must first be chosen, one- 
half of which gives the central straight line of the development, and the other half cuts the zones 
apart and becomes the outer boundary of the total developed figure. Next, the latitude of tlie 
governing parallel must be assumed, thus fixing the center of all the concentric circles of develop- 
ment. Having then drawn a straight line and graduated it from 90° north latitude to 90° south 
latitude, and having flsed the vertex or center of development on it, concentric arcs are drawn 
fi-om this center through the difl'erent graduations. There results from tliis process an oblong, 
kidney-shaped figure which represents the entire earth's surface, and the boundary of which is the 
double developed lower half of the meridian first assumed. This projection preserves in all cases 
the ai'eas developed without any change. The meridians intersect the central parallel at right 
angles, and along this as along the central meridian the map is strictly correct. For moderate 
areas the intersections approach tolerably to being rectangular. All distances along parallels are 
correct, but distances along the meridians are iucreasetl in projection iu the same ratio as the 
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cosine of the angle between the radius of the parallel and the tangent to the meridian at the 
point of intersection is diminished. Thus, in a full earth projection the bounding meridian is 
elongated to about twice its original length. While each quadrilateral of the map preserves its 
area unchanged, its two diagonals become unequal; one increasing and the other decreasing iu 
receding towards the corners of the map, the greatest inequality being towards the east and west 
polar corners. 




Denote the radius of the central parallel by po; then (Fig, 16) 

OAo=;00=*' cot tffl 

Denote by d the length of the are AAu and the arc passing through a given point M ; (?o, of course, 
denotes the latitude of the central parallel and d that of the parallel BC. The latitude of M is 
=tia + - and thus 



MA=r = 



<...9 



-S=r eotf^o- 



y=MP=r cottfii— /I c 



It is not difflcult iti this projection to take account of the spheroidal form of the earth. It is only 
necessary to multiply cot On by the principal normal Jio and replace the spherical arc S by the 
elliptic arc s given by 

s=tt(l— (,*)[A{0— (5„)— B sin (fl— flo) cos (0+Co)+iC sin^ (W~flo) cos'C+Co}] 
Then 



'^''-(l-^SiU^<?o)i~' ■" -"«""^"" ^-««— o-o 

These give the radii of the projections of the parallels, which are then readily constructed. Lay 
off from the central meridian upon the parallels now constructed lengths equal to one degree upon 
each different parallel, and through these points pass a curve, which will be the projection of the 
meridians. The lengths are given by the formula 



"-360"'-"'"— i80(l-e=sin=^)! 
The concave parts of these curves are all turned towai-d the central meridian. 
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The angle x ii ^'g- 1"^ i« ^^ angle which the tangent to the meridian at M makes with the 
radiua OM of tio parallel through that point. This angle is also the difterence between the angle 




that the meridian makes with the parallel at this point and 00°. We have obviously 



=j^ii+S! therefore 



Differentiating this gives 






(1— e'sitf (J)^ 



pduo-Ytudip- 



and ? 
Butfl 



ihave 

1 know that 



(l-e^Bin^(>)* 






Ooueequently we may write 



and 

For tf=Oo 

Combining these 



(1— c^sin^fl„)* 



and for this ease tan x=A or a;=0; which only shows what we already know, viz, that the merid. 
ians and central parallel cut at right angles. 

If for the central parallel we asaume the equator, the vertex of the tangent cone is removed to 
an infinite distance, the parallels all fall into straight lines, and we have the so-called Flamsteed's 
projection. The kidney-shaped Bonne projection becomes anelongatedoval, with thehalf meridian 
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for oiie axis aud the whole equator for the other. The co-ordinates for any point in this projection 
are readily found to be 

The form of the equation giving x lias induced M. d'Averac to give this projection the name simi- 
sotdal. This projection, which should really be called Sanson's projection, ia evidently only a par- 
ticular case of Bonne's method; it is based upon » diylsion of the earth's snrfaec into zones or 
rings by parallels of latitude taken at successive elementary distouces laid off along tbe central 
meridian of the area to be projected. Having developed this center meridian on a straight line of 
the plane of pn)Jection, a series of perpendicnlars is conceived to be erected at the elementary dis- 
tances along this lino. Between these perpendiculars the elementary zones are conceived to be 
developed in the coiTect relations to each other and the center meridian. Each zone being of uni- 
form width, occupies a constant length along its entire developed length, and conai?qnently the 
area of the plane prQJection is exactly equal to that of the spheroidal surface thus developed. The 
meridians of the developed spheroid are traced through the same points of the parallels in which 
they before intersected tliem. They all cut the parallels obliquely, and are concave towaixls the 
center meridian. Thus, while each qnadrilateral between parallels and meridians contains the 
same area and points after development as before, the form of the configuration is considerably 
distorted iu receding from the central meridian, and the obliquity of the intersections between 
parallels and meridians grows to be highly unnatural. 

WERNER'S EQUIVALENT PROJECTION. 

If the vertex of the cone approaches the sphere instead of receding from it, as in the preceding 
case, we bave finally, when the tangent cone becomes a tangent plane, the projection known as 
■VVernci''s Equivalent Projection. The parallels are now arcs of circles described about the pole as 
a cenier, and with radii equal to their actual distances from the pole, i. e., equal to the rectified 
arc of the colatitudes. 

The meridians are drawn by laying off on the parallels the actual distances between the merid- 
ians as they intersect the parallels on the sphere. This projection is not of enough importance to 
speud any time in obtaining any of tlie formulas connected with it. 

POLYOONIO PROJECTIONS, 

In all the cases of conic projection that we have treated so far, we have supposed that a nar- 
row zone of earth was to be projected, and that for the zone was substituted a developable surface 
upon which the parallels and meridians were constructed according to any manner that may be 
desiral'h'. We have seen that this kind of projection is only available when but a small portion 
of the earth is represented, and that to make a projection of a country of great extent in latitude 
some modification would be necessary. 

The system which is used in America and in England replaces each narrow zone of the earth's 
surface by the corresponding conic zone in such a way as to preserve the orthogonality of the me- 
ridians and parallels. This is the projection of which we have already spoken at length in the 
In ti'od notion, under the title of Polyoonic Projection. As a very full account of this system has 
been already given, and comparisons made with the other ordinary methods of projection, we will 
not say anything on the subject here, but will pi-oceed to develop the theory of the system. 

The name rectangular polyconic projection is applied to the method in which each parallel of 
the spheroid is developed symmetrically from an assumed central meridian by means of the cone 
tangent along its circumference. Supposing each element thus developed relative to the common 
central meridian, it is evident that a projection results in which all parallels and meridians inter- 
sect at right angles. The parallels will be projected in circles and the meridians in curves whicU 
cut Ihese ciicles at right angles. The radii of the parallels are equal to the cotangents of their 
latitudes (to radius supposed unity), and the centers are upon the line which has been chosen as 
liie centj:al meridian. Along this meridian the parallels preserve the same distances as they do 
n|>on the Kphere. 
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In Fig. 18 let M tie any point of the central meridian of which tlie latitude is P=90O— «, P 
the pole; the arc PM=ni. The cecter of the parallel through the point M is given hy CM=rtanM. 




If ( )M' be a point infinitely near to M, i. s., MM'=rdM, and c' the center of the corresponding circle, 
we have 

C'M'=r tan (u+du) 



P=rtaau 
Expanding the second of these we have 
bat 

therefore 
We have from the triangle CC'B 



P+dp=rta,n{n+du) 



dp=rm(?'udu 

^/>=CC'+MM'=CC'+rdM 

CC'=rtan=«^M 



and integrating 

or, passing to exponentials, 

Since 



sin y _0'B 
8inB~CU' 



dip 



:tans^^ 



Sltl^ 

logco8M=log tan^+const. 
tan g=C cos m 
tanu=§ 
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Substituting this in the equation for the meridians, we have 



-J-[<^'+i^- 



"i] 



The distance from a.ny point A to the central meridian is =p sin p, or ssr tau m sin ^ ; but 

^„ a^sini* 
r tau M sm y=2C ., , ,-,, ^— 

^ l+0^CO8^M 

For ^=90°, or at the equator, this becomes =2 Or. The constant C mast then represent one-half 
the longitude of tiie given meridian, the equator being developed in its true length and divided 
into equal parts in the same maimer as the central meridian. The following construction for this 
projection is due to Mr. O'Farrell, of the topographical department of the WaaOffice, England. All 
data being as already given, draw at M the tangent nnx perpendicular to PM, In order to deter- 
mine the point A, whose longitude is given as v/, lay off from M the lengths Mw=M)ii equal to the 
true length of the required arc on the parallel fl, i. e., equal to the are ^ described with a radius 
=r sin M, With n and Mi as centers, and nfi and wC as radii, draw arcs cutting the given parallel 
in the points A and Aj. Now 

M)i=;;sinM=CsinM 
and, since CM=r tan u, we have 

tan MCn=CcosM = taii^ 

or, finally, 

ACM=p 

and the distance from A to the central meridian is 

=r tan u sin y 

The radius of curvature of the meridian whose longitude is lo is readily obtained. Wo have 
AA'=d8 and OC'=rtan^«^M. We have then 

as=r (see*M~tan* w cos v) du^r ["2(1+0') cos' |~i1»Zm 
Also 

sec* I d |- = — C sin M (Im 

Therefore, if p denote the radius of curvature of the meridian, we will have 

_ 1 +0^+0^ sin* M 
''~^ SCsiQM 

Now consider the distortion in this case, and for this purpose imagine a small square described on 
the sphere having its sides parallel and perpendicular to the meridian. Let u and lo (=2 C) define 
its position, and let t be the length of the side. If we differentiate the equation tan f =0 cos u, 

on the supposition that u is constant, we have 

sec* (s djO=cos u dC 
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also the length of the representation of 2dC is tan vdf, or 



Hence that side of the square which is parallel to the equator will be represented by a line 
equal to a eos^ ^. Similarly the meridian side will be represented by 

<7C0S^|(l + CH0^Biu=«) 

The square is therefore represented by a rectangle whose sides have the ratio 

l+C3+C«sin»M:l 
and its area is increased in the ratio 

If we make this ratio =nuity, there results the equation 

C^ cos' M+3 0^ cos« w-2 C*=0 

wliidi is satisfied either by 0=0 (*. e., (u— 0) or by 

C^cos^w+Scos^M— 2=0 

We see from this that there is no exaggeration of area along the meridian or along the curve 
given by the last equation. This curve crosses the central meridian at right angles in the latitude 
of about 54044'; it thence slowly inclines southward, and at 90° of longitude from the central 
meridian reaches 50O26' of latitude; at 180°, or the. opiwsite meridian, it has reached 43^46'. 
The areas of all tracts of countries lying on the north side of this curve will be diminished in the 
representation, and for all tracts of countries south of this curve the areas will be increased in 
the representation, 

If we represent the whole surface of the globe continuously, the area of the representation is 



r«r(4+^^)tan-'|+2^'J 



which is greater than the true surface of the globe in the ratio 8 : 5, 

The perimeter of the representation is equal to the perimeter of the globe multiplied by 
v'4 + -'— I or 2.72. It is desirable in certain cases to retain the lengths of the degrees on all the 
parallels at the sacrifice of their perpendicularity to the meridians. We thus obtain what is 
known as the ordinary polyconic projection, which applied to the representation of the entire sur- 
face of the globe gives a figure with two rectangular axis and from equal quadrants, as iu the rect- 
anguiai- polyconic projection. The central meridian alone is perpendicular to the parallels, and is 
developed in its true length ; upon each parallel described with the cotangent of its latitude as a 
radius, we lay off the true lengths of the degrees of longitude and draw through the corresponding 
points so obtained curves which will be the projections of the meridians. 

The oMinary polyconic method has been adopted by the United States Coast Survey because 
its operations being limited to a narrow belt along the seaboard, and not being intended to furnish 
a map of the country in regular uniform sheets, it is preferred to make an independent projection 
for each plane table and hydrographic sheet by means of its own central meridian. 

The method of projection in common use in the Coast Survey OflBce for small areas, such as 
those of itlane table and hydrographic sheets, is called the equidistant polyconic projection. This 
is io be regarded rather ae a convenient graphic approximation, admissible within certain limits, 
than as a distinct projection, though it is capable of being extended to the hiigest areas and with 
results quite peculiar to itself. In constructing such a projection, a central meridian and a central 
Iiarallel are chosen, and they are constructed as in the rectangular polyconic method. The top or 
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bottom parallel and n sufficient number of intermediate parallels are constructed by means of the 
tables prepared for the purpose, and the i)oint8 of intersection of the different meridians with these 
])arallels are then fonnd and the meridians drawn. Then starting from the central parallel tbe 
distance to the nest parallel is taken from the central meridian and laid off on each other meridian, 
A parallel is traced through the points thus found. Bach parallel is constructed by laying off 
equal distances on the meridians in like manner, and the tabular auxiliary parallels are, all except 
the central one, erased. In fact, as only the points of intersection are required, the auxiliary par- 
allels should not be actually drawn. From this process of construction results a prtjjection in 
which equal meridian distances are intercepted everywhere between the same parallels. As large 
and extensive tables are required for the actual construction of this projection, and as such are 
already in use in the United States Coast Survey Office, the author has not thought it desirable 
to append such to this treatise. There are two such tables employed in the Coast Survey and the 
United States Navy. The first set is contained in the Report of the Superintendent of the United 
States Coast Survey for 1853 ; the second was published by the Bureau of Navigation in 1869. 
Both of these sets were prepared in the Cotat Survey Office and both are in use in that institution, 
A new set is now in preparation in which the most approved values of the ellipticity of tlie earth 
(Colonel Clarke's) is employed. 

OYHNDEIC PROJECTIONS. 

Cylindric projections may be derived in several different ways, according as the cylinder to be 
developed is tangent to the sphere or is a secant cylinder. In the case of tangency the line of 
contact may be either the equator or anyone of the meridians; if the cylinder is secant to the 
sphere, it may pass through eithex the upper or lower parallel of the zone to be projected, or (the 
plan usually adopted) it may be made to pass through some intermediate parallel. Consider first 
the case when the cylinder is tangent to the sphere. 

The square pr^ectton. 

Here the cylinder is tangent along the equator and the meridians and parallels are represented 
as equidistant generators and right sections of the cylinder; after development, both of these systems 
of lines will be represented as straight lines forming a network of equal squares. Distances are 
grossly exaggerated, particularly in an east-and-west direction, though for an elementary surface 
the true proportions are preserved. This projection is occasionally used to represent small areas 
near the equator, and for this purpose it is obviously accurate enough. The construction is so 
simple that no description is necessary. 

Projection with converging meridians. 

This is a modification of the square projection designed to conform nearly to the condition 
that the arcs of longitude shall appear jtroportional to the cosines of their respective latitudes. 
The straight line representing the central meridian being properly graduated, that is, the true 
length, by scale, of a degree of longitude (or of a minute or multiple thereof, as the case may be) 
having been laid off according to the scale adopted, two straight lines are drawn at right angles 
to the meridians to represent parallels, one near the bottom and the other near the top of the 
chart. These parallels are next graduated, the arcs representing degrees (multiples or subdivis- 
ions) of longitude on each having by scale the true length belonging to the latitude. The corre- 
sponding points of equal nominal angular distance from the middle meridian thus marked upon 
the parallels, when connected by straight lines, will produce the system of converging meridians. 
The disadvantages of this projection are that but two of the parallels exhibit the length of arcs of 
longitude in their true proportion and that the central meridian is alone at right angles to the 
parallels. This projection is nevertheless suitable for the representation ot tolerably large areas, 
the above defects not being of a serious nature within ordinary limits. It also recommends itself 
on account of the ease, with which points can be projected or taken off the chart by means of 
latitude and longitude. 
14 T p 
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The rectangular projection. 

A less defective delineation than the square projection consists in presenting tbe length of 
8 of longitude along the middle parallel of the chart la their true relation to the correepond- 
ing degreea on the sphere; they will therefore appear smaller than the length of the degrees of 
latitude in the proportion 1 : coa p. In an east-aud-west direction the chart is unduly expanded 
above and unduly contracted below the middle parallel. 

The rectangular equal-swrfaee projection. 

This differs from the first in that the distances of the parallels, instead of being equal, are now 
drawn parallel to the equator, at distances proportional to the sine of the latitude. This gives it 
the distinctive property of the areas of rectangles or zones on the projection being proportional to 
the areas of the corresponding figures on the sphere. The distortion, however, becomes quite 
excessive in the higher latitudes. 

Gassini's projection. 

This projection makes no use of the parallels of latitude, but substitutes for them a second 
system of co-ordinates, viz, one at right angles to the principal or central meridian ; it is conse- 
quently convenient in connection with rectangular spherical co-ordinates halting their origin in the 
middle of the chart ; the projection of Oassini's chart of li^anco consisted of squares, and had 
neither meridians (excepting one) nor parallels. It would seem, however, that in this simple form 
it is not the projection generally distinguished by this name. It has been described as i'oUows : 
Suppose a cylindrical surface with its generating line at right angles to the central meridian and 
enveloping the sphere along this meridian. This cylindric surface is supposed intersected by 
planes ^ttroiZeJ to that of the central meridian and these intersections produce on the chart, after 
development of the cylinder, the straight representatives of meridians, but are in reality small 
circles on the sphere. Their distance from each other is defined by passing them through equal 
divisions of the prime vertical drawn through the center of the chart. The central meridian hav- 
ing been equally divided, the equidistant straight lines passing through these divisions form the 
prime vertical system. Tliis projection is not now employed, as it offers no facilities for plotting 
positions by latitude and lorgitude; moreover, the distortion rapidly increases with distance from 
the center meridian of the chart. 

In Fig. 19 let M denote the center of the sphere of radius MA=r ; P an arbitrary point of 
the surface of which the latitude is EP=AU=o and the longitude DP=AE=(u; AB denotes a 
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quadrant of the equator, and AQ a quadrant of the first meridian. The determination of the 
position of P is effected by means of the great circle passing through B and P and the circle GH, 
whose plane is parallel to that of the first meridian AQ. Write 

FP=AG=C GP=AE=«. 
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then we have the following relations between all of these quantities: 

sin ?i=eo8 sin u> sin C=cos 0\ sin m i 

C0toi]=C0t CCOS w cot (u=COt CiCOS lUj 

How, in Cassiui's projection O,' 0', Fig. 20, denote the center of co-ordinates 
53=OA=0'A' S=AM~A'M.' 
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also, lei ifa denote the latitude of O; then Oo+rj is the quantity denoted by »! in the preceding form- 
ulas, and S is identical with e, ; so we have 

sin f =cos C sin oj cot {)I(,+ti)=cos la cot d 

By eliminating successively d and m from these formulas, we obtain the equations of the meridians 
and parallels respectively : 

[cos' '«+cot^(Ci)+';)] [sin' w— sitf ?]=i sin* 2™ sitf ^+'cot? (e„+j;) sin^ O^cos' /) 

When the projection only represents a narrow region included between two meridians and two 

parallels very near together, the ratios - and ^ are verj' small, and so is the difference fl— Co. In 

this case it is found that the meridians arc (sufBciently accurately) projected in parabolas, and 

the parallels in circles. A fuller mathematical investigation of this projection is given in Paii) 1. 



Write, for convenience, Oq+ji =i, and let the angle x in Fig. 21 denote the angle which the tan- 
gent PM to the projection of a meridian makes with the axis of )j; also denote by x' the angle 
which the tangent PL to the projection of a parallel makes with the same axis. Then we have 
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The eijttatioQ of the meridians Is easily thrown into the form 

tail f =cos i tan <o 
and that of the parallels 

For these we may substitute 

cot ^.=cot cos w sin f =eos B sia e> 

We have now 

^_ tam (u sin J- 
W~ ~l+co8«Atan*<»'= **" ^ 
and also 

tan;^=— tan<u cos ?sin0 

Again, from the equation of the parallels there results 

dA tan I tau ? ^ 

or, since tan f =co»^ tan w, 

tan ,'=^4 _cmf05t- 

sm ^. tan m sin ff 

Multiplying together these values of tan j; and tan ;;' we have 

tan^tanx'=co8*$ 

The condition for orthogonality between the projections of tho meridians and parallels is 

tan X tan j;'=1 

so that in general in Cassiui's projection the meridians and parallels are not represented by 
orthogonal curves. 
I'or f=0, we find 

tan2'tan;f'=l 

and from this it is clear that the projections of all parallels are perpendicular to the central merid- 
ian. If A=90o, we have z='") or the projections of meridians make the same angles with each other 
as the meridians themselves. Obtaining from the equations for meridians and parallels the values 



of A and -ra and substituting in the formula 



for radius of curvature, we readily find for the radius of curvature of the projection of the meridians 

r sec;^ 

''•"■"sin X \P^^ ^ ('OS 2+2 tan ? sin x\ 

and for that of the projection of the parallels 

r sin* I sin^ f 



fx' coti (sin''5+coti) 
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MERCATOE'S PROJECTION. 

This projection is the one most commonly employed at sea, its great convenience being that 
upon it all rhumb lines of the sphere are represented as straight lines. The rhumb line or loxo- 
dromic is a line upon the snrface of the sphere which cuts all of the meridians at the same angle. 
Upon the Mercator or rci^Mce^ cAari all the meridians and parallels are given as right lines ; the 
meridians are all parallel to each other and at equal distances apart, and .the parallels are at 
unequal distances from each other, the distance between any two parallels increasing with the lati- 
tude. The distance between any two consecutive meridians is equal to the distance between the 
meridians measured on the equator, and the distance from the equator to any parallel of latitude 
is expressed in terms of minutes of arc of the equator. Call s the distance from the equator to the 
parallel of latitude C; we have 



=7915'.704674 log tan ( 450 



('450 + |^_343T'.7 A' 



iO+~ 



3 



Table VIII gives the values of s for every second. It is, of conrse, understood that this expression 
has to be reduced to linear measure by multiplying it by the length on the adopted scale of a min 
ute of arc of the equator. 

The construction of the projection is now quite simple; a horizontal line is drawn to repre- 
sent the equator or as much of it as the projection calls for; this is divided into equal parts, degrees 
or minutes, according to the chosen scale ; perpendiculars are erected at the points of division to' 
represent the meridians, and upon them are laid off the distances s taken from Table VIH, which 
determine the position of the parallels. 

To determine tlie distance between any two points A and B. 
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In Fig. 43, draw the corresponding loxodromic upon the sphere anil divide it into equal parts; 
through each point of division draw a parallel and meridian ; these curves then form a series of equal 
triangles 6, c, i, since «& is equally inclined to all these meridians. The sum of the meridian sides 
of the triangles is equal oft x sine of the angle which the loxodromic makes with the meridians. 
This sum is also equal to the difference of latitude of the points a and 6, multiplied by the radius of 
the sphere (returning again to the sphere for simplicity and a suflBcient degree of exactness). Now, 
upon the scale of equal parts we take a length equal to the difference of latitude of the two points 
under consideration, %. e., as many minutes of the equator as there are minutes in the <x, ^, deter- 
mined by drawing parallels through A and B. Lay oft' this distance upon the meridian through 
A, obtaining, suppose, AC; through C draw the parallel B'C; the distance AB' evaluated in 
minutes upon the scale of equal parts will be the distance required; multiplying by ISSS^.l the 
length of one minute of the equator will give the distance in meters. 

In following a loxodromic carve upon the sphere the navigator obviously does not follow the 
shortest path between any two points, for, as we know, the geodesies upon a sphere are the great 
circles. In order, then, that a vessel shall take the shortest distance between any two points, she 
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must follow the are of a great circle joining those points, or at least must follow successive iiortions 
of different loxodromic curves whicli coincide as nearly as may be with this arc of a great circle. 
It will be necessary now to determine the rhumb line or contimioua series of rhumb lines which the 
navigator must follow in passing from one end of this arc of a great circle to the other. Let A and 
B respectively represent the points of departure and arrival, y and y' the colatitndes of these points, 
and 01 the difference of longitude. 

We wish now to find the angle made by the loxodromic curve with this arc of a great circle 
AB at the point A; then sailing along an infinitesimal distance on this loxodromic tangent we 
find, knowing the latitude and longitude of the pointe arrived at, the angle which a new loxodro- 
mic tangent makes with the arc of a great circle passing through this point and the final point B, 
and so on until arriving at B. Suppose that we have a tetrahedron with vertex at the center of the 




sphere and the faces which meet at this point cutting from the sphere arcs of great circles which 
arc respectively the polar distances of A and B and the geodesic distance between A and B. Two 
of the plane angles at the vertex of this tetrahedron are rcspectively= o- and p', and we also know 
the diedral angle tt, which is the diit'erence of longitude of A and B. It is required to find the 
diedral angle PAB opposite the face y'. Draw two right lines BA and PO at right angles to 
each other; from O draw OB, making the angle POB=^' and also draw OA, making POA=(e; 
from the point P describe a circle with PB as radius ; draw PC, making the angle APC=<", the 
diftterenee of longitude of the points of arrival and departure ; draw CC perpendicular to AB and 
then CD perpendicular to OA; with C center and CD as radius, describe an arc of a circle DE 
cutting AB in E, and join EC ; the angle BEC will be the angle sought.* 

The geographical co-ordinates of the points of intersection of an arc of a great circle with the 
meridians chosen arbitrarily can be readily effected with a sufQcient degree of exactness by con- 
structing an auxiliary projection upon which the meridians and the arc required are easily traced; 
the points of intersection will thus be found and their latitudes and longitudes readily determined. 
Applying these so-found latitudes and longitudes to the reduced chart, wc will be able to trace the 
representation of the arc of a great circle by merely drawing a certain series of short straight lines. 

EQUrVAiBMT PROJECTIONS. 

The condition to be fulfilled in this class of projections is the equivalence of an elementary quad- 
rilateral upon the spheroid with the corresponding quadrilateral upon the map. Let p represent 
theradiusof parallel of latitude c,sthe meridional distance of a point from the pole, and as usual let 
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0) denote longitude; then for the area of an indefinitely small quadrilateral included between two 
meridians and two parallels infinitely near together, we have 

Since p and s are functions of 0, write 

rpds=0ds 

when S is a ftinetion of 0; the element of area is now = 8de dm. For the earth we have readily, 
e denoting tlie ellipticity, 

p_ r^ (1— e^) cos 6 
(1—c' sin* of 

Denoting by ? and ij the co-ordinates of a point on the map, we have for the condition of this class 
of projections 

dSdr^ §^^_g 

dia d~e~d9 d^~ 

This equation is studied, at length in Part I and numerous applications made to different projec- 
tions, but hero we are only going to take np two or three of the most important of these equivalent 
projections and treat them in full; the others, which have been examined in Part I, are rather 
more curious than useiiil. The central equivalent projection is ti'eated so" simply by Collignon 
that I have here reproduced most of his work. 

CEMTEAL EQUIVALEMT PROJECTION. 

The projection that we designate by this title is spoken of by Germain as the " zenithal equiva- 
lent," but in adopting the above title the author has preferred to choose a term as nearly as possi- 
ble like that adopted by Collignon when he described the projection; this was, "Systeme central 
d'egale superficie.* This system is founded upon the principle of elementary geometry that the 
area of a zone is equal to the product of the circumference of a great circle by the height of the 
zone. The same law of area holding for a spherical segment or zone of one base, we have (repre- 
senting by h the altitude of the zone) area of zone or segment = 7!'2rh. But 2rA=(chord of hali 
the arc)^; therefore the area of .the zone is equal the area of the circle whose radius is equal to the 
rectilinear distance from the pole of the zone to the circumference which serves as a base. If from 
the pole of the zone we draw two area of great circles including a certain deilnite angle, and from 
the center of the equivalent circle two radii including the same angle, the portion of the zone bounded 
by its base and these two arcs will be equal to the sector of the circle cut out by the two correspond- 
ing radii. This gives us, then, an obvious manner of representing any portion of. a given spherical 
surface without alteration of a.rea. Any point can be assnmed upon the sphere as center; so, for 
simplicity, the pole of the equator is chosen. The parallels are seen to be transformed into concen- 
tric circles, and the meridians into straight lines passing through the common center. 

Taking now the projection of the principal meridian as the axis of f, and writing f=QO° — 0, we 
have for the equation of the meridians 

5;=? tan y> 
and for the parallels 

from which 

and consequently 



f=2r sin fl cos <u 



^^=2r8in^co8^ ^'.= 

dw 2 do 
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Substitufciag these in our general differential eqnatiou, 






dw do dodii 2 



m:=r^ sin ^=i^ cos 



which verifies our supposition of equal areas. It ie also easy to see that 

dtadO'^doidO 

or the meridians and parallels cut at right angles on the chart as ou the sphere. 

ALTERATION OP ANGLES. 

The alteration of angles is zero at the center of the chart. At any point whatever, M, of the 
chart, Pig, 30, draw a line MM' such that the corresponding direction upon the sphere shall make 
an angle ff with the meridian; we wish to find the angle S^upon the chart n^ade by this line with 
the projection of the meridian, i. c, with the line drawn from M to the center 0. Let (0, o>) rep- 
resent the geographical co-ordinates of M, and {O-i-do, w+diu] the geographical co-ordinates of M', 
infinitely near to Mj then 



M 




Tig. 3(1. 

tan e=cos -,^ = sin 5!> -^ tan '1^=2 tan ^ ^^ 

, „, tan ff 
tan 1^= ■ 



Wd9 



The maximum of alteration T~6, or ^, corresponds to the direction for which 
"+0=1 



For 



tan^= 



t an y— tan 9 _ 
l-ftan^'tane" 



^+tan^e 
and in seeking for the maslmum of this, since l—co8^| is constant, we need only consider the factor 

tanfl 
coe^^+tau'S 
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Equating to zero the derivative of this with respect to 9, there results simply 
tang-^icosl 



Oonsequently 



taur=±- 



the upper signs being taken together, and also the lower ones. From these follows 

tan^ tanr=l 
which, as in a. former case, excluding negative arcs and arcs greater tban ^, gives 



We can deduce from this that the 



deviation for the direction OM is given t 



tan(r_«)=,J(tau!F-tan0)=^ tan| sin | 
The angle 6, upon the sphere, of maximum deviation is =45'^ for p=0, i. e., at the center of the 



VI 



tan ¥= ^/2 



The angular alteration is tiius seen to increase continuously from the center to that point of ftie 
sphere which is diametrically opposite the assumed center. It is evidently useless to prolong the 
chart so far as that, and, indeed, the custom is in this projection to represent the map in two parts, 
one for each hemisphere. 

ALTERATION OP LENGTHS. 

In the direction OM the projection substitutes for the are on the sphere the chord of the same 
arc. As usual, let y represent the angular distance OM, then the length of this line upon the sphere 
is =rf, and its length upon the chart, i. e., the length of the chord of the arc OM, is =2r sin |. Dif- 
ferentiation of each of these gives us the lengths of the element of the meridian upon the sphere 
and upon the chart; these are rdp and r cos ?• d^. Thus the meridional elements are reduced 

upon the chart iu the ratio cos ^ : 1. The converse is true concerning the elements of the parallels; 
they arc augmented in the ratio 1 : cos ^; this is obvious on account of the necessity for conserv- 
ing the areas. Suppose now that upon the sphere we take any element d^, making the angle & 
with the meridian OM ; its projection upon MO will =ds cos 0, and perpendicular to MO wiU bo 
=(fe sin 0} similarly, if da correspond upon the chart to d^ upon the sphere, d-r cos ¥ will be the 
projection of da upon the radius OM, and da sin 'F will be the projection of the same element in the 
direction perpendicular to OM. Now, since the projection does not alter the right angle at which 
rfs cos fl and ds sin 6 cut each other, wo will have 



'■s cos 9 cos Z=da cos '^ 



from which by squaring and adding 



dss. 



-=daiim>r 



™1J 
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Now, the expressioQ iii parenthesis reduces to unity when, upon the sphere, 

tanfl=C08^ 
or when upon the diart 

tan ¥=--^ 
cos I 

tliat is for the direction of maximum deviation. This direction then possesses the lemailiable 
property of conserving the lengths. How, through any given point upon the sphere, and upon 
the chart, as M, we can draw two curves which shall cut all the meridians MO ot the epheie and 
the radii MO of the ohart under the angles Q and W in such, a way that the distances on these two 
curves between any two corresponding points shall be the same. The curves so constructed are 
called by Oollignon isoperimetric curves. The curve upon the sphere passes through O', the 
antipodal point to O, and winding round the sphere becomes indefinitely near to O, a logarithmic 
spiral which cats the meridians at an angle of 45°. Upon the chart the isoperimetric curve, for 
small values of y, that is, for points near the center, ie very nearly the logarithmic spiral which 
cuts the radii under the angle of iS'^; for increasing values of ^s, fl also increases, and is =!fOo for 
P^ISOO; the curve then touches the circle into which the point ()' has been transformed, and is 
continued beyond this point in a branch symmetrical to the first, 

To obtain the polar equation of the isoperimetric curve upon the chart, take /)=0M and a the 
angle between p and some fixed axis. Now 



but 

/i=2f-siUrt 
therefore 

<la.= ^, 



'' /l— ^ 
the difi'erential equation of the sought curve. For the integration observe that we have 

<?/!=r cos 2 '^'9 
which suhstituteil in the first written equation gives 

■ 9 
and by integration 

a=logtan .+C 
This equation joined with 

p=2rsmTt 
gives the means of constructing the curve. 

For the element of arc of the isoperimetric curve we have obviously 



lp''+p'da'~df M 



ds^rdf ^1- 



Hosted by 



Google 



TREATISE ON PKOJECTIONS. 219 

If we write ^ =9, this equation liecoraes veiy simply 

,7s = V2r Vl-i siu^ 5 a& 

s= V2rf A (M) ^5 ft= V J 

an elliptic iategral of the second kind, which gives the rectification of the arc of the ellipse, whose 
eccentricity is = VJ- The element of area of the isoperimetric curves is, in polar co-ordinates, 

^p^da=r^ sin -;, d^ 
and the integral of this is 



TRANSFORMATION OF A GREAT CIRCLE. 

The angle between the plaues of two great circles on the sphere is measured by the arc of a 
great circle joining their poles. This property affords the means of determining the differential 
equation of the curve upon chart, which represents the great circle on the 8|ihcre. 

Take 0, Kg. 31, for the central point, and P for the pole of a great circle which passes through 
a point M. The same letters accented denote the corresponding points upon the chart. It is pro- 




posed at M' to draw a tangent to the curve which passes through this point and represents the 
great circle through M. Join O'M', and call 0'M'=/i and M'0'P'=a, the line O'P' being taken as 
the initial line. Let S, upon the sphere, denote the pole of the great circle OM, which passes 
through the center O and cuts the given circle at M; this point 8 will be found in the plane of a 
great circle OS perpendicular to that of OM at the point 0; the angle V is measured by the arc 
SP. We have now in the spherical triangle OSP 

cos SP=co8 OS cos OP+sin OS sin OP cos POS 

or, since OS is a quadrant, 

cos SP=sin OP cos POS=sin OP sin a 

OP is a constant arc that we may call X; then we have 

C08V=8inA sin a 

The angle V on the sphere of course corresponds with V upon the chart, and the connecting rela- 
tion is 

^ „ tan V 
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f being the angular distance OM, But 

tan ¥'='■-?-'' f=3sin^ 

dp '^ '2 

taking the radius of the sphere as nnity. Eliminating V,V', anil f between these four equations 
we will amtive at the differeutial equation sought. The first of these equations affords the relation 



nV=Vl-8in«isin=. 



„v ''i-""" 


iein^a 




. sin i s 


na 




pda ^/1-sin^ 


i sin' « 


1 


dp sin I s 


n a 


/, / 



aud eoosetjuently 



The constant of Integration will he determined by observing that the great circle, of which P is 
the pole, passes through the pole of the great circle OP; so that for c^^ •* ""o' 'we should have 

p=^n. 

The equation of the projected great circle can be better arrived at in another manuer, to the 
the explanation of which we shall now proceed. 

Conceive flrst that a stereographic projection has been made — that is, the parallels and merid- 
ians have been constructed — with the point of sight at the center, or the antipodal point to the 
center, of the proposed central equivalent projection. Let E, Fig, 32, denote any point of the 
stereographic projection ; Oi, the center, or point of sight, represented on the central equivalent 




projection by OiMiNj, the meridian through O represented on the other chart by MN; OiM| is 
equal to the radius of the sphere, Eequired to find the position of the point ob the central equiva- 
lent projection represented by Ei on the stereographic projection. Lay off at O the angle MOE 
=M,OiEi; the point sought is on the line OE, and the distance OE is in consequence all that has 
to be determined. Draw the diameter FiG, perpendicular to OjEi ; join EiEi and produce it to Hi ; 
join (JiHi. then GrHi is the distance reouired. 
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Another method for constructing the central equivalent from a 
follows: 



221 

projection is as 




In Pig. 33 the length KW is the distance on the central equivalent, corresponding to SV on 
the stereographic projection. The similar triangles KWL and VSL give 

SV : KW ; : LV : KL 

Dividing through by ST, the radius, and observing that LV= ■/gY^+St'? we find 



-M^'- 



wliich gives the ratio- - . as a function of ^^=-5 calling the former of these ratio C and the latter 
S, we have for the formula of transformation from the stereographic or S, projection to the central 
equivalent or C projection 

If we write S=tan v, we have 0=2 sin v- Table XIV gives the values of S and C, and aflbrds a 
rapid and very easy and exact method of constructing the central equivalent projection. 

We are now prepared to solve a much more general problem than the one proposed above, 
viz, to flud the equation of the central equivalent projection of any circle of the sphere, whether 
great or small. Denoting as usual by f , ij, the rectangular eo-ordinates on the required projection, 
let ?', r/ denote rectangular co-ordinates on the auxiliary stereographic projection. The circle of 
the sphere will he a circle nijon the stereographic chart, and if its center is at (a', ;S'), its radius 
p' will be given by 

{S'-a'f+(ri'-^i=p'' 
But, according to the proposed plan of transformation, 






''VB 



consequently, we have, for the equation of the c 
8 a circle on the sphere, 



■^^e on the central equivalent projection which 



07b^.+?)-"')'+0V4?--|'+-?j-''')'= 

:, transforming to polars by means of the formulas S=p cos ■?, !;=/> sin ^ 
/" rp cos '' ,\^ / rp sin fl A^ ,3 
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A still further simpliflcation is possible by writing 

The equation becomes, now, 

(71:fc?.)-v|e?-"-*H('^-')=« 

This is merely the polar equation of the circle, in which the stereographic radius vector p, has been 
replaced by its value , ^'^ ■ as a function of the radius vector in the central ecinivalent system. 

The equation in Cartesian co-ordinates shows that the curve is of the fourth degree. The equation 
in polar co-ordinates enables us readily to determine the condition that the curve shall represent a 
- great circle of the sphere. Make fl= if ; then 



i/ir>-p^ 
from which we obtain 



^=W-, 



i(k±p'}h^ 



This affords four real values for p. The signs + and — in the numerator and denominator of this 
quantity are to be taken in this manner: 



Now, in order that the polar equation shall represent a great circle of the sphere, it is necessaiy 
and sufficient that the sums of the squares of the two values of ;", obtained by taking p' first with 
the +raud second with the — sign under the radical, shall be equal to 4r^, or that we shall have 

ik+p'f [k-p 'f 

r'+(k+pr^r^+{}c-p'f 

That this is a correct formula is easily seen from the following simple geometrical consider- 
ations: Let C denote the center, and AMBNP the orthographic projection of the sphere; P, Pig. 
34, is the point of sight of the orthographic projection, and the plane MN parallel to the tangent 
plane at P is the plane of this projection ; let AB denote the trace of a plane cutting a great circle 




Via. ;m. 
from the sphere; and, finally, let A'B' denote the projection of this great circle; then we have 

OA'=K+^' CB'=fc-/ 

and, also, since PA' =CP +CA'^) 
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I)ut APB=A'PB' 18 a right angle, and consequeatly PB'C aud PA'C are complementary angles, 
aud tlie sum of the squares of their cosines is equal to unity. Q. E. D. 

LOSOBEOMIO GUKTBS. 

The pole being taken as center, it is very easy to obtain the loxodromic curve. Denote hy 8 
the angle made on the sphere by such a curve with a meridian ; then ?f denoting the corresponding 
angle on the chart, we have 

tan r=tan 9 --— 

Now, tan d is constant, and, for r=l, 2 sin ^ =p, and also tan W= 

of the curve is then 

pda _tan 6 

dp ~i_p^ 
4 
from which follows 



and integrating 



'C-0 

a=tanylog t_ +0 
Vi—p» 

PEOJBCTION UPON THE PLANE OF A MBEIDIAN. 

"We will now take op the case of the projection upon the plane of any meridian of the par- 
allels and meridians of the terrestrial spbere. The center will be upon the equator, and the given 
meridional plane will cut, the equator in two points distant each 90° from the center. 

A few definitions will be adopted, both for brevity and clearness of language. 

Tha central station is the point of the sphere chosen as center of the map; this we shall desig- 
nate by O upon the sphere and by O' upon the projection. 

The central distance of a point M of the sphere is the ratio of the lengtli of the arc MO of a 
great circle to the radius of the sphere; this we shall denote by L It is the quantity that, in the 
case of the pole being taken as centi'al station, we have heretofore denoted by y. 

The radius vector p of the point M' upon the chart is the distance O'M' of this point from the 
central station. As usual, r denoting the radius of the sphere, we have 
p=2rsi\i.^X 

The azimutkal angle of the point M upon the sphere is the angle a formed by the arc OM with 
the meridian through O. Upon the chart it is the eqiial angle formed by the right line O'M' with 
the meridian through O', which is also, as wo know, a right line. 




Now, having given the position of O, we wish to determine the values of p and a in terms of 
the geogniphieal co-ordinates {o,vi) of any point whatever, as M. We have already resolved ibe ^-^ ■ 
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problem for the case where O is assumed as the pole of the sphere, and a very simple trausforma- 
tion of co-ordinates enables na to resolve it for this more general case where O is taken upon the 
equator. Take OP, 'Fig. 35, for principal meridian; oi is the longitude of M with respect to this 
meridian; the portion OH" of the equator included between O and the point of intersection of the 
equator with the meridian through M is measured by lu, and the arc MN is measured by 0; the 
angle MOB" is the complement of a, and finally OM is =).. Now, since N is a right angle, we have 
in the triangle OMN 

cos ^^cos Bi COS tan a=8in w cote 

which determine A and a; /> is determined by 



It is obvious that A, and consequently p, remains the same for all values of ai and which give 
the same value for cos lu cos c, for example, for the two points of which the latitude of the one 
equals the longitude of the other. Take for the axes of I and rj the right lines representing 
respectively the equator and the first meridian, and we have, in consequence, 







?= 


^psina 


V- 


=p COS a 








or 






















P- 


=^W 


.an.=? 








But 




















P=2r6m^X 




cos;.=cos<« 


COSO 




tan 


a=sin. 


H-COt. 


The second 


of these relations 


gives 
sin J A: 


/I -COS A 

^V 2 - 














=# 


-COS 01 COS e 
2 




80 that ' 




















^+f- 


=2r={l. 


— COS <u cose) 




f=^ 


sin« 


iCOtfl 





These are the formulas of transformation from polar to rectilinear co-ordinates. The elimination 
of between tbese equations gives us the equation of the meridian whose longitude is m, and the 
elimination of ai in like manner gives the equation of the parallel of latitude o, 

EQUATION OF THE JCEllIDIANS. 
The result of the elimination of C is the equation 

By clearing of fractious and radicals this becomes 

|ii+ (2+ sin' «.) f^^^ (1+2 siii^ »);«!;'+ sin^ ""/-4*^ (^*+y sin^«) 

— 4*^(l+8in^<u)f!*j)*+4j-*{?^+5;*)sin=<«=0 

This equation of the sixth degree is easily factored into 

(fHf){.-'+[(l+8in'.«),^-4r=|,"+(r/-4r^^^+4»-*)siu=«.|=0 

The factor to be suppressed here is obviously the binomial S^+f, as equating that to zero would 
only result in giving an imaginary locus (or infinitely small circle) and in consequence would be 
of no practical use. We have then remaining a biquadratic equation in f and ij. 
If we write 

the equation becomes one of the second degree in ?' and >■/, viz : 

?'^+(l+sin'u-)c'j;'+i'^sin^iu— 4»^f'— 4r2 sin^<u);'-f4r'8in^c«=0 
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This last is the equation of an hyperbola whose center is at the intersection of the lines 

2S'+{l+sm^ 0,]-,/ —ir^=(f (l-f 8iii^w)?'+asiii=«r/— 4j^s!n*w=0 

or at the point 

e'=— 4r^taii=(» ^'=4r«sec*u< 

Representing by nti and mi the angular coefficients which determine the asymptotes, these quan- 
tities are obtained as the roots of the equation 

m^sin^«-+(l+8in^.«)TO+l=0 



Confining ourselves to the regioa where ?' and ^i' are both positive, we can readily construct 
this hyperbola, on any chosen scale, for each valne of ">; then construct thereqnirefl curve whose 
co-ordinates, measured on the same scale, are the square roots of f ' and ^', the co-ordinates of each 
point on the hyperbola. For 11=0 we have 



^=±2j-8i 



= i2)-c 



For f =0 we have 



,=±rV2 




Since sin^oj=sin^(— 1«) and the equation of the curve contains only sin'm, the equation repre- 
sents at the same time projection of the meridians of longitude <o aud — w, respectively ; these two 
curves will be symmetrically situated the one to the other with respect to the axis of j?. If upon 
the axis of? we take, Pig. 36, 



OA=:2»-sin-- 



OB=2rcos"' 



and upou the axis of )j take 



the curve- wiU pass through the four points, A, P, B, P', and the entire locus will be c^ 
this curve and the curve A'PBP', symmetrical to the first with respect to the axis of r/. 
15 T P 
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EQUATION OF A PARALLEL. 

To obtaiu this equation we eliminate lu by the relation 



!■+,' 



■'(l-co»»^'''-"f°''') 



Substitute agaiu 



By clearing this of fractions and radicals we arrive at an eqoation of the sixth degree in 5; and of 
the fourth in S, which will contain only the even powers of the variables; as in the ciise of the 
equation of a meridian, this will contain the factor f^+i?", and dividing out by this factor we 
obtain as the resulting equation of a parallel 

and we are conducted to the equation 

of the second degree in J', ■// and, as in the former case, representing an hyperbola. The center of 
the hyperbola is on the axis of f and is given by f— 4r*; one asymptote is parallel to, and 
therefore coincident with, the axis of ?. The same construction being made as before, we obtain 
for the projection of the parallel of latitude 6 the curve ARBS, Pig. 37, and of latitude — s the 




curve A'B'R'8'. These two curves are symmetrically situated with respect to the axis of ?, and 
the sura of the squares of the intercepts made by any line OM' with one branch of the curve is 
constant and equal to the square of the diameter of the sphere, i. e., 
OM'HOM»=4»-' 
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The truth of this is easily seen if we transforoi the equation of the parallels into polar co-ordinates; 
that is, writ« 

S = p cos •/_ ri= fi Bm.)r 

The equation then becomes 

/ sin' z-'rip' cos^ '/. — ^'*^) f>^ sill' K+^f'^ sin^ d 
Making the obvious reductions, this is 

8in= X 

Calling the roots of this pi and p^, we have p-^=0'M? and p2^ = OM'^, and from the known principles 
of the theory of equations, 

P^-{-f'2=ir'^. 

mollweide's projection. 

This projection was invented by Prof. C. B. MoUweide, of Halle, in 1805, au<l in 1857 a 
uumber of applications of it were made by Babinet, whose name Ihus became attached to it, the 
projection being known commonly as Babinet's homalographic projection. The problem proposed 
lor solution here is to represent the entire surface of the earth in an ellipse the ratio of whose major 
and minor axes, represented by the equator and first meridian, respectively, shall be 2:1; the 
parallels to be projected iu parallel right lines and the meridians iu ellipses, all of which pass' 
through two fixed points — the poles and each zone of the sphere to be represented ui»on the chart 
in its true size. 

Let b and 26 denote the axes of the limiting ellipse, then the including area will be =2B*7r; 
but this is to equal the entire area.of the sphere, or 4jrj^; this condition, then, gives os for the axes 
of this ellipse 

6=v'2r 2?>=2V2r 








'"> 


T 
\ 


— --^ 


\ 


/ 


M 


,/ \j'' 





The area (Fig. 38) of the elliptic segment ALK — area of circular segment LAJ multiplied by 
OA' ^^^^ '^' ^'^ ^' °°'^ ^^^ ^""^^ of LAJ is equal to the sector OAJ minus the triangle OLJ, or 



LAJ=|(2jV2)'cos- 



1 J^^^l^Jj 
2r-v/2 'r</'2 



LAJ=4r2 cos-' ^-7=— 2?n 
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and then for the elliptic segment we have only to divide tliis by 3; add to this result the area of 
the rectangle OLKH, or fij, and we obtain finally 

Asaume for the angle AOJ the symbol ;, then follows 



and consec[iiently 



0AKH=2rt+r' sin 2-1 



This surface is, however, to be eqnal to the area of the semi-zone between the equator and parallel 
of c, or equal to -r" sin 0. Equating these and we have for the fundamental equation of the MoU- 
■weide projection 

TT sin 0=sm 2;.-i-2A 

The values of A or sin X have to be obtained from this equation for each given value of d. Lay 
oftj then, on the semi-minor axis of the ellipse the lengths r •J'i sin / measured from the center, and 
the points so obtained will be the points of intersection of each parallel with the principal meridian 
or minor axis of the limiting ellipse; through these points draw parallels to the equator, and they 
will represent the parallels. For the construction of the meridians by points it is only necessary 
to divide the equator and parallels in parts which corii'espond exactly to the points of division of 
these lines on the sphere. For example, if it is desired to draw the meridians of every ten degrees 
we have only to divide the entire equator and also the meridians of the chart into 36 equal parts, 
and through the corresponding points thus obtained draw the ellipses representing the meridians. 

For the computation of A from the above equation the following method of approximation 
answers very welt. Assume a value A' such that 

sin2A'+2A'=7: sin fl' 

where Q' differs but little from 0; let 3 represent the correction to A', i. e., A'+iJ=A; then 

sin 2{A'+5)+2(A'+^)=7r sin 9 

Subtracting the tirst of these equations from the second gives 

sin 2(A'+i5)— sin2A'+2S=;r (sin C— sin e') 
or 

2 cos (2A'+c5)+2^=7t (sin C— sin 0') 

As ^ will he a very small quantity, we can write sin 3=(!, and 

cos (2;,'+J)=cos2A' 
Writing, then, for sin 0' its value, we obtain for S the approximate value 
,_7r sin (?— (sin 2 A'+2 J.') 
2 (1+ cos 3 A') 
This method of approximation can of course be carried as far as we choose, or until we rea^'h any 
required degree of exactness. Table X gives the value of sin A for values of diftfering by W ; this 
was computed t)y Jules Bourdin, and is more accurate and extended than the one computed by 
Mollweide himself for the values of A. 

In conclusion, we will examine briefly a projection proposed by M. Oollignon, in which he repre- 
sents the central equivalent projection in the form of a square. Suppose that, as in ilollweide's 
projection, ihe parallels are i>araUel right lines and that the meridians are also right lines parting 
from a common point, the pole. Call A the ordinate of the point tafaen as pole; then the equation 
of the meridians will be in the form 
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The origin is supposed placed at the foot of the perpendicular from the pole upon the equator; the 
fuDctioii/(w} is independent of 0. As in the Mollweide projection, ij is a function of fi only or 

and consequently 



The condition for the conservation of surfaces now becomes 

This would give /'(<") as a function of 0, wMcli is contradictory to tLe previous assumption made 
concerning /(lu); the interpretation of this is, since /'(tu) does not contain m, that f'[m)=^in, a con- 
stant, andso^iu) is a linear function of the longitude m, or 

The equation of condition is thus 

m(/i— 5?)d)3=r= cos odo 
From which, by integration, follows 

mfti?— ^=:0-|-r' sin 
Since for c=;' we have >)='<, we find 

And again, since C=0 gives jj^O, 

C=0 
or 

Finally, since we wish the extreme meridians which limit the chart to form a square, it will be 
necessary for d=Q and (u=±^ that we have ?— ±/t, the corresponding signs to be taken together; 
but 

in this making f=ia. Eemembering that, for y=0, i=0, there follows 

Solution of these equations gives 

m= - »=0 

and so, by virtue of the relation /i^=- -*"-, 
' m 

and, finally, the equation connecting o and r, is 

ri'^—2r 1/ r,-^-\--r'^ sin 0={i 

The projection need, of course, only be constructed for the positive values of e, and then repeated 
symmetrically below the equator for the negative values of 0. 
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TABLES. 

The followiDg tables have been nearly all extracted from the origiual memoirs of the writers 
on diflfereot parts of the subject of projections. In many eases, however, an author's owu tables 
have been improved upon by others, in which case of course only the latter are given. In eases 
where it has been necessary to take into account the ellipticity of the earth it will be observed 
that the same value has not been used throughout; theesplanationof that is obvious, as the tables 
have been constructed at so many different periods of time; the reason for not correcting to one 
value of the ellipticity is to be found in the fact that but very slight —in fact, almost inapi>reciable — 
changes would be thus introduced; and inasmuch as final values have not yet been agreed upon 
for the figure and size of the earth, it would seem to be a mere waste of time to make any correc- 
tions to tables that for practical purposes are already correct enough. Some of the tables given 
are only useful for the purpose of comparing difterent methods of projection, but these will, in 
every case, explain themselves. The names at the beginning of each table and the references in 
the text make it quite unnecessary to go into a detailed account of their use; the formnla.s are 
furthermore arranged so that it is a very simple matter to make the necessary substitutions. 

The accompanying plates, which are referred to in their proper places in the text, serve as 
illustrations of the piincipal projections in actual use. Many which are treated of in the tost it 
was not thought necessary to preserve in the collection of plates, inasmuch as they do not at the 
present day subserve any useful purpose. 

Table I. 

Values of the degrees of longitude and the lengths of the sides of cones tangent to the sphere along a 

parallel of latitude. 
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Table II. 

Polar distance corrected for an. elliptic 
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Table III. 
Tran&forma^on from geographical to zenithal co-ordinates. 
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Table IV. 
Coitstruction of the stereograpMc equatorial projection. 
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TABLE V. 
l^tereographie meridian 'projecUon. 
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La Grange's projection. 
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Table VII. 

La Orange's projectio 

l'orllilscaae\=l. 
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Table VIII. 
Mereator's ^ <^ection — Table for the calculation of increasing li 

EUiptlcltj J^ S 79 6 7>4W4 log tan (45°+5\--8437.! (.= nm«+^^) 
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87 
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■iO 
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12696 


40 


5718.11 


30 


6jB 7 


7S 
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40 


:iw' H 


J\ 
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8602 1 
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60 


5773. 3 


40 
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20 
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83 
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40 


13303 J 
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5W.6 3 


SO 




20 
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74 
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40 


7931 1 


20 


'»5I i 


88 


13803 7 


30 
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40 
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20 
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70 
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40 


B028 1 
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14520 6 
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40 
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"0 
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84 
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40 
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10 
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50 


6909 


30 


8184 2 


10 


10211 3 


60 


15746.8 




6003.4 


75 


6949 4 




















69R 2 


60 
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16803.6 


40 
71 


6003 3 
6124.2 


40 


E: 




8410 9 


40 


10623 1 


20 
30 


Ei 












83--0 9 




10168 6 






20 
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76 
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40 
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20 


10979 4 


90 
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30 


6217.5 


10 


7205 


=0 


■ 


30 


11104.6 







Table IX. 

Werner's projection. 
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of e for 
every 30'. 
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Table S. 

Construction of the homalograpMc projection. 

ofBiDA_._ 
erery 30'. 



0. OOOOOOOU 
«. 00685431 
0. O13708J1 
0. 02056114 



0. 947S704 
0. 9450170 



0. 31)531300 
O.31J01MO 

o.sisesseo 



605440 
0G45S0 



0. 99SO970 
0. 9376507 



0. 04111710 
«. 04796600 

0. 06168115 
0.06650000 
D. 07534880 



0.34510150 
0.3516S;30 



O.377S320O 
0.38445240 



0. 8204030 
0.M7611B 



0595S0 
657520 



65189C 
650720 



645720 
644400 
643040 



0. 16403190 
0. 17082530 
0. 17761365 
0. 18439710 
0. 10117535 
0. 10704810 



0.9758070 
0.9743687 



0.9711537 
0.9694770 



0. 25190120 
0.25861370 



0.9803770 
0, 9584130 



679810 
070330 



677275 ■ 

670690 

676090 

076460 

674795 

674115 



667180 
666340 



0.45546720 
0.46184240 



0.49978070 
0. 50BOEG70 
0. 51231090 



0.8355020 
0.8314304 



0.3180142 
0.8146326 i 
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:E 
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'] 
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30 
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lE 
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TREATISE ON PEOJEOTIONS. 



Table XI. 
Central equivalent projecHon. 

Values of tlie cuntr^ dlataueo A o^pressod in ilegrooB- 



Values 


Values of the longitude .«. 


latikutle 


0° 


10= 


2^ 


30= 


40° 


Kio 


<.= 


70°- 


80° 


90O 


0° 

SO 
80 

to 

61) 


OO 00 00 
50 00 00 

60 00 00 


10 00 00.0 
22 16 7.5 
« 135.8 
60 30 8.7 
80 9 13.i 


E0O0 0O.O 
23 IB 7.5 

80 36 31,4 


30 00 00.0 
35 31 63.9 
48 26 20.0 
64 20 28.0 
8121 3.1 


40 00 00. 
43 57 29.6 
54 4 6.0 
67 28*4.4 


60 00 00,0 
52 50 29.2 

7116 10.0 
83 35 28,9 


60 00 00.0 
6158 32.6 
67 28 44.4 
75 8121,0 

85 1 8,7 


70 00 00,0 

7115 10.0 

74 48 39.9 
77 18 00. 

83 16 56. 3 


80 00 00.0 
80 912.4 
80 88 81.4 

82 2120.6 

8S I 8.7 


90 00 00 
80 00 00 
90 00 00 
90 00 00 
90 00 00 



Table XII. 
Central equivalent projection. 

VulnsiS of the radios reotor j> eipreescd in deer 



Valuea of the loogitodo ^. 



1,00756 
1, 16167 



0.68404 
0.70085 
0,749M 
0, 82047 



1.81680 
1.41422 



1.00756 



1. 1471B 
1. 15167 

L 18642 



1. 35142 
1.37169 
1.892ra 
1. 41422 



Table XIII. 

Cmtral equivalent projection. 

Values of the azlmnthal angle a expressed in dagtees. 



Sf. 


Values of the longitude ». 


0° 


1^ 


20= 


30" 


40" 


mo 


m 


700 


SOe 


flOO 


20 
30 

BO 






III 


8 36 69 
II 00 00 




7 5 45.6 
00 00.0 


00 00 00. 

30 47 23. 
16 B 6.3 


iiii 


52 69 43.8 

15 34 46. 6 
7 41 33.5 


67 12 14.9 
46 54 16.9 


90 00 00.0 
68 49 37,7 
48 14 12. 1 

28 28 52.4 


90 00 00 
69 42 59 

29 37 17 
9 51 3 




90 00 00 

70 00 00 
60 00 00 

BO 00 00 

looooo 
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ViduesofS. 


TiilueaofC. 


me...-u^. 


Values of S. 


— ^ 


w«..«,. 


(I.C* 


0.000 




60 


S94 




DS 


100 




55 


9M 




15 


199 


n 


60 


Lm 


., 


20 


392 


« 


70 


1,147 


». 


30 


575 


" 


30 


1,24[> 


4B 


60 


894 


73 


i 


i'E 


ae 



Table XV. 
Central equivalent projection. 



Te map 
* 


Angle of maxii. 


nm deviation- 






On tlie Bphere. 


0..1„.p, 


viation 




0° 


45 « o"o 


4°5 n"o 


; ; .". 




44 63 36.8 


45 6 33.3 






2{> 


44 83 41. 1 


45 26 18. 9 


52 ff, 


8 


30 
4D 


43 25.3 


45 69 34,7 


158 9 


* 


60 


+2 11 10. 5 


47 48 49. 5 


5 37 3i 





eo 
















112116.8 


80 


37 27 81. 4 


52 32 46. a 


15 5 83. 2 


90 


85 15 61.8 


■ ^^ ^■^ 


19 28 16.4 



Table XVI. 
Oentral equivalent projection. 





Dbtanea in parta of 




II 

.Is 


llill 


Along the 
arc of a 


as- 

upon tho 


llill 


10° 
30 
60 

BO 


0.174533 
0. 523599 


0.517Bi 


; 


E 


115470 
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TREATISE ON PliOJECTIONS. 



Table XVII. 
Cylm^ric equivalent projection. 
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^ 


w 
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30= 


40° 


50" 


eo° 


70= 


80= 
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m 1 


37m 


1.5TO80 


1.67080 


1 57060 


L 57080 


1.57080 


1,57080 1 


5701*0 


■ 1.670S0 1 


57«S0 


BO 1 


seoss 


1.39R88 


1.40648 


1.41926 




L 45793 


1.48M1 1 


61050 
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57080 


70 
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1.23*43 
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1.50364 I 


57*80 


00 
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1.05330 
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1.18690 
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LtSOlB 
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30 1 


52a«0 










0. 73182 






1.27464 I 




no » 














0. 82023 < 








10 ft 
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0.20086 


0. £2624 


0. £7637 


0. iiwm 


45601 


0, 79305 1 


57080 





ooooo 


0.00000 


0.11.0.0 


0. iioouo 


0.IIOO00 


0. OOOOO 
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OOOOO 


0,OUOOO Ind 


«t6rn,. 



Table XVIII. 
Oylmdric equivalent projection. 

Tallies off: i = siQlu009fl 









LoDgi 


ud«.. 
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0= 


10° 


200 1 


30= 


40O 


50= 


60" 


70- 


80" 


90° 


90° 


1) 


0,00000 


0,00000 


OOOOO 


0,00000 


OOOOO 


6 00000 


OOOOO 


OOOOO 


6,00000 


80 





0.03015 


0, 0503ft t 


08632 


0.11162 


1B102 


15033 


16317 


17101 


0. 17365 







0,06939 


0.11698 ( 


17101 


0.31985 










0.34202 


60 





0.08682 


(1, 17101 1 


250O0 


0.33139 


3R302 


43301 


40085 


49240 
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0,11162 


0,31985 1 


32130 








8040:j 






40 





0.13302 


0, 21140 1 


38303 


0. 40240 


58683 


66341 


719»5 


75441 


0.70604 


30 





0,16038 


fl, 2962ft 1 


43301 










oesM 


0.80603 


30 


I 


0,16317 


0.33683 


49240 


0.60403 


0,71»8» 


0.85287 


0.B2542 


0,96885 


0.93BGft 


" 


" 


0.17365 


0.34203 1 


60O0O 


ft,e427B 


0,76804 


0.a6«02 


0.03809 


0.98481 


1. OOOOO 



Table XIX. 
Orthom orphie-conic projectio 



Yalaee of tbe radii 


poftbep 


^llplsfoc 


*=BO°-ft. 


* 


.=s 


f4 


"=8 


'-1 


0» 


0.000 


0.000 


0.000 


O.00O0 


10 




444 


0.290 


0.197 


0,1609 






561 


0.420 


0,314 


0,3731 


30 




645 


0.518 


0.416 


0,3724 


» 




714 


0.603 


0.5iO 


4080 


50 




776 


o,«iCi 


(1,601 


0.5043 


60 






0.760 


0,693 




70 




888 


0.837 


0.788 


0.7655 


80 




943 


0.010 


0,890 




00 




000 


LOOO 


1,000 


1.0000 


100 




0«0 


1-092 


1.124 


11406 


110 




336 


1.195 


1,268 


1.3064 






201 


1.31C 


1,442 


1.5008 


130 




280 


1.464 


1,668 


1.7731 










L962 


2.1330 


150 




551 


l.O'JS 


3.406 


2.BB14 










3.173 




170 




353 


3,361 


5.074 


6,3103 
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Table XX, 
Lambert's ortJMmorphic- 



LoEgitudao.. 











Table XXT. 


















Lambert 


s orthomorphic-eylmdric projection. 














Valuesofi); l^taji-'^- 






Longitu.lc,o. 
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OO 


10= 


20= 


' 


40^ 


BOO 


^o 


7C« 


m 


90= 


80= 1 


S7080 


1.5T080 


1, 57080 


1.670So' 


1.E7080 


1.57030 


1.67080 


1.B7080 


1.67080 


1.67080 


BO 1 


L'm 


■ L^ 


1,40048 


1.41936 


1.43670 


1.46793 




46511 


LBIOM 


1.64018 




mm. 




















28977 


1.37684 


1.47088 






GO 1 


67266 
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0.90311 
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1,18375 


1.36703 




CTOSO 
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I 


84585 


0, 73182 


( 


86707 


1.0K6B9 


1.27464 




57080 


20 


34007 


0.3M01 


0.18&12 


IZm 


" 
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0.61522 





62923 


0.81648 


o!to05 




57080 





00000 


0.00000 


0.00000 


0. 00000 
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O.OOOOO 





OOOOO 


0.00000 


0. OOOOO 
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Table XXII. 
Booths ProjeeUon. 



££ 
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-^ 


»4 


Sphere. 


Spberoirl. S 


here. 


Spheroia, 


IIP 


.0676 


0.880D 


5439 


.5447 
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.17C3 




1774 


64HI 


.6490 
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40 


.3040 




365S 


7767 
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mo 
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] 
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0148 


1.0445 
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1.4381 
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1.7321 


1.72«5 1 


1472 


1.1463 


130 


2.144B 


2.1357 1 


2101 


L2089 


IM 


g™? 


V^U 1 


3899 


1,3880 


IBO 


5.B713 


5. 6372 ] 


5432 


i.6409 


170 


11,4301 


U.3581 1 


S3S7 


1.8368 



Table XXIII. 

jSw" John HeracheVs Projection. 





n=l 


"-I 


n=\ 


"4 






"=^ 


"-a 


"i 


n 


r 


0,000 


g= ■ 


r 


*= 


p= 


r 

O.890 


r 

0.fll6 


943 


10 


0.087 


1 


197 


0,296 


0.4M 


90 


1.000 


i.ooo 


1. oQo : 


000 


20 








0.420 


0.561 












30 


o.ass 


( 


416 


0.518 


0.645 


110 


1.428 


1.268 


1. 195 


126 




0.364 






0.603 


0.714 


120 




1.442 


1.316 


201 


5D 


0.466 




601 


0.683 


0.776 


130 


2.144 


1.663 


1. 464 


290 


60 


0.S77 






a 760 






2.747 






40! 


80 


"Z 


. 


738 


IZ 


;:" 


z 


3.732 


3.173 


2.381 1 


783 
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Table XXIV. 
Sir Henry Jamesh 



Lat 


V^J^' 


s:?"J 


X.t 


BidiUB fm 


Decree ef 
longitude. 


Lot 


paraQeL'' 


^^^i. 


.. 


paraller IrafiUde. 


W 


« 


IMOOO 


TB" 


134 9S0 


.92056 


MP 


55.330 


.69466 


69° 


21.994 


368S7 


I 


3282.473 


99885 


"* 


IZTi 




91356 


« 


53.429 




6S200 


71 


20 


864 


34202 




1093.2(53 


99883 


6 


117 47i 




«9879 


49 


49.806 




65606 


72 


li 


617 


30902 




819, aaa 


99756 




11 449 




89191 




















CM. 894 


90619 


!! 


lOdSBi 




87482 


52 


46.397 




61^9 


75 


Is 


852 


25832 




468.637 


99 5'i 


30 


99 239 




£660$ 


53 


43. 175 




60181 


76 


1. 


285 


24192 




407.081 


090 7 


31 


95 3Sr 




86717 


M 
















: 


381. 751 


r 


32 


91 89^ 




83867 


66 


40.119 




54464 




1^ 


179 


17366 


?. 


248.176 


97815 


35 


818^ 
8 0m4 




79864 


58 


35.802 




61B04 


s 




052 


13017 


ifi 


213.881 


66. »3 
















48431 








10453 


16 


199.814 


161 6 


39 


70 754 




77715 


62 


80 465 




46947 


85 




013 


98716 


17 


137.406 


se'ift 












29.194 




45399 


86 




007 


06978 


le 


Z.Z 


95106 


41 


85 911 
6144 




73135 


66 


25.510 




43262 


z 




008 


03490 


ai 
















24.321 












00009 


22 


m.m 


9 713 


45 


57 96 




70711 


63 


23.149 




37461 




1 





Dei,ra6of e J mtot dni^ee of merJdian^l. Eadlnsof spl!ere=57.2B58. 

Table XXV. 
Capt. Clarices comparison of '' Balance of Errors," Sir Senry James's, and "UqualBadtaP 



Ea 


fluce of Errors. 


irajomeB's, 


EquaJ KaOial, 
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«ln« 


U 


nsin« 
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train » 


6= 


1168 


0000 


11S8 


.0009 
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0= 


5 


.164 




iiTa 




0102 


«m 








10 


,149 


0290 


1147 




0199 


0319 




0142 


10 


15 


.126 


0291 


1106 




0286 


0799 




0297 




20 


,093 


0374 


1050 




0359 


0771 




0264 


20 


i 


i 


E 


0980 
0897 




0414 


0696 




03U 


26 
SO 
35 




1381 


0666 


0704 




0458 
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0337 


4(1 


46 


ei2 


0574 
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0426 
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45 


M 


OJ«l 


Z 


0499 
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«m 


55 


60 


P698 
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